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Abstract

Diophantine approximation has quite old history, it includes, for instance,
early estimates for 7, computations related to astronomical studies, the
theory of continued fraction expansion. This term was coined in honor of
Diophantus of Alexzandria (3" century), who was the author of a series of
books called Arithmetica, which lead to tremendous advances in number
theory. A basic objective of this subject is to investigate the rational
approximations to a single real number. In this report we will study the
elementary results in this subject.
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Introduction

Let f(z1,...,2zy) be a function of n variables, which is always positive or
zero. As stated by Davenport!, the general problem of Diophantine approx-
imation is of a mixed arithmetic and analytic nature, since the variables are
integers and the coefficients of f are supposed to be arbitrary real numbers.

One main goal of the theory of Diophantine approximation is to compare,
on the one hand, the distance between a given real number « and a rational
number a/b, with, on the other hand, the denominator b of the approximant.
An approximation is considered as sharp if | — a/b| is small compared to b.

Several questions arise when « is algebraic, one may consider either
asymptotic or else uniform approximation. After rational approximation
to a single real number, one may investigate, the algebraic approximation
properties of real or complex numbers, replacing the set of rational numbers
by the set of real or complex algebraic numbers.[11]

Suppose? we wish to prove that the equation x> — 2y*> = +1 has an in-
finitely many integral solutions. We can do so by proving that the inequality
|#2 — 2y%| < 2 has infinitely many integral solutions; and on factorising this
we find that it is sufficient to prove that there are infinitely many fractions
x/y for which

Y Y

for some constant c less than 1/ V2. Thus a problem of a purely arithmetical
character is reduced to a problem of Diophantine approximation.

First and second chapter are devoted to those theorems, whose proofs are
based on simple continued fractions and elementary concepts of geometry of
numbers respectively. But, major part of this report is devoted to proof of
Roth’s Theorem. In his paper|[7], Roth wrote:

“As regards the substance of the present paper, it will be appreciated that
many of the ideas and methods are not new. The novel part of the proof
is that culminating in Lemma 7, and even here we make much use of ideas
that have occurred before in the literature of the subject.”

m—ﬂ’<02

!Davenport, H., ‘The Geometry of Numbers’, The Mathematical Gazette, Vol. 31, No.
296 (Oct., 1947), 206-210.

2In my past report on Diophantine equations, I didn’t discuss that Diophantine equa-
tions can often be best approached from the corresponding inequalities.



Chapter 1

Rational Approximation to
Irrational Number

Since the rational numbers are dense on the real line, we surely can make

the difference between a and its rational approximation § as small as we

wish. But, as we try to make { closer and closer to a, we may have to use
larger and larger a and b. So, in this chapter we will see that how well we
can approximate a by rational numbers with not too large denominators.
Using simple continued fractions we can give “best”! rational approximation

to the irrational number.

1.1 Simple Continued Fractions

Let a be an irrational number, then:

a=|a| +{a}
where {a} € (0,1), thus:
1
a=ag+ —, where ap = |a] and oy ¢ Z

Qg

1

= a=a+—7, where a; = |a1] and ag ¢ Z
a1 + s

The above process will go on. We can prove it by contradiction, since if
it terminates, a will be a rational number (Euclid’s Division Algorithm).
Hence we will get simple continued fraction expansion of « as:

1
a=ag+———— = [ag;a1,az,...|

a
L azg+-1-

see Corollary 1.2.1



where a; for i > 1 is a positive integer and a, is called n'* partial quotient.

Note that,

1
— = [0;a9,a1,...]
a

Also, nt" complete quotient, ou,, is:
1

ap, = [ap; Apt1,Gngay...] = ————
Qp—1 — Qnp-1

Hence, if o, = apyp then o, = i = a0 = -+ where k € N.
We define convergent, 6, as:

1 Pn
on = lao; a1, az,...,an] = ag + T =—
ay + T qn

at——

: .++1
an—1+t g,

thus, dp = ag, 01 = %0“ = %, so on. But, calculation of ¢, is tedious in

this way, so we rather use the following recursive definition to calculate §,,
for n > 2,
(1.1)

Pn = Pn—10n + Pn—2 where pg = ag and p; = aga; +1
qn = qn-1an +qn—2  where go =1 and ¢1 = a;

The above result can be proved using induction, note that to go from % to

Ptl it is necessary to replace ay by ap + ——. Thus for n > 2,

Qk+1 ag+1”
5, = Pn _ Pn—1Qn + Pn—2 (12)
qn Gn—10n + qn—2
Also, since:
1
a = [ag;ai,...,an_1,0p] = [ag;a1,...,an—1 + —]
n
using this in (1.2) and simplifying using (1.1), we get::
1
_ Pn—2 (a”_l + E) +Pn-3 _ Dn—10p + Pn—2 (1 3)

t2(@n1+ )+ -3 dn-10n + Gn2

Also, (pn) and (gy) are increasing sequences. Moreover, we can prove by
induction that for n > 0,
Pndn+1 — Pnt1qn = (—1)" (1.4)

Thus, using (1.2) along with (1.4), we get increment of n'* convergent,
Ay, is:

—1)"
dndn+1




Hence, we observe that |A,| > |A,+1] and exact value of « lies between two
neighbouring convergents.
I will end this section with following observations:

o pn _ [an;an—lu"'vao] lf ao 7é0
Bn = = ,
Pn—1 [an; an-1,...,a2] ifag=0
and ¢
Vp = —— = [n; Qn_1,...,02,a1] (1.6)
dn—1

1.2 Elementary Approximation Theorems

Lemma 1.2.1. For anyn >0,

1 1
and lagn — pn| <
dndn+1 dn+1

‘ DPn
o — —
an

<

Proof. The second inequality will follow from the first by multiplication by
dn- By, (1.3) and (1.4):

‘ Pn 1
o — —| =
adn Qn(an+IQn + Qn—l)
But, ap4+1 > apy1, so:
1 1
an Gn(@nr1qn + Gn-1) dndn+1

O]

Theorem 1.2.1 (Dirichlet?, 1842). Given any irrational number «, there
are infinitely many distinct rational numbers § with b > 1 such that

-5l
b b2

Proof. From Lemma 1.2.1 and ¢, < ¢p+1, wWe get:
1 1
<

< )
dndn+1 dn

‘ Pn
o — —
an

2for Dirichlet’s proof using pigeonhole principle see Borwein, J., van der Poorten, A. J.,
Shallit, J. and Zudilin, W., Neverending Fractions. An Introduction to Continued Frac-
tions, Australian Mathematical Society Lecture Series 23 (Cambridge University Press,
Cambridge, 2014) pp. 14-17. The method is of great importance because it can be
extended to multi-dimensional problems, that of the simultaneous approximation of k
numbers, see Theorem 2.1.1



Hence, there are infinitely many distinct rational numbers § with b > 1 such

that:
1

O

Remark. From Dirichlet’s proof of this theorem we can conclude that: if
a € R,k € Z, there exist integers a,b, where b € {1,2,3,...,k}, such that
lab — a] < 1/k. Generalisation of this statement is Lemma 2.1.1.

Lemma 1.2.2. If § is a rational number with positive denominator such
that

for somen > 1, then b > q,. Moreover, if
lab — al < |agn — pn
for somen >0, then b > qpy1.

Proof. Observe that the second part of the lemma implies the first. Suppose
that the first part is false so that an a/b with

=gl clo-2

and b<qy

The product of these inequalities give:
lab — a| < |agn — pal

But, the second part of lemma says that this implies b > ¢y,41, so we have a
contradiction, since ¢, < qpy1 for n > 1.
We will use proof by contradiction for second part. Suppose,

lab — al < |agn — pn and b < Gni1 (1.7)

Now consider the linear equations in x and y:

DnT + Pn+1yY = a
QT + qn+1y = b

These equations have an integral solution (x,y), since determinant of coef-
ficients is +1 (by (1.4)).

Observe that neither z nor y is zero, since if any one of them become
zero, we get a contradiction to one of the inequalities in (1.7).

Moreover, x and y are of opposite signs, since b < qp+1. Also, ag, — py
and agn+1 — ppy1 have opposite signs.. Now,

ab—a = z(agy — pn) + yY(QGnr1 — Pns1)



Since the two terms on the right have same sign:
lab—a| = |z(aqn—pn) +y(agni1—pni1)| = |2(aqn—pn)|+|y(agni1 —Pns1)]
= lab—a| > [z(agn — pn)| = [z[|(agn — pn)]
= ‘O‘b - a‘ > ‘O‘Qn _pn|
This is a contradiction to (1.7). Thus proving our lemma. O

Corollary 1.2.1. The convergent 6, = % is the best approximation of a of
all the rational fractions with denominator less than or equal to q,,.

Theorem 1.2.2 (Legendre). Let a and b be coprime integers, b > 0, and
let

o=l <%
a _ — —_—
b 2b?
Then 3 is a convergent of a.
Proof. We are given that:
jab—a] < (18)
ab—al < — .
2b

Let the convergents of the simple continued fraction expansion of « be py,/qn,
and suppose a/b is not a convergent. The inequality ¢, < b < g+ determine
the integer n. For this n, the inequality |ab — a| < |ag, — pn| is impossible
due to Lemma 1.2.2.

Thus from (1.8), we have:

1

—pal < lab—a| < —
lagn — pn| < |ab —al 5%
Pn

1
= ‘04 _Pn
qn 2bgy,

Using the facts that a/b # p,/qn and that bp, — aq, is an integer, we get:

Rl IG) e)

<

(1.9)

L < ‘bpn_CLQn| _

bg, — ban

By triangle inequality,

1 a
:>@§ a—Z—: —i—‘a—g‘
From (1.9) and given conditions, we get:
S S
bg, ~ 2bg,  2b2
This implies that, b < g,, which is a contradiction. O



Lemma 1.2.3. If x is a real number, z > 1, and = + i < /5, then

1 1 -1
V5 + and —>\/5

<
v 2 x 2

Remark. If the partial quotient, a,, behaves regularly, and doesn’t be-
come too large, then a may reasonably be regarded as a ‘simple number’;
and in this case the rational approximation of o can’t be good. Hence,
from the point if view of rational approximation, the simplest numbers are
worst?. Thus, the simplest of all irrationals, from this point of view is,

a=1[0;1,1,1,...] = \/52_1, in which every a,, has smallest possible value.

Theorem 1.2.3 (Hurwitz, 1891). Given any irrational number «, there
exist infinitely many different rational numbers § such that:

1
Vb2

Moreover, above statement doesn’t hold if \/5 is replaced by any larger value.

o-5l<
a_i
b

Proof. We will show that, of every three consecutive convergents of simple
continued fraction expansion of a at least one satisfies the given inequality.
From, (1.6), we note that v, = ¢,/gn—1. We first claim that

1

m

if given inequality is false for both a/b = py—1/¢m—1 and a/b = pp,/qm.
Suppose, given inequality is false, i.e. | — a/b| > 1/v/5b? for these two
values of a/b. We have

Pm ‘ 1 1
—| = +
gm! ~ VBaZ_ V5

But, we observed from (1.5) that, a lies between py,—1/Gm—1 and pm/Gm;
thus & — pm—1/qm—1 and & — py, /g are of opposite sign. Hence using (1.5)

) Pm—1
o —

|+ -
gm—1

(1.10)

we get:

_ _ 1
‘Q_M‘+‘a_pﬂ _ @_M’ = Api| = ———  (1.11)
dm—1 dm dm dm—1 gm—19m

Combining (1.10) and (1.11), we get:

dm _{_mel S\/g
dm—1 gm

3refer section 11.8 of [2]

“note that, golden ratio = ¢ = [1;1,1,...] = —2 V541

V5—1 2




Since, the left hand side is rational, we actually have a strict inequality, and
thus proving our first claim.

Now, suppose that given inequality is false for a/b = p,/q.,7 = n —
1,n,n + 1, i.e. we have |a —a/b| > 1//5b% for these three values of a/b.
Then we have vy, 4+ 1/7m < v/5 for m =n,n + 1.

By Lemma 1.2.3, we see that:

1 5—1 5+1
> V5 and Y1 < f;_

Yn 2

and, by (1.6), we have: v, 11 = ap+1 + ,Yin This gives us:

Vh+1

> Ynt+l = Gp+1 + —

2 Tn
VE+1 VE—1
2 2
541 51 541
:f2+ 21+f2 :\f;

and this is a contradiction. Hence proving first part of the theorem.

Now, second part of the theorem asserts that: The constant \/5 in above
inequality is best possible.

It is enough to show that, if A > /5 and o = [0;1,1,...] = @ then the
inequality
o3l <
a —_ PR
b Ab?

has only a finite number of solutions.
Suppose the contrary. Then there are infinitely many a and b such that

a=24°5 here \c]<l<i
Ty AS 5
Hence,
B c (V5-1)b
B—ab—a 5 5 —a
2 2
¢ bBY (b
b2 ) T 2
2
éb—Q—cx/g:a2+ab—b2

The left hand side is numerically less than 1 when b is large, while the right
hand side is an integer. Hence

a?+ab—b*=0 = (2a+0b)* =50

which is impossible. Thus proving second part of the theorem. ]



All the rational approximation theorems discussed above can also be
proved using a sequence discovered by French mathematician Charles
Haros in 1806, which Cauchy called Farey Sequence (named after John
Farey).The sequence of all reduced fractions with denominators not ex-
ceeding n, listed in order of their size, is called Farey sequence of order
n. For proofs using this method refer section 6.2 of [5].

1.3 Badly Approximable Irrationals

An irrational number « is badly approximable if there is a constant , c(a) > 0
(which depends only on «) such that

1
and 0 <c(a) < —= (from Theorem 1.2.3)

V5

for every rational 3. For example, since quadratic surds have periodic con-
tinued fractions, they are badly approximable.

Theorem 1.3.1. Given irrational number o is badly approximable if and
only if the partial quotients in its continued fraction expansion are bounded.

Proof. To study the inequality,

1
where 0 < ¢(a) < %

Theorem 1.2.2. As seen in Lemma 1.2.1 we have:
1
Qn(an+1Qn + anl)

< %, we may restrict ourselves to convergents by

‘ Pn
o — 20
an

now using (1.6), we get:

‘ DPn 1 1
a——|= =
n Qn( n+1 ’Yn) q% ([an—l-l; Ap+2, - - ] + [an;an—1,;n—2,.-.,a1])
1
= ‘a ) .
dn q% <an+1 + [0; Ap+2, A3, - - ] + [0; Apy Qp—1, - - - ,a1]>
Hence,
2; < ’Oz — o < 2 !
Qn(an+1 + 2) dn Qnan-i-l
The theorem follows. ]

10



Chapter 2

Simultaneous Approximation

In previous chapter we studied approximation to single number, now we will
generalize our results for tuple of numbers.

2.1 Generalising Dirichlet’s Theorem

In this section we will extend the “Dirichlet’s Approximation Theorem”
(Theorem 1.2.1) discussed in previous chapter to a tuple of real numbers
containing irrational numbers.

Lemma 2.1.1 (Dirichlet, 1842). If oyj; with 1 < i < n and 1 < j < m,
are nm real numbers and k > 1 is an integer, then there exist integers
ai,ag, ... ,an,bl, b2, ey bm with

1 <max (|by],...,|bm]) < kw  and lai1hr + - .. + Qimb, — a;i] <

| =

where 1 <4 <n.
Proof. Consider points:
({anxl + .. FaimTmt, Aoz + ... F anma}m})
where
{aiiz1 + ...+ QimTm} = 11 + ..+ Qi T, — (@121 + - oo Qi T |

and each x; is an integer satisfying, 0 < z; < kw for 1 <j<m.

There are at least k™ such points, and each of these points lie in the
closed unit cube, denoted by [0, 1] or Z™, consisting of points (¢1,ta, ..., t,)
with 0 < ¢; <1 for 1 < i < mn. The point (1,1,...,1) also lies in Z", so
together there are at least k™ + 1 points under consideration.

11



We divide Z" into k™ pair wise disjoint subcubes' of side length 1/k. By
pigeonhole principle, two of the points under consideration will be in the
same subcube. These points are, say:

({anxl + .. FamTy ), Aoz + .o+ anmxm}),

({ozn:r’l + oot Qg e Ao+ + anma:;n})
Let, y;, y; be integers for 1 < i < n, such that:
vi = |z + ..+ GmTm]  and Yl = o] + ..+ aimat, |

then, we can re-write the points in consideration as:

<(6¥111‘1 + o QT — Y1), J(amizr 4+ .o+ o — yn))7
((041193/1 + oo, — ), (1) + .+ e, — y;))
Here, (z1,...2m) # (2),...,2,). Put, b; = z; —x; for 1 < 7 < m, and

a; =y; — y; for 1 <i < n. Then:

1
liihr + ...+ Qimbm — ai] < -
O]

Theorem 2.1.1. Let a;; with1 <i <n and1 < j < m, be nm real numbers
and k > 1 be an integer, if for some ¢ in 1 < ¢ < n, q1,...,0m,l are
linearly independent over the rational numbers® , then there exist infinitely
many coprime (m + n)-tuples

(bl, bg, e bm, ap,ag, ... ,an)
with

b=maz(|b1],...,|bm|) >0 and |anbi + ...+ Qimbm —a;

In
S|~

where 1 <4 <n.

Proof. The inequalities of Lemma 2.1.1 clearly imply this inequality.
Now, by linear independence, we always have

laiibr + ... + Qinbm — ai| #0

Hence for fized a;, b1, ..., by,

1

k

can hold only for k¥ < kg. Hence as k — oo, we obtain infinitely many
solutions. O

linbr + ..+ Qb — ai] <

Lthus some of the cubes will contain some of their faces or edges and not others.

2we can even consider the stronger condition: ((a11b1 + .ot Qimbm), e , (Qn1b1 +

o anmbm)) is never an integer point when (b1, b, .. .bs) is a non-zero integer point.

12



2.2 Geometry of Numbers

Consider sets S that lie in real n—dimensional space®, R™ and let, x =
(x1,22,...,7,) denote* a point on R™. Now we want to find conditions
which ensure that S contains a point whose coordinates are integers®, that
is, a point on Z".

In this section we will restrict our attention to those sets S for which the
volume v(S) is defined by multiple Riemann Integrals (i.e. Jordan Volume)

Definition (Translation). If x € R” and & C R", then S + x is set of all
points s +x = (s1 + 1, -+, Sy, + @) with s € S and is called translation of
S by x.

Lemma 2.2.1 (Blichfeldt, 1914). Let S be a set in R™ with volume v(S) > 1.
Then there exist two distinct points s',s" € S such that s’ —s” has integral
coordinates.

Proof. Consider only those points s € S that lie in the sphere |s| < R, with
R suitably large, we may suppose that S is bounded.

For each point k = (k1, k2, . . ., k,,) with integral coordinates, we let U (k)
be unit n—dimensional cube consisting of those points x = (x1, z2,...,Zy)
for which k; < z; < k; + 1, for 1 <i¢ < n. That is, |x;| = k; for 1 <i < n.
Since each point x in the space R” lies in exactly one such cube, these cubes
form a partitioning of R".

For each integral point k we let S(k) denote the part of S that lies in
U (k). In symbols

Sk)=8nuUk)

Thus the subsets S(k) partition S, and consequently

Let
T(k) =-k+ S(k)

so that 7 (k) is a translate of S(k) and 7 (k) C U(0).
Since translation does not disturb the volume of a set, we have

using this in (2.1) we get:

kezZn

3also called n—dimensional Euclidean space
4can also use z instead of x to denote tuple
Sx = (a1,x2,...,2n) is said to an integer point if each x; for 1 <4 < n is an integer.

13



But, it is given that, v(S) > 1, so:

> u(T(k) >1

kezn

Since we assumed that S is a bounded set, only finitely many sets 7 (k) are
non-empty. Moreover, the sets 7 (k) lie in unit cube ¢(0) whose volume is 1.
Since the volumes of these sets sum more than 1, they all can’t be disjoint.
Thus there exist two distinct integral points, say k’ and k” such that 7 (k')
and 7 (k”) have a point x in common. Then:

x=-k +¢§ and x=—-k"+§"

For some s’ € S(k’) and s” € S(k”). Hence s’,s" € S, and s’ —s”" =k’ — k"
is a non-zero integral point. This completes the proof. ]

Remark. For comments on this proof refer §6.4 oon pp. 322-324 of [5]. Also,
this lemma can be used to extend Lemma 2.1.1 for £ > 1,k € R (hence
removing restriction that k € Z), see remark on pp. 32 of [8].

Definition (Dilation). If A € R and & C R", then AS denotes the set of all
points As = (Asy, Asg, ..., As,) with s € Sand is called dilation of S by the
factor .

Definition (Convex set). A set C in R” is said to be convez if for any two
points x,y € C, the line segment joining them is contained in C.

Definition (Symmetric set about 0). A set S in R™ that has the property
that s € § if and only if —s € § is said to be symmetric about 0.

Theorem 2.2.1 (Minkowski’s Convex Body Theorem, 1896). Let C be a
convez set in R™, symmetric about 0, bounded and with volume v(C) > 2",
then C contains a point whose coordinates are integers, not all of them 0.

Proof. Let,
S§=-C

Then,
1

By Lemma 2.2.1, there must exist points s’,s” € S such that s’ # s” and
s —s" ez

Note that 2s’,2s” € C. Since, C is symmetric about 0, it follows that
—2s” € C. Since C is convex, the line segment joining 2s’ to —2s” lies in
C. In particular, Ccontains the midpoint of this segment, namely the point
s’ —s”. This is the point desired, as it has integral coordinates, not all

Zero. O

v(S)

Remark. For another proof of this theorem by Mordell refer pp. 33 of [8].

14



2.3 Improving Approximation Constant
Suppose that x = (z1, z2,...,2,) € R", then we put:
[[X]] = max(\xll, ‘$2’, ceey ‘xn‘)

Lemma 2.3.1. Suppose that m > 1,n > 1 are integers and thatt > 0 is a
real number. Let KC(t) be the set of points (X,y) = (X1, .., Ty Y1, -+, Yn) €
R™T™ satisfying:

[x]

—+t"y] <1

tTL
Then IC(t) is compact, symmetric (with respect to 0) and convez, with volume

min!

V(K(t) = 2m+nm

Proof. Consider the transformation given by:
x; =ty (1<i<m)

v~ s (1<j<n)
This transformation is linear and has determinant (¢")™(¢~™)" = 1. More-
over, this transformation maps K (1) onto K(¢). Since a linear transformation
preserves compactness, symmetry and convexity, it is enough to that IC(t)
has these properties when ¢ = 1.

Obviously, (1) = {(x,y) : [x] + [y] < 1} is compact (i.e. closed and
bounded) and symmetric (with respect to 0). To prove convexity, suppose
that (x,y) and (x',y’) belong to (1) and two non-negative real numbers
A, psatisfy A+p = 1. Then A\(x,y)+u(x',y') = (Ax+px’, \y +puy’) belongs
to K(1) since:

x4 pxT+ Dy + wy'T < M+ IyD + w(IXT+ YD <A+ p=1
It remains to compute v(KC(t)). Let, J(¢) denote the set of points (x,y) in

K(t) for which z; >0 (1 <i<m),y; >0 (1<j<n)andz; = [x].
Thus, J(t) C K(t), with 0 < z; <1, and for each fixed x;

0<ax; <xq for 2<i<m
0<y; <1—2x; for 1<ji<n

It follows that:
o(K(t)) = m2™ " - u(J (1))

1
= v(K(t)) = m2m+n/ (1 — 2q)"dry
0
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observe that we have Beta function in right hand side, thus
= o(K(t) = m2"™*" B(m,n + 1)

= oK (1)) = mgmen LI+ 1)

F'm+n+1)
Since, m,n € Z we get:
:mumzmwwﬁgﬁfzwwdf%!
O
6

Theorem 2.3.1. Consider linear forms
LZ(X) = Q121 + ... + WmTm (1 <1< n)

where x = (21,...,Ty). Put

L(x) = (Ll(x), Lo(x),. .. ,Ln(x))

Then there is an integer point (X,y) = (T1,Z2,..., Tm,Y1,Y2,---,Yn) €
R™T™ with x # 0 such that

[£(x) — y]" < e(m, n)[[X?]m

where,

m+n m \" no\" m™n" (m+mn)!
c(m,n) = = : <1
m m+n m+n (m+n)mtn  mln!
Furthermore, suppose that whenever x # 0 is an integer point in R™ then
L(x) is not an integer point in R™. Then there exist infinitely many integer

points (x,y) with x # 0 and with coprime components satisfying the above
inequality.

Proof. As in Lemma 2.3.1, we have a set IC(t) and let K(¢) be the set of

points (X,y) = (1, -, Tm, Y1, - - - , Yn) € R™T™ satisfying
B i) — _
+t"[L(x)—y] < C where C =2 (v(K(t))

t’I’L

—1/(m+n
>/< ) 22)

The linear transformation defined by:

z; — Cz; (1<i<m)

5Given a vector, x, we construct a scalar function L;(x), such that it satisfies that
vector action, i.e. L;(x +y) = L;i(x) + Li(y), and L;(Ax) = AL;(x), where X is a scalar.
Since, L; is a scalar, it is a valid functional. Now, writing L; when all but one of the zy,
is zero for 1 < k < m and taking sum of them, we will get value of original vector.

16



yj = C-(Lj(x) —yi) (1<j5<n)

maps K(t) onto K(t) and has determinant (—1)"C™*" so that

w(K(6)) = O™ - w(K (1)) = 2m+n

Since, compactness, symmetry and convexity are preserved under linear
L]

transformations, KC(t) has these three properties in view of Lemma 2.3.1. By,
°

Theorem 2.2.1, it follows that K(¢) contains an integer point (x,y) # (0, 0).

For a given integer point (x,y), equality in (2.2) can hold at most finitely
many values of t. Since the number of integer points in R™"" is countable,
it follows that the strict inequality in (2.2) will hold for all except countably
many t. In the remainder of the proof, we consider only those ¢ which satisfy
strict inequality in (2.2).

As per Arithmetic Mean-Geometric Mean Inequality, if z1, 2o, ..., zp are
£ non-negative numbers, then

1/5<21—|—2’2+"‘+Zg

(z122-+ ,20) 7" < 7
We apply this with
L=m-+n
Zl = 2’2 = =Zm;m = [I:};:I;Il
m
t™L —
Zm+1 - Zm+2 - - Zm+n = [[ (X) y]]
n
to obtain,
B \™ (I =y \" _ (I L) — yT
mit" n = 7

Since we have considered only those values of ¢ for which there is strict
inequality in (2.2), we get:

() (=) = ()

m"n" m+n m"n" m+n -1
[x]™ - [£(x) —y]" < WC "= WQ - (U(’C(t)))

Which yields,

From Lemma 2.3.1, we substitute value of v(K(t)) to get:

mmn" min!
(m + n)™ " (m +n)!

[x]™ - [£(x) = y]" <

= c(m,n)

17



This inequality is equivalent to the one given in statement of theorem, pro-
vided [x] # 0.

If we choose t to satisfy strict inequality in (2.2) and t > C/™, then
[x] # 0, since otherwise, (2.2) implies that, [£L(x) —y] =[y] < Ct™™ <1
leading to y = 0, a contradiction. This establishes first assertion of the
theorem.

Now suppose that, whenever x # 0 is an integer point in R™, £(x) is not
an integer point in R™. Further suppose that ¢ satisfies the strict inequality
in (2.2) and t > CcY/m. Since, [x] # 0 by preceding paragraph, hence L # 0.

It follows that for fixed (x,y) the strict inequality in (2.2) can hold
only for t < t3. Hence as t — oo, there will be infinitely many distinct
integer points x,y with coprime components and with x # 0 satisfying the
inequality given in theorem. O

Inequality of Theorem 2.1.1 can be restated as:

no L
[[E(X) _YH < [[X]]m

Hence, Theorem 2.3.1 is an improvement over Theorem 2.1.1.

18



Chapter 3

Rational Approximation to
Algebraic Number

’ Major part of my exposition follows that of Prof. R. Thangadurai [9] ‘

An algebraic number « is one which satisfies the equation
fl@)=0,  f(z)=apz" +ap12" '+ ... +ag

where ay, ..., ap are rational numbers. On multiplying f(z) by a suitable
integer we may suppose that a,,...,aqg are integers and, without loss of
generality, that a, # 0.

3.1 Liouville’s Theorem

Liouville first remarked that, an irrational algebraic number can’t be too
closely approximated by rational numbers.

Definition (Algebraic Number of degree d). A real number is called an
algebraic number of degree d if this number is a root of an algebraic equation
of degree d with integer coefficients but is not root of any other algebraic
equation of lower degree with integer coefficients.

Thus, rational numbers are algebraic numbers of degree 1.

Theorem 3.1.1 (Liouville, 1844). Suppose « is a real algebraic number of
degree d. Then there is a constant c(a) > 0 such that

for every rational' a/b different from .

'In considering inequalities of this type here and elsewhere, we implicitly assume that
b>0
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Proof. Let p(x) be the defining polynomial of «, i.e., the polynomial of
degree d with root « which has coprime integer coefficients and a positive
leading coefficient.

According to Taylor’s formula,

a < a k1o . 1 |a
MJ\ZE({“) g Pelsgly-el e

if a/b—al <1

Unless d = 1 and § = a, we have p(a/b) # 0, from where we get
Ip(a/b)] > 1/b%. Combining this with (3.1) we obtain the inequality in
theorem if |a/b — «| < 1. The theorem is obvious if |a/b — «| > 1. O

Remark. Liouville used this theorem to construct transcendental numbers.
See pp. 114 of [8] for examples.

Corollary 3.1.1. Let a be an algebraic real number with degree, d > 2. For

any k > d we have

’ a 1
a _ — JE—

b bk
has finitely many solutions in rational numbers.

<

Proof. On the contrary, suppose that above inequality has infinitely many
solutions in rational numbers. Hence, b is unbounded and satisfy given

inequality.
Let
foo oY
EEEEEE R
) a; 1

7b7i <¥

Then, b; — co as ¢ — co. By Theorem 3.1 we get:

be a set of solutions of

c(a) a; 1
S <l <
Thus,
ve 1
N

Hence, ¢(a) — oo as ¢ — oco. But this contradicts Theorem 3.1. Hence
completing the proof. O
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3.2 Statement of Roth’s Theorem

Motivated by previous section we give following definition:

Definition (Approximable to order d). Let v € R\{0} be a real number.
We say « is approximable to degree d (and to no higher) if following two
conditions hold:

1. |a —a/b] < 1/b% has infinitely many solutions in rational numbers.

2. For any € > 0, the inequality |o—a/b| < 1/b%*¢ has only finitely many
rational solutions.

Theorem 3.2.1 (Roth?, 1955). Let ¢ > 0 be given positive real number and

a be an algebraic number of degree d > 1. Then the inequality

1
b2+a

=
b

has finitely many solutions in rational numbers.

<

Thus, Roth’s theorem?® implies that every algebraic real number is ap-
proximable to order 2 and to no higher. This had been conjectured by Siegel
in 1921. Thue, Siegel, and Dyson had successively improved Liouville’s orig-
inal exponent d, until Roth proved Siegel’s conjectured exponent in 1955.
Now we will prove some corollaries which will guide us towards proof of main
theorem.

Corollary 3.2.1. Let € > 0 be a given real number and « be an algebraic
number of degree d > 2. Then there exist a constant c(a)) > 0 (depends only
on «) such that for every rational number a/b we have

c(a)
b2+5

Ik
‘| >

Proof. Since « in algebraic number of degree d > 2, by Roth’s Theorem, we

have
o2 < =
a— = -
Y y2+€

2We will follow Cassels’s rearrangement of Roth’s proof, for proof outline see: Schmidt,
W. M., ‘Approximation to Algebraic Numbers’, L’Enseignement Mathématique, 17 (1971),
187-253, doi:10.5169/seals-44578

3Personal anecdote of John Cosgrave, jbcosgrave@gmail.com. “When I was a student
in London, I once asked Roth (in his office at Imperial College) what were the circum-
stances in which he proved his famous 1955 result. Roth told me that when he worked
with Davenport in University College London in the early 50’s, Davenport had a practice
of inviting colleagues to read up on some difficult piece of work, and then explain it in a
seminar talk. Davenport asked him to read the Thue-Siegel result. He read it, understood
it, explained it to everyone, and then (after all that effort) decided to give himself one year
(Roth’s standard practice) to solve Siegel’s conjectured improvement. His year was almost
up, he was just about to give up, when ...”
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has finitely many solutions in rationals. Let the solutions be %, Z—;, ey %
Now let,
d(a) :min{‘a—ﬂ 1i = 1,2,...,M}
Yi
Then clearly ¢/(«) > 0. Then by Liouville’s Theorem, for any rational
number % where i = 1,2,..., M, we have
. /
‘a TS ) 2 Cgf) (3.2)
Yi Y;

Also by Roth’s Theorem, for any rational number, 3 # % where ¢ =
1,2,..., M we have

a 1
o3| > (3:3)
Let, ¢(a) = min{1, ()} > 0, then from (3.2) and (3.3) we get

a| _ ca) a
o-glzpE ¥ jee
O
Corollary 3.2.2. Let a be a non-zero real number, if the inequality
a 1
o -3 < 7

has infinitely many solutions in rational numbers for some € > 0, then « is
a transcendental number.

Proof. As per our assumption, there are infinitely many rational numbers

such that 1

< b2+e

o — —

b

-

we can choose rational solutions
{al a2 Qp }
byl
such that by < by < ....

Suppose « is an algebraic number of degree d. Since given inequality has
infinitely many solutions, we conclude that « ¢ Q. Therefore the degree of
a is d > 2. By Corollary 3.2.1, we get:

c(a) < ’ ai| _ 1
a _ —
b?+£/2 b; bi+€
Hence,
1 .
cla) < 72 for i=1,2,3,...

K3
Since, b; — o0 as i — oo, we get c¢(a) — 0. It contradicts Corollary
3.2.1. Hence, our assumption of o being algebraic was wrong, and thus « is
transcendental. O
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Definition (Algebraic integer). A complex number that is a root of some
monic polynomial (a polynomial whose leading coefficient is 1) with integer
coefficients is called algebraic integer.

Corollary 3.2.3. It is enough to prove Roth’s Theorem for algebraic inte-
gers.

Proof. Suppose Theorem 3.2.1 (Roth’s Theorem) is true for algebraic inte-
gers. Then our hypothesis is:

For any given € > 0 and a be an algebraic integer of degree d, then we
have

o — ; < F
has finitely many rational solutions.

Now we will prove the result for any algebraic number.

Let a be an algebraic number of degree d. If, a € Q, then clearly the
result is true (d = 1 for rationals). So, we assume that for d > 2 the result
is not true.

Thus, there exist a § > 0 such that

oSl <

x‘ 1
a——| < - 3.4
o=l < 34

has infinitely many rational solutions. Let the solutions be

{:L’l ) Tn }
yl’?JQ’.”’ynV”
such that y; < y2 < ..., so that y; — 0o as ¢ — oco. Since « is an algebraic
number, there exist pg € Z\{0} such that a = p% where 3 is an algebraic
integer. Then (3.4) becomes:
T 1
B_m <5 for i=1,2,3,...
Po Y Y;
oy
@‘B—po—z <§—O+5 for 1=1,2,3,...
Yi Y;
a; Do .
S |- —| < 5= for i=1,2,3,...
"8 b; b?+6

where pox; = a; and y; = b;. Now, we can write, § = d1 + do such that 61 > 0
and dy > 0.

We apply hypothesis for « = 5 and € = §; > 0.

Since, b; — oo as i — 0o, we get, bfz — oo as ¢ — oo. Therefore, pr(; <1

for all ¢ > Ny € N. Thus we get: i

1 Po 1

Gl o x B0 o —
2461 02 2+61

7 for all 7> Ny

-
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This leads to infinitely many solutions for inequality, thus contradicting our
hypothesis. Hence our assumption was wrong and the result is true for all
values of d.

O

3.3 Combinatorial Lemmas

Lemma 3.3.1. Letn > 1 and r > 0 be integers. If N(n,r) be the number of

n—tuples (x1, T2, ...,x,) of non-negative integers such that x1 + xo + ... +
T, =7, then
-1
N(n,r) = (’I“ +n )
r

Proof. Symbolically,

N(n,r) = #{(z1,72,...,20) €LYy :v1 + 22+ ... + T =7} (3.5)
When r = 0 and n > 1, the result is true because ("61) = 1 and the solution
in non-negative integers such that s; + 2 + ...+ z, = 0is (0,0,...,0)

When r > 0 and n = 1, the result is true because (”71“71) =landx; =7
is the only solution.

Now suppose that » > 1 and n > 2 are given. Assume that for all pairs
(n/,r") with ' < n, v’ <rand (n/,7") # (n,r),

r’—i—n’—l)

T'/

N(n/,r") = <
Now we will prove (by induction) above formula for pair (n,r). Now, since
0 <z <7, we can re-write (3.5) as:
N(n,r) = #{(xe,...,2,) € Zgal cxo+ ...+ xy <1}
Let
N*(n,r) == #{(v1,22,...,00) €L 21+ 22+ ...+ 2y <7}
Then

N(n,r) = N*(n—1,r)
= N'(n—-1,r—1)+N(n-1,r)
= N(n,r—1)+N(n—1,r)

- (7))
- ("
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Lemma 3.3.2. Let n > 1 and r > 1 be given integers. For any integer
0 <c<r, we define

F(c):#{(:zg,xg,...,xn)EZggl::rg—i-xg—i-...—Fxn:r—c}

Then as per notations in proof of Lemma 3.5.1,

1. N*(n—1,7) =Y F(c) = N(n,r)
c=0

n

T T
r r
2. == = N*(n-
ZcF(c) nZF(c) N*(n—1,r)
c=0 c=0
Proof. 1. As per definition of F'(c) we get:
T T
ZF(C) = Z#{(azg,...,xn)ezgal::Cg—i—...—i-a:n:r—c}
c=0 c=0
— #{(m,...,xn)ezggl:m2+...+xn§r}

N*(n—1,r)
= N(n,r)

2. We can re-write F'(c) as:

T,y Tn€Z>( T,y Tn€Z>q
xo+...+xpn=r—cC ctxo+t...+xp=r

Let ¢ be any integer where 0 < ¢ < r. Then

ctxot...ATn=r

Now, do summation over ¢ both sides to get:

T T

ZCF(C) = Z Z c

c=0 c=0 z9,..,2n€Z>
ct+xo+...4xp=r

= ) e
C,TQ,nny Tn GZZO

ctxo+...+xpn=r

But, note that

Z c= Z x; fori=2,...,n

ctaot...ATn=r ctxot...txn=r
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Therefore,

E%CF(C) = ;{ Z c+--+ Z xn}

| Il
3= S|
M

— =

= %N* (n—1,r) (from definition of N*(n,r))

= — Z F(c) (from part 1. of this lemma)
n

O
Lemma 3.3.3. For any © € R such that |z| < 1, we have 1 + z < e* <
14z + 22,

Proof. Let x € R such that |z] <1 .
Firstly we will prove the lower bound.
If0 <z <1, then

2 n

1+1:§em:1+:c+x—+...+x—+...
2 n!

since z¥/k! is non-negative for all k = 1,2, ...
If -1 <z <0, then
2n x2n+1

PR

xQn x2n+1
= > —

2n)! = (@n+ 1)

S2n+ 1> —x

S2n+12>0
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Hence, the above inequality is true for all » > 1 and —1 < z < 0. Thus
1 x? 23 xt ab >
=lta+ (S5 )+ Grg) 21+

Now, we will prove the upper bound. Since we have to prove that ¥ <
1 4 2 + 22, it is equivalent to proving

7 x"
1+x+?+...+—'+...§1+x+x2 for —1<zx<1
n!
3 4 2
x° oz x
@§+E+ S? for —1<z<1
Note that n! > 277! for all n > 3 (can be proved by induction). Therefore
DL
3! 4l - 222
2
4 2
B0
= % 1_§> is valid since |z| < 1
- 2(2—-2)

Hence it is enough to prove,

3 2

x T
2

22 —x)

IN

for —1<z<1

<:>x2($—1)§0 for —1<z<1

Leading to z < 1, hence above inequality is true for |z| < 1. Thus completing
the proof. O

Lemma 3.3.4 (Mahler-Reuter, 1961%). Let 0 < ¢ < 1 be given and n > 1;
1,72, ...,Tn > 0 be integers. Then

0<zxr <mVk=1,.

7n n
#{(‘r17axn)ezgo Z 7_7‘>En }SQH(Tk+1)eE2n/4
k=1 b1

Proof. In order to prove this lemma we will prove two claims.
Claim 1:Let m > 2 be a given integer. Then

k=1,2,...,n

H” +m -1\ -
(:L‘kl, ce ,ZEkm) C TRl t e T = TR <9 <’I"k m )e—in
in ZZ, ' - r
>0 Tp _on - k

= Eklm—mZa‘n k=1

1A slightly weaker version was proved by Schneider in 1936. Roth used a simpler
version of Schneider’s lemma by Davenport (Lemma 8 in [7])
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If we prove this claim, then this lemma follows by taking m = 2. Since, for
m = 2, we get

k:1,2,...,n n .
# (xklaku)EZQZO: Tkl + Th2 = Tk SQH(T/H—I)e_Zn (3.6)
‘Zﬁzl%—% > en k=1

Since, 1 + xr2 = 1 and xp; > 0 are integers, we can replace this condition
by
Tl + Tpa =Tk as
0<zp1 <r, < Tpo runs through 0 to rg
and xp] =T — Tk

Therefore we can rewrite (3.6) as:

<2 [[(rr+1)e"/

0<zp <mVk=1,...,n
#9(w1,... 1) €25 :

noxZg _n
Sio % -3 zen

k=1
Thus this lemma follows from Claim 1.
From Claim 1 we shall further deduce the following.
For any tuple (z1,...,z,) € Z, we have
L
ry Tn M
@ﬂ—l—...—k@—ﬁzsn and ﬂ—l—...—kx—n—ﬁg—an
1 Tn M 1 T m
T T 1 T T 1
®1+...+n2n(+5> and 1+...+n§n<—s)
r1 T m r1 T m
We want to estimate the cardinality of set, M, given by
k=1,2,...,n
M =# < (Tg1, - Tiem) EZgO: Tpr+ ..o+ Tpgm =Tk
Sia -l zen
But, we can write M = My + M_ where
k=1,2,...,n
My =# (xkl,...,mkm) EZ?OZ Tp1+ ...+ Tpm =Tk

2221%’;1 >n (5 +e)
and

k=1,2,...,n
M_=+# (CCkl,...,.’L‘km)EZgLO: l’kl—l—...—i-kal:?“k
n X
Zk:lﬁS”(Efe)
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In order to prove Claim 1, we need to prove
S (re+m—1 2
M§2H<k >6_8”/4
Tk
k=1
Since, M = My + M_, it is enough to prove
(e +m—1
- 2
My M- <] ( ' )es " (37)
k=1 Tk

Claim 2: For any integer k with 1 < k < n and any integer c; with 0 < ¢ <
L, we define:

Fk(Ck) = #{(xkg, ce ,ka) S Z;no_l X+ . Ty, =T — Ck}

Then we have,

Mi= Y () Fale)

Cl,..,Cn
0<cp<rg

n L n
Dok E—EZETL

and
M= Y Fle) o Fue)
Cl,eesCn
0<cp<rg
ZZ:l%‘%S_E”
Note that:

Z Fi(er) - Fulen) = H Z Fi(ck)

C1,...,Cn k=1 \cx=0
0<ck<rg

By Lemma 3.3.2 and Lemma 3.3.1 we get:

Tk

I Feen) | =
k=1

cp=0

N(m,ry)

r,+m—1
Tk
Therefore, Claim 2 follows from the definition of My, M_ and Fj(cg) in the
above equality.

bl
=
I

I
s

b
I
—
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Now we will prove (3.7) for My (the proof for M_ is similar). Consider

2
M+e€2”/2 = My exp <€2n>

= My exp (%sn)

= ﬁ iFk(ck) exp(%en)

k=1 \cp=0

n K n
2lk=1 7w 2EN

u Tk e fc Chn M
H E Fi(eg) |expl=|—+...+ —— —

2\ Tn m
k=1 \cp=0

n fk_n
Zk:l Th me'?n

IN

L& e (a Cn M
< H ZFk(Ck) exp<2<ﬁ+...+m—m>>
k=1 CkZO
n Tk n
€ c 1
- (3 A o (535 (2 1)
Tk m
k=1 \cx=0 k=1
- T1(3 Ao ) (e (5 (2 -
N ATk P 2\ry, m
k=1 \ ;=0 k=1
- - € fc 1
- I3 Ao (5 (%)
Tk m
k=1 Ck:0

Similarly we will get:

n Tk
£*n/2 N
M_e < kl:II Z F(ck) exp ( 5 (Tk —

c=0

Putyz:l:%(c—’“—%)

Tk
Since, 0 < ¢ < 1, we see 0 < 5—: < 1 Therefore,

1
N (3.8)
m

By Lemma 3.3.3, we set 1 +y < ¥ < 1+ y + y%. Therefore,
g [ Ck 1 g [ Ck 1 62 Ck 1 2
— = =— <14+ === e 3.9
exp(z(rk ))_ +2<Tk >+4<7’k (3.9)
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Interestingly,

f: Fi(cx) <; (;: - ;)) = rzk Fi.(ck) (2‘; (Ck: _ :’;))

Ck:() CkZO

Tk Tk
15 Tk
= m g Cka(Clc)—Eg Fk(ck)
c=0 cp=0

= = x0=0 (from Lemma 3.3.2)
27

Hence,

i Fi(ck) (; <C’“ - ;)) =0 (3.10)

r
cp=0 k

Now, using (3.8), (3.9) and (3.10), we get

"k efek 1 Tk 1 2 1)\?2
ZFk(Ck)eQ(rk m) S ZFk(Ck) 1+§ Cik_i _‘_i cik_i
2\ry m 4 \r.. m
cp=0 cp=0
< S R 1S (E 1) 42
C — [ — JE—
- ATk 2\r, m 4
cp=0
Tk 52
=S Rl <1 + 4>
c=0
Thus,
2 L "k 62
Mpes? < ]| D2 Fuler) (1 + 4)
k=1 \cxp=0
n n
-1 2
= H <Tk tm > (1 + E) (as in proof of Claim 2)
kel Tk 4
n n
-1 22
< H <Tk tm > <e4) (from Lemma 3.3.3)
k=1 Tk
Thus, we get:
n - 5271/
M, < H (rk+m 1>e_4
Tk
k=1
Similarly we will get for M_, hence completing the proof. O
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3.4 Auxiliary Polynomial in m-variables

In this section, we will consider polynomials in m variables with rational
integer coefficients. Indeed we can write

P(zy,...,xm Z Z jl,...,jm):cl...a:%’;1

Jj1=0 Jm=0

where, all except finitely many of the coefficients, q(j1,...,jm) € Z , are
Zero.

A curious question we can ask here is: Why do we want to study poly-
nomial of several variable when we want to approrimate just one algebraic
integer® ?

We saw that Liouville used polynomial in one variable to prove his re-
sult. But a Norwegian mathematician Axel Thue accomplished more than
Liouville using a polynomial of one variable®. Thue’s progress (obtaining
an approximation exponent of d/2 + 1 + ¢) can all be formulated in terms
of functions of one variable. It can also be thought of as using an auxiliary
polynomial f(X,Y) € Z[X,Y] in two variables which is linear in Y. Thus,
it was observed that Lioville’s Theorem can not be improved, in general,
working with a polynomial of one variable. Therefore, Roth’s theorem re-
quires an auxiliary polynomial in an arbitrary number of variables but the
logical steps remain the same as that of Liouville’s Theorem.

We will conclude this section with the theorem regarding the index of
auxiliary polynomial in m—variables at rational points near the algebraic-
integer point (a m—tuple).

3.4.1 Partial derivative of a polynomial

As per our earlier notations, we will write i to represent a m— tuple,
(11,2, ...,1m). For i € ZZ, we define

Pi(l’l, e ,LL’m) =

, —P(x1,...,Zm)
i1lig! .. 1 '&E o Qxlm ER

Lemma 3.4.1. Let P(x1,...,Ty) € Z[z1,...,2Tm] be a polynomial. For any
= (i1, im) € ZZy we have:

Pi<.1‘1, e ,iL‘m) S Z[xl, R ,xm]

5Better answer to this question is available when we study transcendental numbers, see
Burger, E. B. and Tubbs, R., Making Transcendence Transparent (Springer, 2004), 32-34.

SFor details see §1 of [4], http://www.mast.queensu.ca/~mikeroth/proceedings/
Nakamaye-Roth-Method.pdf
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Proof. We just need to manipulate definition:

1 ai1+---+i7n
P(z1,...,2m) = ——= , . —P(x1,...,2Zm)
ilig.im! 92l - - Oaiy
1 8“1:{1 ai'm $j7n
= S U )
iligl . gy, A~ oz oryy
J1s--)m 1
0<jk<7‘k

_ Z ]17 -'a]m H Z .’L'zl_w

jl:"~7jm

0<jr <
m
= Z q(J1, - ..,ij< > T e DlE, . T
jly"~7jm /=1
0<jr <
(Also, as in combinatorics, (Zﬁ) =0 of j; < iy.) O

3.4.2 Height of a polynomial and Siegel’s Lemma

For any polynomial P(z1,...,%m) € Z[x1,...,Zy], we define the height of
the polynomial P(z1,...,x,,), denoted by [P] as

[Pl = max |q(j1;. .- Jm)

and

P(xi,...,xm) = Z q(jl,...,]m)asjl1 oadm

jl?""vj‘ln
0<jk<rg

Note that when m = 1, [P] is the maximum of the absolute value of its
coefficients which matches with usual definition of height of P (see Section
2.3)

Lemma 3.4.2. Let P(xy,...,om) € Z[z1,...,Zm| be a polynomial. For any
i=(i1,...,im) € Z%y we have:

HPI]] < 27’1+7"2+..-+Tm IIP]]

Proof. From Lemma 3.4.1 we know that:

m .
Pi(xl,...,xm) = Z Q(jly"-)jm)H(Z)x%_u

jlai--:jm (=1
0<jk<rg
_ . J1—11 i, —1
- E A(]l?"‘7jm)$1 x‘ZrT "
jlai--:jm
0<jk<rg
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where

A, - Jm) = q(n, - Jm) ﬁ <‘Z>

(=1

Therefore,

AG1, - dm)| = \q(jl,...,jmﬂ(ﬁ)~~<‘Z§>

< q(ins - s gm)| 2002
< q(1y--ygm)| 2M--.2mm (as jx < i VEk)
= lq(j1,-- - Jm)| 27T FTm
Thus,
[A] = max  [A(j,....Jm)l
j17""7Jk
0<jk<rg
< 2ntetrm s max o q(Gis - Gim)]
j17"'7jk
0<jk<rk

27°1+.-~+Tm [[P]]

Lemma 3.4.3 (Siegel). Let

N
Li(z) =) ajpzm  (1<j< M)
k=1

be M linear forms with rational integer coefficients. Suppose that N > M
and that
lajel <@  (1<j<M, 1<k<N)

where Q is a positive integer. Then there exists an integer point z =
(z1,...,2N) # 0 with
Li(z)=0 (1<j<M)

and

[2] < | (NQ)™ |

Proof. Since N > M, rational solutions of L;(z) = 0 for 1 < j < M with
z # 0 always exist. But, if z is a solution of this equation, then so is Az
for any real A, and therefore integer points z # 0 exist, which satisfy this
equation.

It remains to show that

[2] < Z where Z = L(NQ)ﬁJ
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can also be satisfied. We will follow pigeonhole principle (see Lemma 2.1.1).

Firstly we have Z +1 > (NQ) NJYM, from where NQ < (Z +1) 5 and
therefore
NQZ+1<NQ(Z+1) < (Z+1)NM (3.11)

Now, for every integer point z = (z1,...,zy) with0 < z; < Zfor1 <i < N,
we have
—R;jZ<Lj(z) <S;Z2 (1<j<M)

where —R; and S; are the sums of negative and positive coefficients of L(z),
respectively. Now R; + 5; < NQ, so that each L;j(z) lies in an interval
of length less than or equal to NQZ. Therefore each L;(z) takes at most
NQZ + 1 distinct values. Hence the M —tuple, Li(z),...,Ly(z) takes at
most (NQZ + 1)M values.

The number of possibilities for z with 0 < z; < Z for 1 < i < N is
(Z+1)N.

But, from (3.11), (NQZ + 1)M < (Z + 1)N. Thus there are N—tuples
z() % z? with 0 < 2, < Z for 1 < i < N and L; (z(l)) =1L (Z(Q)) for
1<j<M.

The integer point z = z(!) —z(? satisfies the conditions of the lemma. [

Lemma 3.4.4. Let « be an algebraic number of degree d > 1 and let P(z) =
%+ ag_12% 1 4+ ...+ ag be the minimal polynomial of o with integer coeffi-
cients. Then for any interval £ > 1, there exist integers a((f_)l, ag_)Q, ey a((f)
with

¢ ) _d-1

o =a, o —I—...—i—a(()g)

and

O < ([P]+1)*  Vk=0,1,...,d—1

Proof. We will prove this by induction on £ > 1.

When ¢ < d — 1, we can set ay) =1 and a,(f) =0 when k # £ | this will
satisfy given condition.

When ¢ = d, since P(«a) =0, we get

ad—i—ad,lad_l—i—...%—agzo

= ot = (—ag_1)a™ + ...+ (—ap)

with
x| <[Pl < ([P)+1)*  Vk=0,1,...,d~1

Hence, given condition is satisfied for £ < d
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We can assume that ¢ > d and for £ — 1 the result is true. Therefore,

o = oot
= « <a£f ll)oad v+ a((f U)
= agf 11)04 +. —|—aé€ Yo

= a7y ((_ad71>ad—l+_,,+(— )) +al et L d e

= ( aff 11)ad 1 +a£l 2)) =l 4+ (—a((f:ll)%)

Also, for 0 < k < d —1 as per triangle inequality and induction hypothesis,

(=1

—1
’ ag_q ak—i—a/,(C 1)‘ <

ad 1 ak’—l—‘ak 1‘

-
< ([(PI+ D)7 [PI+([P] + 1)
([P1+ D) ([P]+ 1)
= ([P1+1)
Hence completing the proof. O

3.4.3 Index of a polynomial

Let P(z1,x2,...,Tm) be a polynomial with rational integer coefficients. Let
r=(ry,...,rm) € Z% and q = (q1, - .., ¢m) € R™ be given m—tuples.

If P is not a zero-polynomial i.e. P # 0 , then index of P with respect
to (q1y---sqm;7r1s---,7m) = (q;r) is defined to be

) i
ind(q;r)P: min {“+...+:Pi(q1,...,qm)750}

i:(il,...,im)eZ’Z"O 1 Tm
0<ix <degp z;

where, degp x; = maximum degree of z; in any monomial of P.

If P is a zero-polynomial i.e. P = 0, then index of P is defined to be +o0
for any (r1,...,rm) € Z%, and (q1,...,qm) € R™ since Pi(z1,...,2m) =0
for all i € Z%,. a

Lemma 3.4.5. If P # 0, then ind(q,) P is a finite number.
Proof. Let the total degree of P(x1,...,2ym,) be k = k1 + ... + ky,, where

x'fl ...zFm is a monomial in P whose degree is maximum of all the other
monomials in P and ky = degp zy. If k = (k1,...,ky), then Pc(z1,...,2m)
is a constant polynomial” and hence, Pi(q1, ..., qm) # 0. Also
k1 k
1nd(qr)P<T—+ —|—r—m<oo
1 m

O

Tanalogous to the case when, f(z) = Y.}_, a,z" is a polynomial, then f"(z) =n!is a
constant polynomial.
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Remark. Note that r, may be smaller that kj.

Corollary 3.4.1. If P(x1,...,xy) is a non-zero constant polynomial, then
P(q1,---,qm) # 0 implies that ind gy P = 0
Proof. 1t follows from Lemma 3.4.5, since 1’% +...+ 7’?—: =0. O

Corollary 3.4.2. If ind(gy) P # 0, then P(qi,...,qm) = 0 implies that
a=(q1,---,qm) is a zero of the polynomial P(x1,...,T).

Proof. Follows from Corollary 3.4.1 O

Lemma 3.4.6. Let P,Q € Z[z1,...,2,]\{0} be given polynomials with the
given parameters v = (r1,...,7m) € ZZ) and q = (q1,...,q9m) € R™ from
which index of P and Q) are calculated. Then,

1. For any i= (i1,...,i) € ZZ, we have
. . 11 Tm
1nd(q;r) P> 1nd(q;r) P — ( +...+ >

2. ind(q;r) (P + Q) > min{ind(q;r) P, ind(q;r) Q}
3. ind(q;r)(PQ) = ind(q;r) P+ ind(q;r) Q

Proof. 1. Leti= (i1,...,%m) € ZZ, be a given vector. As seen in Lemma
3.4.1, suppose, T'(z1,...,Tm) = Pi(x1,...,2m) € Z[x1,..., Tn].

Now, let j = (j1,...,jm) € ZZ, be the point for which Tj(q1, . .., qm) #

0, then
Ti( ) Lo )
(21, = - - . . T,y &
! " ]1!"‘]m!8x]11~-8x¥,’? "
1 HirtFim
= ) <) 1 J Pl(x17. ,f]fm)
Jite s Jmi Ozt - - Oz
]_ 8j1+---+jm
a ]'1!"‘,7'771!(93:]1'1 o Qalr
) P i i P(xl,...,a:m)
11----lm-8x1 - Oxhr
1 oirti Him+im
= — — . —————P(x1,. .., T
[SRY R e 3x111+31 QlmTim ( m
But,
P ) .
itilZr1,...,T = . - - -
o " (i1 +J)t - (i + )
8xli1+j1 . ax;?+jm P(CCl, e ,ﬂfm)
= c1(it, J1) - m(ms Jm) T3 (215 - )
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where ¢1(i1, 1), - - -, ¢m(im, jm) are non-zero constants.

Since Tj(q1,...,qm) # 0, we have, Pi1j(qi,...,qm) # 0, thus from

definition of ind g,y Pitj, we have
11+ N tm + Im > ind(q-r)P
1 T'm '

:>jf1+...+j7m2ind(q;r)P— (Zl—i-—l—lm)
r1 'm 1 T'm

Since this equation is true for all j such that Tj(qi,...,qm) # 0, we
conclude that

ind(q;r) T > ind(q;r) P — (Zl + ...+ Zm)

= ind(q;r) P> ind(q;r) P— (Zl +...+ ’L7n>
2. Let i= (i1,...,im) € ZZ, be a point such that

(P+Q)i(Q17"'7qm) 7&0

:>Pi(Q17---;Qm)+Qi(Q1,--->Qm) 7£0
= Pi(q1,-..,qm) #0 or Qi(q1,....qm) #0
il Zm . il Zm .
$E+...+521nd(q;r)P or T—1+...+521nd(q;r)Q
Since, this is true for all i such that (P + Q)i(q1,---,qm) # 0, we get
ind(q;r) (P + Q) > il’ld(q;r) P or ind(q;r) (P + Q) > ind(q;r) Q
= ind(q;r) (P + Q) > min{ind(q;r) P, ind(q;r) Q}

3. To prove given statement we will prove two statements:

ind(g;r) (PQ) = ind(g;r) P + indgyr) @
ind(q;r)(PQ) < indg;r) P + ind(g;r) @

Firstly we will prove: indq.y)(PQ) > ind(g;p) P + ind(g;r) Q@
Let, i = (i1,...,im) € ZZ, be a point such that

il Zm .
—+...+ — =ind(q.(PQ
" 5 = g (PQ)

= (PQ)i(q1;--»qm) # 0
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Now by Leibnitz’s rule® we have:

(PQ)i(xl,---,xm) - Z C(j7k>Pij(xl7"'7xm)
withj]’—}-(k =i

where ¢(j, k) is a constant which depends on j and k.
Since (PQ)i(q1,---,qm) # 0, we have

Z C(j7k)Rj(Q1a"'an)Qk(ql7""qm) 750
j.k
with j+k =1

Thus, there exist j, k € ZT such that j + k = i and both Pi(q1,---,qm)

and Qk(q1,---,qm) are not zero. Hence,
' j k k
jfl—l-—l—']flend(q’r)P and 71++7m21nd(q7r)Q
1 T'm 1 T'm
1+ k im + k . .
= J1 ! + ...+ Jm T Km > 1nd(q;r) P+ 1nd(q;r) Q
1 T'm

/) 7
= S + ...+ m > ind(q;r) P+ ind(q;r) Q
T Tm

for all i = (i1,...,4m) with (P, Q)i(q1,.-.,qm) #0

= ind(g;r) (PQ) = ind(gyr) P + ind(gyr) @

Now we will prove: indq.r)(PQ) < ind(g;) P + ind gy @
Let the points j = (j1,...,7Jm) € 2%, and k = (ki,...,km) € 7%, be
such that

jl ]m . kl km .
— 4+ ...+~ =ind(g. P d —+...+4 — =ind,.
" + + P ind(q;r) an " + + . ind(q;r) Q

= Bi(q1,-.-,qm) #0 and  Qu(qr,...,qm) # 0

Let, i = (i1,...,%y) be such that iy = jy + ks for all £ =1,2,... ,m.
Now, we claim that (PQ);i(q1,...,q¢m) #0

8If f1,..., fm are differentiable functions, then

e " 0
(fifz - fm) Z (kl,kQ,...,km) H f
k14ko+-+km=n

1<t<m

where the sum extends over all m-tuples (ki,...,kmn) of non-negative integers with
ke = n (see: Olver, P. J., Applications of Lie Groups to Differential Equations
(Springer-Verlag New York, 1993), pp. 318.)
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By definition of ind gy P for any (i, ..., jp,) € ZZ, if we have

-/ -/ . .
Ny ISy Im
1 'm r1 Tm

then Py (q1,...,qm) =0 where j = (j1,...,j,)-

If
:, ./ . .
- ..
(& T ™ T'm
and

(Koo kD) = (11— J1y -y im — Gi)

then we claim that

K/ k! k k
i R RO S SR L
1 Tm 1 T'm
But,
K k! i1 — 4" N
1 T'm 1 m
kg e
r1 T'm
k L oy Ly
= 1+..,+7”4—<]1 j14—”.4—ﬁ”‘””>
1 Tm 1 1

Ve
this is negative
due to our assumption

Thus, our claim was true. Hence, by definition of indq,r) @ we have
Qw (q1,-.-,qm) =0, where k' = (k},...,k],)
Thus, either Py(q1,...,q¢m) =0 or Qu(qi,...,qm) =0, leading to :

(PQ)i(ar, - qm) = Fi(q1, -, am)Qu(q1; - -, gm) # 0

Hence proving our claim and completing the proof.
O

Theorem 3.4.1 (Index Theorem). Suppose that q is an algebraic integer of
degree d, d > 2 and m is an integer satisfying the inequality

m > 162 log(4d)

where € is some positive real number. If r,...,r, are positive integers,
then there exists a polynomial P(x1,...,%m) # 0 with rational integers co-
efficients such that

1. degpap < rp, where 1 <h <m
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2. ind (g P >

%(1 —¢), where (q;r) = (¢, ..., ¢;T1y -y Tm)

m times

3. [P] < H™+"m where H depends only on q i.e. H = H(q)

Proof. We wish to find a polynomial

P(xy,...,x;m Z Zk]hw-v]mxl- x%n

Jj1=0 Jm=0

with rational integer coefficients k(ji, ..., Jm) such that given conditions 2.
and 3. hold.
We need to determine all the coefficients, hence we have to determine

N=@1+7) 147

integers.
By 2. we need

Pi(q,...,q) =0 when <Z Zh) - =< m% (3.12)

h=1 M

As per Lemma 3.4.1,

> k(jl,...,jm(ﬁ)...(].m)q“l-“>+~~+<ﬂ'm-im>:o (3.13)
J1seenn]

tm
0<jn<rn

By replacing € by £/2 in Lemma 3.3.4, the number of such m—tuples i is at
most

M =(147r) - (1+ry) e <m/16
But, m > 16c~2log(4d), hence the number of conditions in (3.12) is at most

, 2 N
M= N yd = 2
for m = |16e 2 log(4d)] + 1
Each condition (3.12) is a linear equation in the coefficients k(j1, ..., jm)-
The coefficients of these equations will be rational integers times powers of
¢, hence will be algebraic. But each power of ¢ is a linear combination of
1,q,...,q% " with rational integer coefficients. Hence each condition (3.12)
follows from d linear relations in k(ji,...,jmn) with rational coefficients.
Thus, we have the number of linear equations for the k(j1,...,jm) with

rational coefficients N
MSdXM/:? (3.14)
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Now we will apply Lemma 3.4.4 to (3.13). Let @ be the maximum of
the absolute values of all rational integer coeflicients corresponding to linear
equations in each condition (3.12), then

Q< (Zl> . <Zm> ([P'] + 1)Ur—i)++(m—im)
1

m

where P’ is the minimal polynomial for q. By combinatorial inequality
(1) <27, we can say

Q 2]1++Jm([[P/]] + 1)(]1_11)++(]m_1m)
Qi ATm ([P 4 1)t trm (follows from 1.)

(2 ([[P/]] + 1))T1+-..+rm

<
<

Further, by Siegel’s Lemma 3.4.3 and (3.14) our system of equations has
non-trivial integer solution with

M
k(- Jm) S [(NQ)F=IT | < NQ
Also, N < 2mt-+4mm and Q < (2([P']+ 1) ™ we get:

‘k(jl, ce 7]m)’ < (4 ([[Pl]] + 1))r1+...+rm

for each m—tuple (j1,...,7m). Hence the height of P satisfies
[[P]] < (4 (IIP/]] + 1))r1+...+rm

= [[P]] < Hr1+...+7”m

where H is a function of ¢ since it depends on minimal polynomial for q. [

Theorem 3.4.2 (Index of polynomial at rational points near algebraic-in-
teger point). Consider the real numbers § and £ such that 0 < 6 < 1 and
0 <e< %. Let g be an algebraic integer of degree d, d > 2 and m 1is
an integer satisfying m > 16e~2log(4d). Also given to us is a m—tuple
r=(ry,...,rm) € Z% and a polynomial

P(z1,...,2m) € Z[T1,. .., Tm)

satisfying the conditions of Theorem 3.4.1.
Suppose there are m distinct rational numbers

{al am} such that 'q—ah

1
a ——  withb) > D
bl 5 5 bm bh < w1t h >

246
bh

for some constant D = D(q) (depends only on q).
If bt < b < bgHs)rl forallh =1,2,...,m, then ind(a,) P > me where

— (& am
A (o).
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Proof. We have to prove

. 1 1 ay a
min — 4+ P ) A0 > me
i=(i1,0mim) €22, | T1 Tm b1 bm

0<ip<degp z;

where, degp x; = maximum degree of x; in some monomial of P.

We will rather prove its contrapositive, i.e. for any i = (i1,...,imn) € VALY
satisfying 7% +...+ iﬂ < me, we have P, (Z—ll,,’;—m) =0.

Let, i = (i1,...,im) € L% be an m—tuple satisfying 7%+' ot ;—Z < me.
Also, let T(z1,...,2m) = Pi(z1,...,Ty), now we have to show that

ai A,
T(—,...,— ] =0
(5o 52)

Since from Lemma 3.4.1,

, 1T (I i
})i(xlv"'axm): Z k(]l)?]’m)H (Zh)x%'h "

jla---ajm h=1
0<jk<rg
we get,
m : Jh—tn
al A, . . Jh Qap,
Pl—, ...,.— | = k —
1<b1’ 7bm> Z (i, ’jm)l:l<ih> <bh>
J1se3Im h=1
0<jn<rp
ai Gm N’
s |Pl—,...,— || = +——— 3.15
1<b17 7bm>' b;lb%" ( )
for some integer N’ > 0
Now, if we prove
(o )| L (3.16)
b by byt by '

then from (3.15) and (3.16) we get:
N’ a1 Gm, 1

== Pi 77 sy I ﬁ

(m bm>‘<bf-~@#

b{lmb%"i

leading to N’ = 0 and hence,

Hence it is enough to prove that

aj Qo
T|—,...,— || =
’ (bl’ ’bm>‘

al Am 1
Pi 77...’7 ﬁ
<b1 bm>‘<bf--~w
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By Lemma 3.4.6(1.), with q = (g, ...,q) as in Theorem 3.4.1,

ind(q;r) Pi > ind(q;r) P — <7Zal + ...+ lm>

= ind(q;r) T > ind(q;r) P — <Zl + ...+ Zm)
Also from Theorem 3.4.1 we have:

ind(q;r) P> (1 - E)

m
2
and as per our assumption on i, we have:

— ...+ m <me
™ T'm
we get:
. m
1nd(q;r) T> 5(1 — E) —me
. m
= 1nd(q;r) T> 5(1 — 38) (317)

The Taylor series expansion (generalizing what we did in Theorem 3.1.1) of
T(z1,...,zy) about q = (q,...,q) we get:

T(x1,...,Tm Z Z T(q (@1 —q)" - (T — @)™

t1=0 tm=0
where t = (t1,...,tm) € ZZ,. Evaluating value about a = (Z—ll, cee %’f) we
get:
ai Tm 1 t1 a tm
P(5ie) = 2 X e (5 a) (52 )
b t1=0  tm=0 b bm
(3.18)
Now, we want to estimate right hand side of this equation. Therefore we
get:
aq a = lay th
m
(s S
tl}"'7t7’7l h=1
0<tp<rp
Now, to estimate |T¢(q, . .., q)| we need to know the estimate of [T¢], number

of terms in Ty and highest power of |g|.
But, from Lemma 3.4.2 we know that

[R] < 27+ [P

= [T] <2+ [P] and [T] <2 [T]
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leading to
[Ti] < 4m -t [P] (3.19)

Also from simple combinatorics we know that
#(terms in Ty) < (ri+1)---(rp, +1) < 2nttrm (3.20)

Since, |g| > 1 or |q| < 1, we can take the estimate max{1, |q|}"***™ for
highest power of |g|. By using this along with (3.19) and (3.20) get

|Tt(q, ey q)| < (4r1+...+7"m [[P]]) (2r1+.“+rm) max{l, ‘q|}T1+-~~+Tm

1
= |Ti(q,...,q)| < C™" ™ where C =8max{l,|q|}[P] 1+ Fm

(3.21)
But, we are given in statement of theorem that
th th
ap 1
— —q < 2+5) Vh:1,2,...,m
bn (bh
246
123
1
S| gl <[4 Vh=1,2,...,m (3.22)
bn, by

Also, (3.17) implies that

1
ind(gr) 7' > m (2 — 26)

which further implies that any t = (t1,...,t,) € Z%, with % + ...+ % <

m (% — 25) we have Ti(q, . ..,q) = 0. Using this along with (3.21) and (3.22)
in (3.18) we get:

al am, 1
O P L
‘ by bm bt (bﬁl . bﬁ,lﬁ) +
0<tp<rp

%+...+%>m(%—2€)
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Further for 1{—11 +...+ f,—: >m (% — 26) we can write,

Vv
>

:1(%)1):1 (’%) .. b?(%) (given: b71"1 < b;;h)

vV
Sy

(b - ..511)(%*25)
——

m times

e m (%_25) (1—‘,—&‘)7”
(bﬁf ~--b$> (given: b < o™

— (bgl...b%n)(%lj)

Further, we have

1

5—2 1/(1—4e 1 He 1

2 == =—(1- >_(1-6
1+e 2(1+£> 2( 1+e)—2( 2

Thusforalltwith%+...+£—:”n>m(%—2€) we have

it phm > (b ...brm)%(l*&) (3.24)
1 m 1 m

From (3.23) and (3.24) we get

‘T <a1 R am) ‘ < (20)T1+-~+Tm (le‘l . b%n)*%(lfﬁe)(2+5)

b’ by
m 14 Th
- ] (20bh2(1 65)(2+5)>
h=1

Note that we are given 0 < d <1 and 0 < e < %, SO

246—12—66 §—6/3— 62
(1-62)(2+6) =~ 25 65>1+/32/6

N =

1 4—-9 4-1
S (11— =9 1 i
:>2(1 65)(2+5)>1+5( B )> +5< 1 )

S laceere 14l

4

a Qm o —(1+5)>rh
T2, S ) < I (208,
’ <b1 bm)‘ h=1< "
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Now,
—(1+¢ _
2Cbh( i) < b, !
& (20 < b

& D <b) given in statement of theorem

4
where D = (2C)* = 24 (8 max{1 P 7‘1+-~1-+7'm hence D = D and
( ) 14 y q

we get as desired:
m
aq (0779 —r
T—,...,— <||b h
‘ <b1’ ’bm>‘_h1h

O

3.5 Wronskians and Linear Independence of Poly-
nomials

Wrorniskian is a determinant introduced by Polish mathematician Jézef
Hoene-Wronski (1812) and named by Scottish mathematician Thomas Muir
(1882). It is used in the study of ordinary differential equations, where it
can sometimes show linear independence in a set of solutions.

Firstly let’s see “Why the Wroniskian work?”?

For illustration, let’s work with 3 x 3 system. Consider functions f, g, h.
Then they are linearly dependent on some set of real numbers [ if we can
find a,b,c € R (not all zero) such that af(t) + bg(t) + ch(t) = 0 for all ¢ in
I. If we differentiate this again and again, we’ll get other equations:

af(t) +bg(t)+ch(t) = 0
af'(t)+bg'(t) +ch'(t) = 0
af’(t) +bg"(t) + ch"(t) = 0
Let
f(t) g(t) h(t)
n@) =17, ft)=|40) |, and f3()=|h'()
f'() 9" (t) h(t)

be vectors of functions (i.e. functions from R to R3).
This leads to the discussion about linear independence in reference to

FO1 [9@®) ] @)
F@s 9@, [hE)
0] L") LA
°Bill Cook (http://math.stackexchange.com/users/16423/bill-cook), Linear in-

dependence of function vectors and Wronskians, URL (version: 2012-01-07): http:
//math.stackexchange.com/q/97094
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We say the set {f1(t), f2(t), f3(¢)} is linearly dependent on I C R, if there
exist ¢1,c2,c3 € R (not all zero) such that c1f)(t) + cafa(t) + csf3(¢) = 0 for
all t € I.

This equation can be restated in terms of matrices. We have linear
dependence if and only if there exists some constant vector ¢ # 0 such that
F(t)c =0 for all t € I. This is where F(t) = [f1(¢) f2(t) f3(¢)]. Or writing it
out in a more expanded form:

[ g(t)  h)] [a 0
F(t)e= | f'(t) 4'(t) W({)| |cz| = [0
f1@) g"(t) h'(t)] Les 0

Now the determinant of F(¢) is known as the Wronskian of the functions
fl, fg, f3. That is W(t) = det(F)(t)

To show the columns of F are linearly dependent'” we need there to be
a non-zero solution for all ¢ in I. So only the following can be said:

If the columns of F(t) are linearly dependent on I, then there is a non-
zero solution for F(t)c = 0 which works for all t in I. Thus W(t) =
det(F)(t) =0 for allt in I.

The converse does not hold in general, but it holds for polynomials.

3.5.1 Ordinary Wronskian

Let go(2),91(2),...,9i-1(2) € K[z] where K is a sub-field of C, be a collec-
tion of polynomials. Then Wronskian of go(2),g1(2),...,ge—1(z) is defined
agll

1a

W(z) = det < g,,(z)) where 0 < p,v < -1

Theorem 3.5.1. Let go(2),91(2), ..., 90-1(z) € K|[z] be given non-zero poly-
nomials. Then they are linearly independent if and only if Wroniskian of
905915 - -+, ge—1 1S a non-zero polynomial in K|z].

Proof. We will divide proof in two parts.

Part 1: W (z) is a non-zero polynomial = they are linearly independent
over K.

For a system of constants (not functions), the columns of an n x n matrix A are
linearly dependent if and only if there is a non-trivial (i.e. non-zero) solution of Ax = 0.
This is true if and only if det(A) = 0.

this definition differs from the standard definition encountered when we study ordinary

differential equations only in the presence of the non-zero constant factor m
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Let, cg,c1,...,ci—1 € K be given elements, consider system of equations.

cogo(z) + ...+ c19i-1(2) = 0
cog(()l)(z) + ...+ Cg,lgél_)l(z) = 0
cog((f—l)(z) 4+ . 4+ cz,lgég:ll)(z) = 0
which can we written as:
go(z) o g-1(2) co 0
1 1
) IO € B I |0
L . L : :
g[() 1)(z) ... gé_ll)(z) Co—1 0

Since, as per our assumption

%(Z) e gfl—)l(z)
1 9o (2) oo gy (2)

W) = oar = 0, “
g((f*l)(z) ... gée:ll)(z)

is a non-zero polynomial. Hence there exist zp € K such that W (zy) # 0.
Therefore, we have

9(0)(20) e gf—)1(20)
1 1
g 20 N g, 1\ 20
e | WG et
-1 1
g Vo) a5 )
such that det(A) # 0, then
Co 0 0
C1 _ Ail 0 _ 0
Co—1 0 0
=>c=c=...=c¢c_1=0

Thus, the polynomials gg,...ge_1 are linearly independent over K

Part 2: go,91,...,9¢—1 are linearly independent = W (z) is a non-zero
polynomial over K.

We will prove contrapositive of this statement'?, i.e., if W(2) is a zero
polynomial then go,...ge—1 are linearly dependent over K.

2Hence I will follow the proof given for Theorem 4-7(a) in [3]
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We will prove this statement by induction on £.

If ¢ =1 and W(z) = go(2) = 0 and hence our statement is true for base
case.

Take ¢ > 1 and suppose that the theorem is true for every set of
¢ — 1 polynomials, go,91,...,g9r—2 over K. Also, let the Wronskian, W,

of go,91,-..,9¢—1 vanishes identically.

If go, ..., g¢e_o are linearly dependent, so are g, . . ., g1 and the assertion
is proved.

So, we just need to consider the case when go,...,gs_o are linearly in-

dependent, so that their Wronskian W,_; is not identically zero.

Now Wy_1, being a polynomial, has only finitely many roots. Let I be
an interval in which it doesn’t vanish and take z € I. For such z, the system
of equations

g(2)foz) + ...+ g—22)fi—2(z) = gi-1(2)
W) + .+ g<£’2<z>fe_2<z> = gé%(z)
Y folz) + o+ g5 () foals) = géi”(z)

which can be re-written as
ng (2) =g\ ()  where j=0,1,...,6—2 (3.25)

can be solved for fi’s as rational functions of z. But then by subtracting
appropriate multiples of each column of Wy, from its last column, we obtain

0 = Ol (£—1)IWy(2)
90(2) g1(2) : 0
B gU(z) g§1>(z) 0
9 ) V) géﬁ”( ,i 2) filz

= 0l!--- (£ —2) <g£ . Zg(e 1) )

Now, since Wy_1(z) # 0 for z € I, we have

=2

a V) f(z) = 95 (2) (3.26)
k=0

Differentiating (3.25) gives (by chain rule):

(-2

ng () + 30 i) = 9 V() Wi=0.1, 02

k=0
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and comparing this with (3.25) for j = 0,...,¢ — 3 and with (3.26) for
j=4L4—2 we get:

-2
STV f() =0 ¥i=0,1,...,0-2
k=0

But, since W,_1 # 0, it must be that

foz)=...=ft o(2) =0 Vzel

So, we can say that fi(z) = ¢k is some constant in K. But then the poly-
nomial?

-2
chgk(z) —ge-1(2) =0 Vzel
k=0

Therefore, the polynomials gy, ..., gs_1 are linearly dependent. ]

3.5.2 Generalized Wronskian

The concept of generalized Wronskians was introduced by Alexander Os-
trowski in 1919. For functions of several variables, the situation is not quite
so simple, since there are then several partial derivatives to consider. Let
Ag,Avy,..., Ay, ..., Ay be differential operators of form

1 o DI
T 82{1 82,{’1

Ay

such that the order ji1 + ...+ j, of A, does not exceed p, for 0 < pu < ¢ —1.
Then the function

Aogo  Dogr ... Aoge-1
Clonr o) = A1'90 Al‘gl & Al.?ﬁfl
Az;wo Aé;lgl e Ae&‘geq
is called a generalized Wroniskian of gg, ..., ge—1. Except in the trivial case

h = ¢ = 1, there are several A,’s for each p and hence more than one
generalized Wronskian.

In the case of functions of one variable, the ordinary Wronskian is that
generalized Wroniskian for which the order of A, is exactly p, for 0 < p <
‘-1

Lemma 3.5.1. If f(t,t*,... ,tkhil) is a polynomial, then'*

d” (1 (r)
ﬁf =p1A f+. .+ (A f
13since go, ..., ge_o are assumed to be linearly independent, ¢ = 0 will work.

14 : ar _ (d\H
Note that for this operator 7 = (E)
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where AW . A" are differential operators of orders not exceeding p and
01, ..., pr are polynomials with rational coefficients. Moreover, r depends
only on p and h.

Proof. Firstly note that, by a standard differentiation formula,

h

d h—1 a d Jj—1
et =30 ) L
dt =1 0z (t,...,tkh‘l)dt
We will prove the given statement by induction on u.
If, p =1, let h = 2 then
d & 0 d 0 i
—ft, ) = — —t 4+ — —t
g 6t) 9o f(z1, 22) i 8z2f(21’22) ;
(t,tF) (t,tF)
0 0 _
= f(z1,22) + o f(z1,22) Rttt
0z Oz
(t,t%) (t,tF)

where o1 (t) = 1, po(t) = ktk~1, A(ll) = %% and A?) = %8& Hence given
statement is true for base case.
Fix h and assume p > 1. Let the result be true for 4 — 1. Then,

dr!
dtr—1

Now differentiate this

d [ d+—1 d
clt(dt#—1>f @f = a\?
d

FtE AT =AY f o)Al f

dt dt
— (Al s+ a0 g (A1) +
+ (G AT 4o (A00))
Note that, ; ;
. 1 h
Agfl N J1'32'1 Jn! 8(1{1 aazflhf
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where j1 + ...+ jr < u — 1. Hence,

d ' d . (i
% (Agll]‘) = %Agllf (217 ) Zh)

h—1
(t,..,tk"77)

o o1 oin
3 8Zj1 (9Zjhf
1 h
a ajm"!‘l 8]h
0 ”'82%“"1”'8’2#

f

h—1
(t,ot®" 1)

where Ag) is of order < (u—1)+ 1= p.
Also, since 4 (¢;(t)) € Q[t], so we conclude that,
dTMf MOADF A AR f
where \;(t) € Q[t] since sum of rational functions is a rational function and

s depends on p and h only. O

Theorem 3.5.2. Let go(z1,..-,2n)s- -5 90-1(21,...,2n) € K[z1,..., 23] be
given non-zero polynomials. If they are linearly independent over K then at
least one of the generalized Wronskian does not vanish.

Proof. Let, for each v, g, be of degree less than k in each of its arguments,
so that we can write

k— k—

: k

gu(z1, .5 2n Z Z (ka,... Jop) 2o o
h

We claim that the polynomials gl,(t,tk e ,tkh_l) are linearly indepen-
dent.
For otherwise there would be an identity in ¢ of the form:

STe ST ST bk, kg tErRek R

k-1

~ Z kzjl (i by (k,. ..k )t’f1+k2kz+...+khkh1> 0

= kj,=0

and it Would follow from uniqueness of the representation of an integer to
the base k that for each exponents ki, ..., kp

/-1
D evby(k, ... ky) =0
v=0
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from where we get
-1
chgy(zl, ceyzp) =0
v=0

contradiction the given condition that g,(z1,...,2,) are linearly indepen-
dent, hence proving our claim.
From Theorem 3.5.1 we know that the Wronskian

1 d¥ 1 d¥ h—1
t) =det [ —— f(t =det | ——gq, (t,t*, ... tF
W) = de (m s <>)W:W_1 . (M! D (5 ))

w,v=0,....0—1

does not vanish identically.

Using Lemma 3.5.1 in the above expression for W (t) and writing the
resulting determinant as sum of other determinants, an expression for W (t)
of the form

W(t) = ¢1(t)Gh (t, . ,tkh*l) t o U ()G (t, o 7tkh*1>

results, in which %)1,...,%, are polynomials and Gi,...,G, are general-
ized Wroniskians of go,...,gs—1. Since W (t) does not vanish identically,
there is an ¢ for which G;(¢,. .., tkhil) is not identically zero and therefore
Gi(z1,...,2p) is not identically zero. O

3.6 Proof of Roth’s Theorem

Lemma 3.6.1 (Roth, 1955). Let € be given real number satisfying 0 < e <
%. Let m be given positive integer. Define the real number w = w(m,e) to

be
24 ( 5 )2’”‘1
w=—[—
2m \12
Let rq,...,mm be any positive integers satisfying wry, > rp4q for h =
1,2,...,m—1.
Suppose v with 0 <y <1 be a real number and (a1,b1), ..., (am,bm) are

pairs of coprime integers satisfying
1. b, >0 forh=1,2,...,m
2. byh >b]" forh=1,2,....m
8.6 > 25 forh=1,2,...,m

Let P(x1,...,xy) € Zlx1,...,zy] be given polynomial of degree 1 + ...+
Tm < mry with [P] < 677", Then, ind () P < € where a = (‘;—11, .. “—m>

54



Proof. We will prove this lemma by induction on m.
When m =1 we have, P(x) € Z[z] and

24 1 e\2°
= 1, = — (—) =
w=w(l,e) 5 (12 €
Let, r1 > 1 be given integer and 0 < v < 1 be a given real number. Let
a1,b1 be two coprime integers such that by satisfies

3
B = b > 2

Since we want to estimate ind ;) P where a = (a1/b1) and r = (r1) we need

to find if P(®)(a;/by) vanishes or not.
If P(a1/b1) # 0 then ind(a,) P = 0 and hence ind4.) P < €.
So we can assume that P(a;/b;) = 0. Let,

P(z) = <;1: - ‘“)e M(z) (3.27)

where M (x) € Q[z] with M(a;1/b1) # 0 and ¢ > 1 is a positive integer.
Therefore
P(z) = (hix —a1) by M(x)
= (i — a1)’ R(z)
where R(z) € Q[z|. Therefore by clearing the denominators on the right

hand side of equation, we conclude that the leading coefficient of P(z) is
divisible by b¢. If ¢ is the leading coefficient of P(z) then we have

gl < [P] <67

since b¢ divides |q|, we conclude that
14
b <[P] <™ = Llogh; <eriloghy = - <e
Also, as per (3.27), P®)(a;/by) # 0, therefore
. l
1nd(a;r) P<—<e
1

Hence, given statement is true for base case.
We assume that the result is true for m — 1 and will prove it for m > 1.
It is given that P(x1,...,2m) € Z[z1,...,Zn]. Let k > 1 be the minimal
integer such that

k

P(z1,....wm) =Y ¢i(x1,. . T 1) 5 (Tm) (3.28)

Jj=1
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where ¢j(z1,...,Zm-1) € Qz1,...,2m—1] and ¢;(zp) € Qzy,] for all j =
1,2,...,k. Now we shall divide our proof in 4 parts.
Claim 1: The polynomial ¢1, ..., ¢ are linearly independent over Q.
Suppose the contrary. Thus there exist ci,...,cr € Q not all zero such
that c1d1+. . . +cpodr = 0. By clearing the denominators, we can also assume
that ci,...,cr are integers and ¢ # 0. Therefore

¢ = —i(01¢>1 + .o 10k-1)
Ck

Then
k-1
P(IEl, axm) = ¢]($17 7xm71)w](xm) +d)k(331 +... +33m—1)7!)k($m)
j=1
k—1 1
=) b1, Tm—1)Yj(vm) — a<01¢1(1‘1, e 1)+
j=1
R AT Y G ,xm—1)>¢k(9€m)
k-1 o
=3 i1 ) (5(om) = Lintem))
j=1
k—1
=) di(x1, - Tm—1)V;(Tm)
j=1
contradicts the minimality of k. Therefore ¢1, ..., ¢ are linearly indepen-
dent over Q.

From Theorem 3.5.2, we conclude that

G(.%'l, e ,.’Bm_l) = det (Ai¢j($1, . ,xm_1>)1§i7]§k (3.29)

is not a zero polynomial.
Claim 2: 1,49, ...,Y, are linearly independent over QQ
This claim can be proved just like Claim 1.
Now from Theorem 3.5.1, it follows that

1! -

W(zy,) = det <(l_1)'8x%1¢](a@m)> where 1 <i,5 <k  (3.30)
is not a zero polynomial. Since P(z1,...,2y) is a given polynomial, we
define ,

U( ) = det ( Lo P)> (3.31)
T1y...,Ty) =det | ————— (4 :
(= D! ozt 1<i,j<k
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But, from (3.28) we observe that for any integer i > 1,

k
AiP(.Z'l, cee 733771) =4 <Z ?br(xh cee 7$m—1>wr(xm)>
r=1

k
= (@) A (Pr(1, -, 1))
r=1

since 4A; is an operator on x1,...,Z;,_1 variables. Hence we can rewrite
(3.31) as
1 ot
U(xy,...,2p) = det <(j_1)!8m%_1¢r($m)> <<k
1<r<k
det (Aigr(z1,. .., Tm—1))1<j<k
1<r<k
By (3.29) and (3.30) we get
Uz, xm) = W(zm)G(z1,. .., Tm-1) (3.32)

Note that P(x1,...,zy) € Zlx1,...,Ty], therefore

AjP(x1,...,2y) € Z[x1,. .., Ty

1 ot
= W@?m_l (AZP) S Z[xl, . ,$m]
= U(z1,...,Tm) € Zx1, ..., Tn)
Since, ¢1,...,¢r and 1, ..., are polynomials with integer coefficients,
W(xy,) and G(z1,...,Tym—1) are also polynomials with integer coefficients.

Thus, U(x1,...,2m) = W(xn)G(x1,...,Tm_1) € Z[z1,. .., Tm—1]

To be able to calculate ind g,y P we will first find the lower and upper
bound for ind 4,y U involving ind s, P-

Claim 3: Let 6 = ind g,y P, then we have

Using Lemma 3.4.6(3.) on (3.32) we get:

ind(a;r) U= ind(a;r) W+ ind(a;r) G
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Hence it is enough to prove that ind 4.,y W < ke? /12 and ind(g) G < ke? /12

To estimate the ind(a,;) W and ind 4,y G we will use induction hypothesis
of lemma. Replace m by m — 1 in the hypotheis of the lemma and set
parameters as follows

£? 24 (2"
g€=— and ' =W (m-1¢)= 1 <12> = 2w(m,¢)

Take kry, ..., krp—1 as given positive integers. Since it is given that wrp >
Ph1, we get
Wkry, = 2wkry, > 2krp > krpg

Therefore, w'ry, > 1), where r’ = kry for h =1,...,m — 1. Also,
b‘,j/v _ bim _ (bo]ivf > (23m)2 > 93(m=1)
We need to check that /
[G] < b
Since, U = W(, product of integer coefficient polynomials,
[U] = [W] and [U] > [G]

So it is enough to compute the heights of [U].

Note that W(x1,...,x,) is a determinant of those polynomials of the
form Py(x1,...,2m) with i1 + ... 4+ -1 < 74 and 4y, < 1. Since determi-
nant is a sum of those terms, each of which is product of at most & number
of elements of the form Pi(z1,...,z,,) we see that

vl < [Al*

for some i = (i1,...,%y) with i1 +...+im—1 < 7y and i, < 1y, . Also, from
Lemma 3.4.2, we get
[P] < 2+t [P

- [[U]] < (2r1+...+rm[[P]])k

By given hypothesis we know that r1 + ...+ ry,, < mr < 3mr; with [P] <
b7, hence
[[UII S 23’m1“1k‘b010k7’1’7

Moreover since, b;” > 23™ we get
wkriy  qwkriy 3 2wkriy
[U] <& -by = by

1ol )
= [W] <677 =77 and  [G] < b7 = b)Y
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) k k rh
Hence we see that for &', ', r{,...,r,_; we have b," =b,"" > (b]")" = b}

and b;7 > 2% for h = 1,...,m together with [G] < b‘flr/”. Thus by
induction hypothesis we get

ind(a;r/) G < 6/

62

ind,. < —
=1 (a,kr)G_ 19
ke?

inda. < —
= 1n (aJ.)G_ 19

Now we will apply induction on W (z,,). Choose m” =1, ¢’ = %, kr, for
T1y ..oy Tm and W’ > w(1,e”) > 2w(m, e). Also we know that

11 .11

1",
[[W]] < b%wkTr‘/ < b‘f Y < b‘f L5}

Hence,
: " 82
ind gy W <" = D
) ke?
= 1nd(a;r) w S E
Therefore, as desired
. ke?
1nd(a;r) U S ?

Now we will prove the lower bound

ke? K ] -
—_ + max | 6 —
24 e J ( Tm

1
,O> <ind(ap) U

Let (p1,p2,.-.,Pm—1) € Zgo_l be such that p1+...+pm_1 <k—-1<1,
and ¢ > 0 is an integer such that ¢ — 1 < k —1 < r,,. Then by Lemma
3.4.6(1.) we know that if q = (p1,p2,...,Pm-1,q — 1), then

. . - -1
1nd(a;r) Pq Zlnd(a;r)P— <];1++]Zml+ qr )
1 m—1 m
- -1
=0 <pl+...+pm 1>—q
1 'm—1 T'm

As per given statement we have, 1 > ... > ry,, therefore

_ —1
ind(a;r)PQZH—( L . 1>—q

"m—1 Tm—1 m

9_<P1+...+pm1>_q1

m—1 Tm
9 - ( T'm > o q— 1
T'm—1 T'm
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Also, it is given that wry,_1 > rp,,, we get

Therefore,

Tm
Note that this lower bound is independent of the chosen p1, ..., pmn_1. More-
over,

24 s e\2"T!
-2 (= > 2
om (12) vm 2
24 s e N2t
~us2(5)
=92 \12
=w< e?
w<
— 24
Therefore,
g2 44— 1
1nd(a ;r) Pq > 0— 24 o

But since index is always positive,
2

-1
ind(a;r) Pq > max {0 — ;Z _ qr 70}
m

Observe that each entry in column ¢ of the determinant defining U is of type
Pipr.....pm—1,q—1) Also using Lemma 3.4.6(2.),(3.) we get

Hence completing proof of Claim 3.

Claim 4: Proof of this lemma directly follows from Claim 3
By Claim 3 we get:

ke?  ke? 5ke2 ke?
_ =< .
E maX (0 0) e + — o1 on = (3.33)

Now by using this we will prove our lemma.
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k—1

Case 1: 0 > ——
'm
- J—1 J—1
Zmax{@ ,O}:Z<9 )
= J m = T'm
1 k
—k——3 - 1)
7=1
—kﬁ—i(k 1)k
Tm 2
k k—1
2(29_ m)
k k—1
-5 ( (-5)
By (3.33)
k k—1 ke?
i _ < =
(0 (0-50)) <5
k6 kK k—1 ke?
R _ < =
= 5 <2<9+<9 - >> 1
2
:>0§%§5
Case2:9§k_1
'm

In this case,

k 1 [07m ] .
Smpsfo- b= 3 (o-2)
j=

.
=0 "

1 |0rm] (|0rm] +1)

— (| +1)0— —

UALL <29_T”iormj> i

Tm

_ L@erJ—f—l <0+ <9_ wr:nJ»
Again by (3.33) we get:

k . 9
wrm Zmax{ 1,0} §%

T'm




Since, |0r.,| + 1 > 0ry,, we observe that from above inequality,

Orm, ke?
Zmg < M
2~ 4

ke?
m02 < —
=T 1

Note that £ < r,, +1 < 2ry, because degp x, < 75, and hence k <

degp xm + 1
:>rm€2<2rm8
4
) 2
= 0" < —
-2
=0< <e

O

Proof of Theorem 3.2.1. Claim : For a given algebraic integer o of degree
d>2 and 0 < <1 real number, the inequality
1

7o (3.34)

a
‘O‘ B b‘ <
has finitely many solutions in rational numbers.
Suppose, on the contrary, that there exist infinitely many rational so-
lutions a/b satisfying given inequality. Then the denominators of a/b are
unbounded. Now we proceed as follows:

1. Choose a real number € > 0, such that 0 < € < %. Since 6 < 1, we
seethat0<6<3—16<1—12.

2. Choose an integer m with m > 16e=2log(4d). Define w = w(m,¢) =
% (i)szl
2m \12

3. Let a1/b; be a solution of (3.34) with (ai,b;) = 1, by > 0 such that

bY > H™ (H from Theorem 3.4.1), and b > D (put h = 1 in Theorem
3.4.2) and b¢ > 23™ (put v = 1 in Lemma 3.6.1 )

4. Choose §2,..., ¢ satisfying (3.34), with (ap,bp) = 1, by > 0 for

T b

h=2,...,m, so that
wlogbp+1 > 2logby,

for h =1,...,m — 1. This implies that b; < by < ... < by, and hence
b) > D (as in Theorem 3.4.2) and b > 2™ (put v = 1 in Lemma
3.6.1) hold for h=1,2,...,m
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5. Let r1 be an integer so large that erylogb; > logb,,

71 10gb1
= 1
"h { log by, J +

6. For 2 < h <m, put

Then for 2 < h < m we have

r1logb; < rploghby (by 6.)
< rilogbi + log by, (by 6.)
< (1+e¢)rilogby (by 5.)

This gives by' < by < bgHe)Tl (as in Theorem 3.4.2) and b* > b}* (with
7 =1 in Lemma 3.6.1)
From the above sequence of inequalities it follows that

The1logbpyr < (1 +¢€)rp, logby

where h = 1,...,m — 1. Therefore, for h =1,...,m — 1, we have
Tht1log bpi
>yl TPe Pha
wrh = w(l +¢)log by
2
> by 4.
= 1+€7“h+1 (by 4.)

Thus leading to wry, > rp41 (as in Lemma 3.6.1).

The conditions of Theorem 3.4.1 (Index Theorem) are satisfied, since
m > 162 log(4d) holds. Let P(x1,...,2,,) be a polynomial satisfying the
conclusions of Theorem 3.4.1. The hypothesis of Theorem 3.4.2,

L0<e<$

IL. o — ap /by <b,:2_5 forh=1,2,...,m
I b) > D for h=1,2,...,m
V. b < < B for h=1,2,...,m

also hold. Hence,
ind(a;r) P>em (335)

where a = (%,...,Z—:ﬂ”) and r = (r1,...,mm) € ZZy.

On the other hand, the hypothesis of Lemma 3.6.1 hold with v =1,
L0<e<q;
2m—1

L w=w(m,e) =2 (5)
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II. wry > rpyep for h=1,...,m
IV. by > b for h=1,...,m
V. qf223mf0rh:1,...,m
VL. [P] < b{™, since

[P] < H* -+ (by Theorem 3.4.1)

< H™M (by 6.)
< b (by 3.)
Hence,
ind(a;r) P <e (336)
where a = (%,...,Z—:) and r = (r1,...,mm) € ZZ;.

We observe that, the two conclusions drawn from our assumption of
infinite solutions, (3.35) and (3.36), contradict each other. Hence our as-
sumption was wrong and (3.34) has only finitely many solutions. O

3.7 Solutions to Diophantine Equations

As indicated in Introduction of this report, Diophantine approximation can
be used to determine the number of solutions of Diophantine equations.

Example 3.7.1. Prove that there are finitely many integer solutions of
23— 2% =11

Solution. If (x,y) is a solution, then x/y must be close to /2 (assuming |z|

or |y| is large, which would imply both are large):

N — 1

y y(22 + zyv2 +y2V4) | [y

Thus Roth’s theorem implies that given equation has only finitely many
solutions.

But we have more general results, some of which we will discuss in this
section.

Definition (Thue Equation'®). Suppose f(z,y) is a binary form with ra-
tional coefficients, and with at least 3 distinct linear factors (with algebraic
coefficients). Then if m is non-zero real number, the diophantine equation
f(x,y) = m, is known as Thue equation.

5Historically, Thue equation was the driving force behind the development of Roth’s
theorem.
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Theorem 3.7.1 (Finite Solutions of Thue Equations). Let f(x,y) = agz®+
arx? Yy + ...+ aqy? with a; € Z be a form of degree d < 3 which is irre-
ducible' over Q and m be given. The equation, f(x,1y) = m has only finitely
many integer solutions (z,vy).

Proof. Factoring f(x,y) over C, we can write
ap(z —a1y) -+ (. — agy) =m

where aq,...,aq are algebraic numbers of degree d and conjugates of one
another. Then dividing by y? and taking absolute values gives

x T m
ol al—‘mad— _ | (3.37)
yl |y
Without loss of generality, we have
|z — ayy| = Jnin, |z — oy
which is the same as
x ) x
@1—| = min |a; — —
Yy 1<i<d Y
Also, let
1
= —min|o; — | >0
Py 2 7,#] ‘ 1 ]|

If y is large, then both sides of (3.37) will be small. In particular, |a; —x/y|
will be small. But, for i # j we observe that

x x
ai—‘2|ai—a1|—a1—’227—’y:7 (3.38)
Yy Yy
Then we have
x d x|t m
ap— —| = o — — i (from (3.37))
ylo s y aoy
m 1
— — from (3.38)
agy?! ly|® ( )
Now, since d > 3, Roth’s theorem implies that there is only finite number
of solutions (z,y). O

Theorem 3.7.2 (Siegel’s Theorem!”). If o is an algebraic number of degree
d, then there is an c(«), depending only on «, such that

()
p2vd

o - 2| >
b

16 A polynomial is said to be irreducible if it cannot be factored into nontrivial polyno-
mials over the same field. Also, such a form f can never be irreducible over C.
17This theorem lead to Siegel’s Conjecture, hence is a predecessor of Roth’s Theorem
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Theorem 3.7.3 (Pillai'®). Let a,b,m and n be natural numbers and § > 0.
Then for any integral x and y if we have am® — bn¥ # 0, then we have

lam® — bn¥| > m1 =97

for all x > x(0) where x(J) depends on m,n,a,b and §.

Proof. Suppose that u and v are positive integers, such that a/b is not a
perfect " power and %aur <bv" <au”. If
1
G)
w=|-) u=au
b

then « is an algebraic number of degree r at most, and

au” —bv" = b(w" —v")

=bw Tt +w R+ o (w - )

> brv"Hw — v) ( w" = %ur > Ur>
=br (%)ril u" " Hw —v)

) e aeEei)

> br (%) - c(a)u 2" (Siegel’s Theorem)

This is also true if 0 < bv" < %aur < au”, so that it holds whenever au™ —bv"
is positive.
Similarly, whenever bv™ — au” is positive, %bvr < au" < b, we get

21/7 U v
" —au >b—F——0" (* - Oz)
221 —1) v \u

L A (2-a)
2(21/7 — 1) \ 2a v\ T
b2V b\ )
b r—2y/r
7 o0 —1) <2a) c(a)y

Hence in general,

lau” — bu"| > K272V (3.39)

where v and v are any positive integers, and z being u or v. Also, K depends
on a,b and 7.

¥Neither Liouville’s nor Thue’s theorems would be strong enough for Pillai’s applica-
tion. It is essential to have an exponent of lower order of magnitude than r.
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Let r be any positive integer and x and y are very large as compared to
r. For natural numbers s,t we can write

x=sr+h (0<h<r)

y=tr+1 0<i<r)
Then,

lam® — bn¥| = |am® - m™ — bn! - n!7|
Let, m* = u and n’ = v to get
lam® — bn?| = |am” - u" — bnl - 0"
Then by (3.39) we get
lam® — bn¥| > Ku'~2V7"

where K depends on a,b, h,l and r. Since the number of values of h and [
concerned depends only on r, let Ky be the minimum of all K’s, hence

lam® — bnY| > Kou" V"
= Kou(l_%)r
> u(l_\%_$>T
where x > z(¢) and £ — 0, which depends only on Ky and z.

But, " = m® = m* ", and accounting the dependency of z,r and h we
get,

lam® — bnY| > 'm(l*%*%)(x*h)

> m(l—%—%)x

Now for given §, we can choose z(d) and 7 so that %—F% < ¢ for all x > z(6),

leading to

lam® — bn¥| > m1~97

O
Definition (Pillai Equation!?). Given positive integers a, b, ¢, m,n with a >

2 and b > 2, the equation
am® —bn¥Y =c

where the unknown x, y are nonnegative integers, is known as Pillai Equation
or Pillai’s Diophantine Equation.

Corollary 3.7.1. Let a,b,c,m and n be natural numbers, then the equation
am® —bn?Y =c

has only finite number of solutions.

197t is a subclass of exponential diophantine equations.
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Conclusion

Roth’s theorem can be restated as

Theorem. Let a be an irrational algebraic number. Then for any ¢ > 0
there is a quantity cn. such that

a Cae
’Q_B} b2te
As stated by Terence Tao in Roth’s obituary?,

An important point is that the constant c, . is ineffective - it is
a major open problem in Diophantine approximation to produce
any bound significantly stronger than Liouville’s theorem with
effective constants. This is because the proof of Roth’s theorem
does not exclude any single rational a/b from being close to «,
but instead very ingeniously shows that one cannot have two
different rationals a/b, a’ /b’ that are unusually close to a, even
when the denominators b, b’ are very different in size.

All results obtained by the method of Thue, Siegel and Roth share the
disadvantage that they are non-effective. Effective bounds, which however
don’t imply Roth’s, Thue’s or Siegel’s Theorem unless « is of a special type,
were given by Alan Baker.?!

The method of proof of Roth’s Theorem can easily be used to prove some
other modifications, for example, consider following theorem by Ridout??

Theorem. Let a be any algebraic number other than 0; let P,..., Ps,
Q1,...,Q: be distinct primes; and let u, v, c be real numbers satisfying

0<u<l, 0<v<l, ¢>0

20K. F. Roth died about a month before start of this project, on 10 November 2015,
aged 90. https://terrytao.wordpress.com/2015/11/12/klaus-roth/

2lgee: Baker, A., ‘Rational Approximations to certain algebraic numbers’, Proc. London
Math. Soc., (3) 14 (1964), 385-398.

22 Ridout, D., ‘Rational approximations to algebraic numbers’, Mathematika, 4 (1957),
125-131, doi:10.1112/S0025579300001182
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Let p, g be restricted to integers of form
p:p*Pfl_PSpS’ q:q*le ;Tt
where p1,...,ps,01,...,0; are non-negative integers and p*, ¢* are integers

satisfying
0<p*| <ept, 0<q* <cqg”

Then if k > p + v, the inequality

p
a—=L2
q

has only finite number of solutions in p, q.

0<

1
q~

An important point to note here is that unlike Roth’s Theorem, this
theorem does not become trivial if « is rational.

The Subspace Theorem of W.M. Schmidt (Theorem 1B in Chapter VI
of [8]), is a powerful generalisation of the Roth’s Theorem. It deals with the
approximation of algebraic numbers and says that tuples of algebraic num-
bers do behave like almost all tuples. Another point of view is the metrical
one, dealing with almost all numbers. The metric theory of Diophantine
approximation provides statements which are valid for almost all (real or
complex) numbers, that means for all numbers outside a set of Lebesgue
measure 0. (see §1.2 of [11]).

I will conclude my report with two famous conjectures in Diophantine
Approximation:

e Littlewood’s Conjecture*® (1930): For all pairs of real numbers o and
B, we have that
lim inf n||nal|||nB|| = 0
n—oo

where ||z|| denote distance of  from the nearest integer.

e Zaremba’s Conjecture®* (1971): For a fixed finite set A C N, let 534 be
the set of all finite continued fractions with all partial denominators
bounded by an integer A := max.A

b
Ry = {d_ [0;a1,...,ax) : 0 <b<d,ged(b,d) = 1,andVj, a; EA}

and let ® 4 C N be the set of denominators of fractions in R4,

Dy = {d € N:3ged(b,d) = lwithg € %A}

Then for sufficiently large A, © 4 = N holds.

25ee: Haynes, A. and Munday, S., ‘Diophantine Approximation and Coloring’, The

American Mathematical Monthly, Vol. 122, No. 6 (June-July 2015), 567-580

24see: Borwein, J.,et al., Neverending Fractions. An Introduction to Continued Frac-
tions, Australian Mathematical Society Lecture Series 23 (Cambridge University Press,
Cambridge, 2014) pp. 117.
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