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Abstract

In this report, the meaning of reciprocity laws and Hilbert’s formulation of local
quadratic reciprocity law have been discussed. Using this formulation, Hilbert was able
to state and prove a form of quadratic reciprocity over any number field, in which the
corresponding product of symbols is quantified over the prime ideals of the number field.
This led to a proper understanding of what we today call “classical reciprocity laws”.
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Introduction

Reciprocity Laws form the backbone of what we call “global number theory”. On the other
hand, modular arithmetic marks the beginnings of what we call “local number theory”. In
words of Barry Mazur (from foreword of [4])

A local problem is one which concerns itself with issues regarding divisibility
by a single prime number p, or by its powers. Global problems, in contrast,
constitute the basic hard questions we wish to answer about whole numbers.
Reciprocity laws, when available, represent the extra glue, the further con-
straint, in a problem of global number theory that ties together all correspond-
ing problems in various local number theories connected to each of the prime
numbers p = 2,3,5,7,...

The term reciprocity was first used by Adrien-Marie Legendre' to emphasize that “if p
and ¢ are distinct odd primes and at least one of them is = 1 (mod 4) then ¢ is a square
modulo p if and only if p is a square modulo ¢”[14]. This statement is part of following:

Theorem (Quadratic reciprocity law). Let p and q be distinct odd primes, then

(3) == 5 (F)=c07 5 (2 () ==

where, for any co-prime integers u and v we define (%) = 1 if u is a square modulo v and
(%) = —1 otherwise and is called Legendre symbol.

This theorem was first proved by Carl Friedrich Gauss in 1801, and today many proofs
are known. For example, I have discussed two of the ways to prove it in my previous
reports [15, 16]. This theorem may appear to violate our intuition that congruences mod-
ulo different primes should act independently, but its need arises naturally while solving
Diophantine equations [15] and representing numbers as sum of squares [12].

Once the quadratic reciprocity law was well established, it was natural to try to extend
this notion of reciprocity to higher powers modulo p. For example, we can define quartic
reciprocity law using the ring of Gaussian integers[15] as:

Theorem (Quartic reciprocity law). Let a + bt and ¢ + du be distinct Gaussian primes con-
gruent to 1 modulo 2 + 2., then

_ l-a i _ a—b—1—b> ) d b _ a24b2-1 24d2-1
(), = D5 5 (H), =075 5 (28), (2%), ==
where, for any Gaussian integer s + t. not divisible by u + vt we define <;L€‘L ) =1lifs+t
4
is a fourth-power modulo u + v. and (%ffb) = —1 otherwise.
4

This theorem was first proved by Gotthold Eisenstein in 1844, for details one may
refer to the book by Franz Lemmermeyer®. But, in this report we won’t see proofs of any
particular reciprocity law, rather will focus on building theory towards the generalized
reciprocity law.

!A. M. Legendre, Essai sur la Théorie des Nombres, Paris, 1797. par. 164
2Reciprocity Laws: from Euler to Eisenstein. Berlin: Springer (2000).
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Chapter 1

Reciprocity Ideas

Having observed the existence of various reciprocity laws, we must carefully look at the
meaning of this term. According to Wyman[11]

Suppose f(X) is a monic irreducible polynomial with integral coefficients, and
suppose p is a prime number. Reducing the coefficients of f(X) modulo p gives
a polynomial f,(X) with coefficients in the field I, of p elements. The poly-
nomial f,(X) may factor (even though the original f(X) was irreducible). If
[p(X) factors over F,, into a product of distinct linear factors, we say that f(X)
splits completely modulo p, and we define Spl(f) to be the set of all primes
such that f(X) splits completely modulo p. The general reciprocity problem
we shall be considering is: Given f(X) as above, describe the factorization of
fp(X) as a function of the prime p. Sometimes we ask for less: give a rule to
determine which primes belong to Spl(f). This vague question is hard to make
precise until it is answered. What is a “rule”? What is an acceptable method
for describing the factorization of f(X)? Anyway, a satisfactory answer to this
unsatisfactory question will be called a reciprocity law.

To illustrate this interpretation, let’s use Chinese Remainder Theorem

Given integers a; and n; for 1 < i < k. If x = a; (mod n;) for all 4,

then z = Zle a;c;d; (mod n) where n = Hle ni, ¢ = ;- and ¢;d; = 1

(mod n;).

to re-state quadratic reciprocity law as:

Theorem (Quadratic reciprocity law). Suppose that q is an odd prime. Then the set Spl(z2 —
q) can be defined by congruence conditions modulo q if ¢ = 1 (mod 4) and modulo 4q if ¢ = 3
(mod 4). Furthermore, Spl(X? — 2) can be described by congruence conditions modulo 8.

Therefore, quadratic reciprocity law gives a relationship between the solutions to z? =
q in F, and 22 = p in F,, where p and q are two different odd primes'. This yields a nice
description of sets Spl(f) for quadratic polynomials. We can find such a reciprocity law
for certain special polynomials of higher degree, for example, for cyclotomic polynomials
(I defined them in previous report [16]) :

!We can re-state this in terms of algebraic variety by using following defintion of Legendre symbol

1 if [S(F,) =0

(%): (; if [S(F,)|

» 1
1 if |S(F,)| =2

where S := 2 + 1 is the algebraic variety and S(F,) is the set of solutions of this variety (which is a single
equation in this case) in F,, for some odd prime p. For more details refer Chapter 7 of [4]

4



Theorem (Cyclotomic reciprocity law). The cyclotomic polynomial ®,,,(X) factors into dis-
tinct linear factors modulo p if and only if p = 1 (mod n).

For proof of this theorem one can refer to §3 of [11].

1.1 Frobenius

Ferdinand Georg Frobenius invented the method of using characters to study group rep-
resentations. Linear representations of Galois groups allow us to generalize quadratic
reciprocity into a vast theory of generalized reciprocity laws. Characters are the functions
attached to linear representations of groups and have no exclusive relationship to number
theory. In fact, they can be defined for any matrix representation of any group. But in
number theory, the character has a special interpretation in context of reciprocity laws. I
shall discuss them in future reports, but one can refer Chapter 15 in [4] for an exposition.

On the other hand, Frobenius elements belong to Galois groups and belong exclusively
to number theory[4]. The Frobenius elements are defined for extensions L/K of global
fields that are finite Galois extensions for prime ideals 3 of L that are unramified in L/K.
This was discussed in Theorem 22 on pp. 39 in [16], and I will say a bit more about them
here. Firstly, let’s look at following definitions.

Definition 1 (Frobenius endomorphism). Let R be a commutative ring with prime char-
acteristic p. The Frobenius endomorphism F' : R — R is defined by F(r) = P for all
r e R.

Note that F' is a ring homomorphism since F'(rs) = F(r)F(s) and F(r 4+ s) = F(r) +
F(s) (because in characteristic p ring (r + s)? = r? + sP. Whenever this endomorphism is
invertible we get an automorphism of R.

Definition 2 (Frobenius automorphism). Let I be a finite extension of IF,, with [I" : F)| = d.
The mapping ¢ : I' — I" such that ¢(2) = 2” and ¢(2) = z if and only if z € F,, is called
Frobenius automorphism on I.

Note that, 1'(z) = z for 1 <i < d if and only if z € F, C T, where ¢ = p'. Thus d can
be computed as the smallest integer such that )¢ is an identity map on I'. In general, the
Galois group of an extension of an estension of finite fields is generated by an iterate of
the Frobenius automorphism.

Suppose that 7 is a matrix representation of the absolute Galois group G consisting of all
permutations o of field of algebraic integers Q!¢ that preserve addition and multiplication.
If for some field F we have 7 : G — GL(n,F), then x, : G — F is the character function,
with (o) = trace(r(c)) for any o € G. Let’s denote” the Frobenius element of G by Frob,
where p is a prime integer. This Galois representation 7 comes with a set S of ramified
primes (see Definition 17 on pp. 36 of [16]), and if p is not in S i.e. 7 is unramified at p,
then x,(Frob,) is well defined. Moreover, we can only define Frob,(«) if p is unramified
with respect to the algebraic integer «.

For some examples of computing Frobenius elements, refer Chapter 16,
pp. 185-186 of [4].

Note that, if f(X) € Z[X] is a irreducible monic polynomial of degree n and p in
unramified with respect to any of the roots of f(X) then Frob, permutes the roots of f(.X).
We have following theorem which establishes a relationship between the cycle types of the
permutations on the roots by Frob, and f,(X) (for motivation and examples, refer pp.
186-189 of [4]).

2I am using a difffent notation from what I used in Definition 27 on pp. 39 of [16] since here I have given
a more specific definition of Frobenius automorphism.




Theorem. Suppose f(X) € Z[X] is an irreducible polynomial and p is a prime not dividing
the discriminant® of f(X). If f,(X) factors into r factors, and the degrees of those r factors
are dy,ds, . ..,d,, then the cycle type of Frob, is di + da + ... + d, i.e. the integers d; for
1 < i < r are the lengths of the cycles produced by the permutation on the roots.

According to Ash & Gross[4] (restated in-terms of the notations introduced above):

..list of numbers x,(Frobs), x-(Frobs), x,(Frobs), ... (omitting from our list
those p where 7 is ramified, in which case x.(Frob,) is not really defined), is
always a very interesting list of numbers. The whole idea of reciprocity laws is
to try to find other independent ways of generating these lists of numbers. If
we succeed, we obtain a type of theorem called a generalized reciprocity law,
or simply a reciprocity law for short. ...

... a reciprocity law is a black box. You put in a prime p (where 7 is unramified)
and out pops a number. ...

... The equality between the traces of the matrices in a Galois representation
and numbers produced by some sort of black box is what is called a reciprocity
law. ...

We can think of the “independent way of generating x,(Frob,)” as an input-output
box, which Ash & Gross call “black box”, having a label of “Reciprocity Law”. We know
what this box does to the input, but don’t understand why it works. We can represent this
idea pictorially as:

e Reciprocity Law X~ (Froby)

Moreover, these “black boxes” can be different types like some modular forms, some
cohomology classes, etc. and I shall discuss them in future reports. For some concrete
examples based on this idea of reciprocity laws refer Part Three, pp. 193-264 of [4].

1.2 Berlekamp’s Algorithm

For a fixed f(X) and a particular prime p, we can at least ask whether p lies in Spl(f). This
involves factoring f(X) modulo p, which is a finite process. I pointed towards the usage
of Berlekamp’s algorithm to factorize polynomials modulo p in my recent report ([16];
Example 2, pp. 55). We will have a look at a variant of this algorithm by Wyman[11].

Suppose we are given a polynomial f(X) € Z[X] of degree n with no repeated fac-
tors. Let f,(X) be its reduction modulo p where p is a prime integer. If f,(X) =
91(X)g2(X) - - - g-(X) where ¢;(X) is irreducible polynomial of degree d; with >, , d; = n,
our motive is to compute d; so that we can classify the primes in Spl(f) based on the type
of irreducible factors we get modulo p. To achieve this will use the ring-theoretic formu-
lation of Chinese Remainder Theorem

Let aj, ag, ..., a, be pairwise relatively prime ideals in a ring R. The the mapping

R/ﬁaiHR/alx-'-R/an
=1

is an isomorphism. (pp. 253, [3])

3This ensures that p is unramified with respect to any of the roots of f(X) following the Remark 18 on pp.
37 of [16]



along with the fact that since g;(X) is irreducible of degree d;, the field F,[X]/(¢;(X)) =
F, is the unique finite field with ¢ = p% elements. Also note that, F,[X]/(f,(X)) is
n—dimensional F, space with basis {1,z,...,2" '} where z is the residue class of X
modulo f(X). Addition is vector space addition, and multiplication is carried out mod-
ulo f(X). Following theorem, relatable to the theorem stated in previous section, is the
backbone of the algorithm

Theorem. Suppose it is given that

Fp[X]/(fp(X)) = Fp[X]/(91(X)) & - - - ® Fp[X]/(9r(X))

with d; = [Fp[X]/(9i(X)) : Fp,]. Let 1 be the Frobenius automorphism on Fy,[X]/(f,(X)). If
v; is the nullity* of the linear transformation

(¥ —id) : Fp[X]/(fp(X)) = Fp[X]/(£(X))

where id : F,[X]/(fp(X)) = Fp[X]/(fp(X)) is the identity map and ~; is the number of
factors in the given decomposition of F,[X]/(f,(X)) which have dimension exactly equal to
j. Then r = vy, and there are exactly v; summands given by

2]
N p(k)p(m)
Vi = Z Z WV&

J
k=1 mljk "

where ¢ and . are the Euler and Mébius functions. Hence, d; = j for j = 1,2,...,d where d
is the smallest integer such that )% = id.

Finally, here is the algorithm:
Step 1. Compute the discriminant of f(X), D(f).

Step 2. For prime p { D(f), compute the matrix [] with respect to the basis {1, z,...,2" 1}

of Fp[X]/(fp(X)).
Step 3. Compute successively v; = nullity([s/]* — [id]).
Step 4. Compute v; from the theorem.

Remark 1. It’s easy to compute discriminant of a polynomial if we know its roots (see,
Remark 5 on pp. 14 of [16]), since we have:

1<i<j<n

where f(X) = >, axX * has complex roots r;, 1 < i < n. Moreover, we define a product
with no factors to be equal to 1 (as in case of constant and linear polynomial).

But, computing the discriminant in Step 1. of a polynomial of degree n whose roots
are unknown is in itself a difficult task. I know discriminant formula for following cases
of f(X) € Z[X]

*It is the dimension of the kernel of the linear transformation involved. Here, v; = dimg, (ker(y' — id)).
In fact, Lawrence J. Dickson derived the formula for v; in terms of v;:

v; = Z ged(k, m)yi
k=1



o If f(X) =ap # 0then D(f) = chQ (follows from the definition)
0

o If f(X)=a1X + ap then D(f) = 1. (follows from the definition)

o If f(X) = aaX? + a1 X + ag then D(f) = a? — 4aszag. (by completing the squares
method)

o If f(X) = X3 + a1 X + ap then D(f) = —(4a? + 27a3). (exercise 28 on pp. 46 in [3]

o If f(X) = X5+ a1 X + ap then D(f) = 4*a} + 5°a§. (exercise 43 on pp. 52 in [3]; if
coefficients are rational numbers then it is called quintic in Bring-Jerrard form)

o If f(X) = X5+ as X* + ag then D(f) = aj(4a] + 5°ag). (exercise 44 on pp. 52 in
5D

o If f(X) = X34+ a2 X?+a1X +ap then D(f) = a3a? —4a3 — 4adap — 27a(2) + 18asaiagp.
(exercise 48 on pp. 54 in [3])

To learn the general method for computing discriminants, refer exercise 45-47 on pp.
53-54 of [3] and §6.6 in [5]. ¢

Remark 2. In Step 2. we exclude the prime integer p which divides D(f) from our dis-
cussion that follows. This is because f,(X) will have repeated factors (by Remark 18 on
pp. 37 of [16]) and hence such p can’t belong to Spl(f). ¢

Remark 3. In Step 3. we need to compute nullity. This may be done by appropriate
column operations on the matrix [1)]’ — [id], read §2.5 and §2.6 in [5]. Each such row
vector in the null space of [¢]° — [id] represents a polynomial g(z) which satisfies the
equation {g(z)}? — g(z) = 0 (mod f)(z), and, conversely, each g(z) which satisfies this
equation is represented by a row vector in the null space of [4]* — [id]. ¢

Remark 4. Both the Euler and Mdobius function are arithmetic functions, i.e. functions
from N to C. Euler function counts the positive integers up to a given integer n that are
relatively prime to n and can be written as

1
o(n) = nH (1 — )
p
pln
Mobius function is defined as
0 if n has one or more repeated prime factors

p(n) =41 ifn=1
(—=1)¥ if n is a product of k distinct primes
Moreover, both of these functions are multiplicative functions and are related by following
identity:
d
o(m) =n' 3 1D

din

For proof of this relation refer Chapter 16 of the book by Hardy-Wright> ¢

For some numerical results on classification of primes p into various types
based on the kind of irreducible factors we get modulo p on factorizing
given polyomials in Bring-Jerrard quintic form, refer 87 of [11].

®An Introduction to the Theory of Numbers (Sixth Edition), Oxford University Press, 2008.



The algorithm is very efficient since the number of operations required to factor f(X)
modulo p is proportional to log p. As stated earlier, general reciprocity law should provide
a description of the set Spl(f) associated with a polynomial f(X). Though this algorithm
is such a description, but more is wanted for it to be called a reciprocity law. The exact
requirements will remain vague and undefined.

1.3 Local-Global Principle

The idea of studying something “locally” comes from the theory of functions[8]. In 1882,
Richard Dedekind and Heinrich Weber® were the first to realize the analogy between
numbers and functions. They pushed the idea that “functions are like numbers” and we
can represent their analogy in following way:

positive integers polynomials

fractions <« quotient of polynomials
certain kinds of algebraic number «——— elliptic functions

transcendental numbers ~————— functions like sin(z)

In particular, Dedekind and Weber showed that the techniques developed to study
algebraic numbers could be used to study a whole class of functions, which came to be
known as algebraic functions’.

In 1897, Kurt Hensel® saw that if functions are like numbers, then numbers must be
like functions. He pushed the idea that “numbers are like functions” and we can represent

his analogy in following way:

local expansions of functions <« p-adic numbers

If we have a prime number p, we can consider our number “locally at p” by taking their
expansions in powers of p. These expansions, just like the decimal expansions, are called
p-adic expansions. We denote the set of all possible p-adic expansions by Q, which is a
new realm of numbers, called p-adic numbers.

For some numerical results illustrating the analogy between local expan-
sion of functions and p-adic number, refer §2 of [8].

Just like R is defined as the completion of Q with respect to the absolute difference
metric |z — y|, the set of of p-adic numbers Q, is defined as the completion of Q with
respect to p-adic metric |z — y|,. We will learn more about p-adic numbers and what is

®Dedekind, R. and Weber, H. “Theorie Der Algebraischen Functionen Einer Veranderlichen.” Journal Fiir
Die Reine Und Angewandte Mathematik (Crelle’s Journal) 1882, no. 92 (1882), 181-290. https://doi.org/
10.1515/¢r11.1882.92.181

7L, . L . . 1S
oosely speaking, these functions involve algebraic operations only. For example, f(z) = 5/ 35,5 s an
algebraic function since +, —, x, =, ¥/~ are the only algebraic operations. Note that z:'° is allowed but 10% is
not allowed.

8Hensel, K. “Uber eine neue Begriindung der Theorie der algebraischen Zahlen.” Jahresbericht der
Deutschen Mathematiker-Vereinigung 6, no. 3 (1897), 83-87. http://www.digizeitschriften.de/dms/

resolveppn/7PID=GDZPPN00211612X


https://doi.org/10.1515/crll.1882.92.181
https://doi.org/10.1515/crll.1882.92.181
http://www.digizeitschriften.de/dms/resolveppn/?PID=GDZPPN00211612X
http://www.digizeitschriften.de/dms/resolveppn/?PID=GDZPPN00211612X

meant by | - |, in next chapter. Some general properties of p-adic numbers can be found in
the article by Rozikov[13].

Note that p-adic expansions of some numbers can be different from their base-p repre-
sentation. For example, in-spite of the fact that both binary and 2-adic are expansions in
terms of powers of 2, they can have different expansions of same decimal number. This is
because binary follows the absolute difference metric for notion of convergence and 2-adic
follows the 2-adic metric for notion of convergence (see Theorem 13).

One may refer to the article by MacDuffee[10] to know “how to find p-adic expan-
sions” of a given real number. Also, we can use SageMath to get p-adic expansions, just
type Qp(p,n) (m) where Qp(7,30) (1024) will give 7-adic expansion of 1024 upto 30 place
values i.e. from 7° to 7?%. For example, let’s see various expansions of “0.2”:

[ Type | Representation [ Expansion ‘
Decimal 0.2 2.107 1
Binary 0.0011001100110011 .. .2 2732t
2-adic (0;1,0,1,1,0,0,1,1,0,0,1,...)2 1427425420 427 4210
2 3 £}
3-adic (0:2,0,1,2,1,0,1,2,1,0,1,...)3 g et
5-adic (1;0)5 51

39 +19-97+58-977 +77-97°+
97-adic | (0;39,19,58,77,38,19,58,77,38,19,58,...)or | 38-97* +19-97% 4 58-97° +77-97"+
38-978 +19-97° +58.9710 + .
807 + 403 - 2017 4 1210 - 20172+

(0; 807,403, 1210, 1613, 806, 403, 1613 - 2017% + 806 - 2017% 4 403 - 2017°+
1210, 1613, 806,403, 1210, . . .)2017 1210 - 2017% + 1613 - 20177 + 806 - 20175+
403 - 2017° + 1210 - 2017° + . ..

2017-adic

In 1920, Helmut Hasse came up with an idea of possibility to answer some questions
in number theory by answering them “locally”’[8]. The idea was that if a Diophantine
equation is solvable modulo every prime power (locally) i.e. in Q,, as well as in R then it
is solvable in the integers (globally). This is known as Hasse condition.

Local-global principle states that the Hasse condition holds for all quadratic Diophan-
tine equations. On the other hand, it is clear that if a polynomial f(X) € Q[X] fails to
have a solution over Q, for some p, then it can’t have a solution over Q (see §1.1 of [15]).
We can state this principle formally as:

Theorem (Hasse-Minkowski Theorem?”). A quadratic form with coefficients in Q admits a
nontrivial zero over Q if and only if it does so over Q,, for all prime numbers p and over R.

This theorem has become one of the guiding ideas of modern number theory[8]. For
more details about the importance of this idea of “passing from local to global” one may
read the article by Barry Mazur'®. Also, this idea enables us to use reciprocity laws to
study solution sets of complicated Diophantine equations, like the proof of Fermat’s Last
Theorem[4].

“Hasse, H. “Uber die Aquivalenz quadratischer Formen im Kérper der rationalen Zahlen.” Journal Fiir Die
Reine Und Angewandte Mathematik (Crelle’s Journal) 1923, no. 152 (1923), 205-224. https://doi.org/
10.1515/cr11.1923.152.205

19Mazur, B. “On the passage from Local to Global in Number Theory.” Bulletin of the American Mathematical
Society 29, no. 1 (1993), 14-51. https://doi.org/10.1090/s0273-0979-1993-00414-2
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Chapter 2

p-adic Numbers

’ Major part of my exposition follows that of Prof. Chandan Singh Dalawat [2]. ‘

In my previous report[16], the concept of number fields was discussed. They are one
of the two types of global fields, the other type are known as global function fields. Though
our motive is to derive reciprocity laws (which are about global fields), our focus will
be local fields. The reason for shifting focus to local fields is the local-global principle
discussed towards the end of previous chapter. By a local field, we will understand a
commutative non-discrete locally compact field'. Associated to each global field K is an
infinite collection of local fields corresponding to the completions of K with respect to its
absolute values; for the field of rational numbers Q, these are the p-adic fields Q,, and the
field of real numbers R.

We begin by giving yet another formulation of quadratic reciprocity law[14]

Theorem (Quadratic reciprocity law). Let p and g be distinct odd primes, then

(=1 =Xlp) 5 Ap(2)=Xs(p) 5 Ap(@) = Ag(Ma(p)p)
where, A, 1 B — 2%, Ny : B — 2%, Ay : (Z/AZ)" — Z* and Xg : (Z/8Z)" | Z* — L~
are surjective homomorphisms of groups, called quadratic characters® (just like Legendre
symbol).

As expected, one can prove[l] that \y(a) = (—1)“2;1 and Ag(a) = (—1)% for any
a € Z(y), the smallest subring of Q containing p~! for every odd prime p.

Using this formulation we can easily extend reciprocity to cube modulo p using the
ring Z[w] = {a + bw : a,b € Z} where w = *1%‘/?3 and the norm function defined as
N(a+ bw) = a® — ab + b2[6].

Theorem (Cubic reciprocity law). Let 7 and 6 be prime elements in Z[w] such that they have
distinct norm and neither of them has norm 3, then

N(m)—1
(1—w) =W with m = T if 7 is a rational prime
sl —WwW)=w . .
X m = % if T = a+ bw is congruent to 2 modulo 3
X=(0) = xo(m) if m and 0 are congruent to 2 modulo 3

where, m = a + bw is congruent to 2 modulo 3 when a = 2 (mod 3) and b =0 (mod 3) and
Xr ¢ (Z|w]/7Z]w])™ — Z* is the cubic residue character.

'Weil, André. Basic number theory. (Classics in Mathematics) Berlin and Heidelberg: Springer-Verlag
(1995). pp. 20

2If p is odd, then the order of the cyclic group I, is even, and there is a unique surjective morphism A. If
p = 2 then A4, As and A4 \g are the three unique quadratic characters for (Z/8Z)* . Moreover, one can easily
check that A4(—1) = —1 and As(—1) = 1, hence AyAs(—1) = Aa(—1)As(—1) = —1.
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p-adic numbers were the first local fields to be realized. We will first define the ring Z,
of p-adic integers, then will study Q) as the field of fractions of Z,,.

2.1 Ring of p-adic Integers

Let p be a prime number and n be a natural number®. For every n > 0, we define the
finite ring A,, = Z/p"Z of p" elements. Note that A; = F), is the field of p elements.
There is a unique morphism of rings ¢,, : A,+1 — A,, called reduction modulo p™ and a
unique morphism of groups n : A; — A,+1, such that 1 — p™. Since ¢,, is surjective with
ker(p,) = p"A,+1 and 7 is injective with im(n) = p"A,+1, we get following short exact
sequence:

$n

0 Ay Aptr A, 0

Definition 3 (p—adic integer). A p-adic integer is a system of elements (x,),>0 such that
xn € Ay and ¢, (p4+1) = Tp.

A simple consequence of this definition is that, if x,, = 0 for some n > 0 then z; to
x,—1 are all zero. In fact, every p-adic integer is uniquely determined by (x,,),~xy for any
natural number N > 0 because 21 = (¢1 0 @20 -0 pn)(TN+1).

Definition 4 (The set of p-adic integers). The set of p—adic integers is denoted by Z,, and
is defined as

Ly = {x € H Ap i (pm 0 Tmy1)(x) = T () Ym > O}
n>0

where 7, : [|
to Ty,

>0 An — Ap, is a natural projection morphism, such that z = (z,,),~0 maps

Since Z, C [],,-¢ A» and the map ¢,, is surjective, we conclude that the restriction of
Tm 10 Zy, is surjective.

Definition 5 (Algebraic operations for p-adic integers). Let x = (2, )n>0 and ¥ = (yYn)n>0
be two p-adic integers, then we define:

* x = 0if x, = 0 for every n > 0
* ¢ =1if z, =1 for every n > 0
* —T = (_xn)n>0

* T +y = (Tn + Yn)n>0

* XY = (mnyn)n>0

Theorem 1. 7Z,, is a subring of the product ring [ [, -, An, hence is a commutative ring.

n>0

Proof. Since 0 € Z,, it is a non-empty subset of [] ., A,. Our definition of algebraic
operations in Z, enables us to use the properties of A,,. Since A, is a (commutative) ring
for every n > 0, if z,y € Z, then z —y € Z, and zy € Z,. Therefore Z, is a subring of

[L.~0An- O

3The set of natural numbers is N = {0,1,2,3,...} i.e. non-negative integers. Source: ISO 80000-2:2009,
“Quantities and units - Part 2: Mathematical signs and symbols to be used in the natural sciences and tech-
nology.” Table 6, “Standard number sets and intervals.” Item no. 2-6.1 (11.4.9).
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We conclude that the restriction of 7, to Z,,

Tm Ly — Ap, ‘ is a surjective morphism

of rings.

Theorem 2. Z, is projective limit* of the inverse system (¢n : Ant1 — Ap)nso of finite
discrete rings.

Proof. This follows from the definition of projective limit. An inverse system is a sequence
of objects (A4,,) together with a sequence of morphisms (¢y,)

Pn+1 Pn Pn—1 P2

An+1 An

Az Ay

The projective limit Z, = lim A, is the subset of the direct product [], ., A, consisting
—

of those sequences x = (z,),>0 for which ¢,,(z,,+1) = =, for all n > 0. For each n > 0 the
projection map 7, : Z, — A, sends = to ,,. O

Lemma 1. For every m > 0, multiplication by p™ is injective on Z,, and the ideal p™Z,, is
the ker(my, ).

Proof. For the first part, it is sufficient to prove that the map = — pz is injective on Z,,.
Hence, we just have to prove that if for some « € Z,, we have pz = 0 then = 0. Let x =
(n)n>0, then pz = 0 implies that pz,, = 0in A,, for every n > 0. Since 2 € F,, pr; = 0 for
any value of x1, so we consider the case pz,+1 = 0in A,,;1 for every n > 0. Hence there
exist yn11 € Apyq such that 2,11 = p"y,+1. But from the definition of p-adic integers we
have z,, = ¢, (x,+1) for every n > 0. We can use this to write x,, = p" ¢ (yn+1) = 01in A,
for every n > 0, and hence = = 0.

For the second part, note that p"Z, C ker(m,,) from the definition of ,,. It remains to
prove that ker(m,,) C p"Z,. If = € ker(my,), then

Tm(2) = 0= 2 = (Pm © Pm4+10*** © Pmpr—1)(Tmotr)
SO Tytr € Ker(pp 0+ 0 Ypyr—1) = P A4 for every r > 0. But we have a short exact
sequence

Mr Pm O 0 Pmir—1

Am+r Am O

0 Ay

in which the first map is the unique morphism of groups 7, : A, — A,,4, such that
ny(1) = p™ and im(n,) = p™ Apyr. Since 7, is injective map, there is a unique y, € A,
such that z,,,+» = 1,(y») = p™y,. The p-adic integer y = (y,),>0 is such that ¢, (y,+1) = y»
for every r > 0. Therefore, z = p™y, and p™Z, = ker(my,). d

Theorem 3. For every m > 0, the induced map Z/p™Z — Z,/p™Z, is an isomorphism of
rings.

Proof. From Lemma 1, we have p™Z, C Z, and p™Z, = ker(n,). Therefore, for every
m > 0, we have the short exact sequence

id

00— mep Zp o Am 0

where id is the identity map. Apply first isomorphism theorem® to the surjective homomor-
phism of rings m,, to get Z,/p™Z, = Z/p™ L. O

Lemma 2. z € Z,; if and only if x & pZ,

“*Also known as inverse limit.
Let Rbe aring. If f : R — S is a ring homomorphism, then ker(f) is an ideal of R, f(R) is a subring of
S and R/ ker(f) = f(R).
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Proof. (=) If z € Z, then m (x) € F);. Since, F, = Z,,/pZ,, from Theorem 3, we conclude
that m (z) € F); is equivalent to = ¢ pZ,.

(<) If z & pZ, then m(z) € IF; due to the equivalence of both the statements. Since
mi(x) = (p1ow2 00 py_1)(zy), it follows that for every n > 0, we have z,, ¢ pA,.
Moreover, pA, is the set of all non-unit elements of A,,, hence there exist y,, z, € A, such
that x,y, = 1 — pz,, or equivalently =, 2z, = 1 in A,,, with

z =y, (1 + D2+ ... —i—p”_lz;l_l)

We have ¢, (), ,,) = 2, (because ¢, (z;,, ) is also an inverse of x, in the ring A,,), so we
get a p-adic integer 2’ € Z,, such that x2" = 1, and hence = € Z. O

Theorem 4. pZ, is the unique maximal ideal of the ring Z,, i.e. Z, is a local ring.

Proof. From Zorn’s Lemma® we know about the existence of at least one maximal ideal in
a commutative ring with identity and that every non-unit element is contained in some
maximal ideal. Therefore, a ring has unique maximal ideal if and only if the set of non-unit
elements is an ideal.

In fact, we claim that the ideal pZ, is the set of all non-unit elements (and hence is the
unique maximal ideal). It follows from Lemma 2. O

Theorem 5. Every x # 0 in Z, can be uniquely written as x = p™u, withm € N, u € Z,;.

Proof. Letx € Z,. If x # 0, then as per the definition of p-adic integers, there is a smallest
m € N such that 7, 1(z) # 0. Then we then have x = p™u with u ¢ pZ,. By Lemma 2,
u € Z,. The decomposition z = p™u is unique because m is uniquely determined by z,
and because y — p™y is injective, as stated in Lemma 1. O

Definition 6 ( p-adic integer valuation). Valuation of p-adic integer  denoted by v, (x) is
defined to be vy(x) = m for z = p™u (m € N,u € Z) and v,(0) = +oo.

Remark 5. From Lemma 2 it follows that x € Z; if and only if v,(x) = 0.

Theorem 6. For any x,y € Z, we have:
* vp(zy) = vp(z) + vp(y)
x vyl +y) > inf(v,(), vy(y)) with equality if v,(x) # v,(y)

Proof. If at least one of x, y is zero then these statements are trivial. Let =,y be non-zero
p-adic integers with « = p™a’ and y = p"y’ such that 2/, 3" € Z). Since zy = p™*"2'y/,
we get vp(zy) = m+n = vp(z) + vp(y).

Also, x +y = p™a’ + p"y’. Without loss of generality, let m > n then z +y =
p"(p" "2’ + ') and vy(x + y) > n = inf(vy(x), vp(y)). Moreover, for m # n, we have
p™ "z’ +y' € Z,; from Lemma 2 and hence the equality holds. O

Theorem 7. The ring Z, is an integral domain and every ideal a # 0 is generated by p" for
somen € N, i.e. Z, is a principal ideal domain.

Proof. For z # 0 and y # 0 in Z,, we have v,(zy) = v,(x)+vp(y) < +oo and hence zy # 0
and Z, is an integral domain.

Let a # 0 be an ideal of Z,, and n be the smallest number in the set v,(a) consisting
of valuations of all elements in a. Our claim is that a = p"Z,. Firstly, if 2 € a is such that
vp(z) = n, we have x = p"a for some a € Z,; or equivalently p" = z - a1, sop" € aand
p"Z, C a. Secondly, for every y # 0 in a, we have v,(y) > n, and y = p»®W)~"3p" for
some 3 € Z, by Theorem 5, so a C p"Z,. Hence a = p"Z,. O

®Let P be a non-empty partially ordered set, such that for every totally ordered subset L, there exists some
upper bound u for L so that u > x for every x € L. Then P has a maximal element.
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Definition 7 (p-adic integer absolute value). Absolute value of p-adic integer x is denoted
by |z|, and is defined to be |z|, = p~**(*) for 2 # 0 and [0|, = 0.

Theorem 8. d,(x,y) = |z — y|, is a metric on Zj,.

Proof. It is clear from definition that d,(x,y) > 0, d,(x,y) = 0 if and only if z = y and
dy(xz,y) = dp(y,x). From Theorem 6 it follows that for any =,y € Z, we have, |z —
ylp < sup(|z|p, ly|p) (with equality if |z|, # |y[,) . Hence d,(z,y) satisfies the ultrametric
inequality dy(z,z) < sup(dy(z,y),d,(y, 2)) which is stronger than (the required) triangle
inequality. O
Definition 8 (Topology on Z,). For every m > 0 define the subset V;,, = m,,1(0) = ker(m,,)
of Z,,. There is a unique topology on Z, for which (z + V;;,)m>0 is a fundamental system of
open neighbourhoods’ of z for every x € Z,,.

Each z + V},, is also closed in Z, because A,, is finite. This topology is compatible with
the ring structure of Z,, and each 7, is continuous.

Theorem 9. The space Z,, is compact.
Proof. Because it is closed subset of the product [ [, . , A, of finite discrete spaces. O
Theorem 10. The topology on Z,, can be defined by the distance d,, for which it is complete.

Proof. By definition and Lemma 1, the open subsets p"Z, (n € N) form a fundamental
system of open neighbourhoods of 0. As each of them is an open ball for d,, namely
dy(x,0) < p~(»~1), the topology on Z, is the same as the one defined by d,. That Z,
is complete for d,, is a consequence of its compactness (from Theorem 9), because every
compact metric space is complete®. O

We can reverse the process and define Z,, as the completion of Z for the distance d,,.

Theorem 11. The subset N is dense in Z,,. More generally, if b € Z is prime to pand if a € 7Z,
then a + bN is dense in Z,.

Proof. For N to be dense’ in Z,, we need to show existence of 2’ € N for every = € Z, and
every n > 0, such that ' € x + V,,. This follows by taking an 2’ whose image in A,, is ,,.

The second statement follows from this because = + a + bx is an isometry'° of Z,
whenever ged(b,p) =1, as |b[, = 1. O

Theorem 12. The set Z,, has the cardinality of the continuum.

Proof. As seen in section 1.3, for every n > 0, base-p expansion in N gives a natural
bijection from [0,p["={z € Z : 0<z <p}to[0,p"[={xr €Z : 0 <z < p"}, namely

(bi)icon = Y, bip'

i€[0,n|

and hence a natural bijection [0, p["— A,.

A collection V of neighbourhoods of z is called a fundamental system of neighbourhoods of z if for
any neighbourhood M of z there exists a finite sequence Vi, Va, ..., V, of neighbourhoods in V such that
xeVinVW...NnV, C M.

8This is easy to prove because for a metric space, compactness is equivalent to sequential compactness.

A subset A of a topological space X is dense in X if for any point z € X, any neighbourhood of z contains
at least one point from A.

YGiven two metric spaces, X and Y, amap f : X — Y is said to be an isometry if for any a,b € X one
has dx (a,b) = dy (f(a), f(b)) where dx and dy are metric functions for X and Y respectively.
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If 2p41 € Apy1 corresponds to (b;)ie(o,n), then ¢n(zn41) corresponds to (b;)ie(o,n- The
set Z, is in natural bijection with the product [0,p[N. A p-adic integer = € Z, and a
sequence (b;);en € [0,p[ correspond to each other if and only if

T (z) = Z bip (mod p")
1€[0,n[

(in A,,) for every n > 0. It follows that the set Z,, has the cardinality of the continuum. [J

Theorem 13. To every p-adic integer x € Z,, if we associate a sequence (b;);cn of elements
b; € [0, p[ characterised by the fact that for every n € N,

Z bip' = mpy1(z)  (mod p" )
1€[0,n]
Then for every x € Z,, the associated series Y, bip' converges in Zy to z.

Proof. Foreveryn € N, lets,, = Zie[o n] b;p' be the partial sums, and fix an integer m > 0.

We have to show that almost all*! s, are in x + p™Z,. This is clearly the case as soon as
n > m, for s, — x € p"*1Z,, by the defining property of the sequence (b;);en. O

So a p-adic integer x can be considered as a formal expression z = ),y b;p', with
b; € [0,p[. Addition and multiplication can be defined by interpreting the partial sums
as elements of N and taking base-p expansions of the sum or product. For x # 0, the
valuation v,(x) is the smallest index i such that b; # 0. The greater the valuation of z,
the closer z is to 0 in the p-adic sense of d,(0,z). For example, the sequence 1,p,p?, ...
converges to 0 in Z,.

2.2 Hensel’s Lemma
Now let’s prove the central theorem of p-adic analysis. Then will use this theorem to build
theory needed to handle reciprocity laws.

Definition 9 (Formal derivative). Given a ring R (not necessarily commutative) and
A = R[X]. The formal derivative is an operation on elements of A, where if f(X) =
an X"+ a, 1 X"+ ... 4 a1 X + ag then its formal derivative is f/(X) = na, X"~ ' + (n —
Da, 1 X" 24 ...+ a1.

Lemma 3. If the ring R of scalars is commutative with f(X) € R[X] then
JX+Y) = f(X) + [(X)Y + g(X,Y)Y?
for some g(X,Y) € R[X,Y].
Proof. We just need to simplify using binomial expansion.
FX4Y)=an (X +Y)" +an 1 (X +Y)"" 4. +ar (X +Y) +ag
=ap (X" +nX" Y + . 4 nXY" YY) 4+ 4 a (X +Y) +ag
=(an X"+ ...+ ap) + (na, X" '+ ... +a1) Y + (an(g>X”_2 +... —|—a2> y?
=f(X) + [(X)Y +g(X,Y)Y?
for some ¢g(X,Y) € R[X,Y]. O

HeAlmost all” is sometimes used synonymously with “all except finitely many” or “all except a countable
set”. We are using this terminology from measure theory. For example, if measure assigns to a subregion of
the rectangle the fraction of the geometrical area it occupies. Then the rectangle’s boundary has measure 0
and its interior has measure 1. We conclude that almost every point of the rectangle is an interior point, yet
the interior has a nonempty complement.
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Definition 10 (Simple root). Let R be a ring and f(X) € R[X] then z is said to be a
simple root of f(X) in some ring A if f(z) = 0in A but f'(z) # 0 in A.

Definition 11 (Hensel’s lifting). Given f(X) € Z,[X] with a simple root z in 4,, =
Z,/p™Zy, then y is said to be Hensel’s lifting of x in A,,41 = Z,/p™ "' Z,, if

* y =+ p™z for some z € Z,
* y = (mod p™)

* f(y) =0 (mod p™*1)

* f'(y) #0 (mod p)

Lemma 4. If f(X) € Z,[X] has a simple root in Ay = Z,/pZ,, then it can be uniquely lifted
to aroot of f(X) in Ay = Zp/p*Zy.

Proof. Let x( € Z, be the simple root of f(X)in A;, hence f(x¢) =0 (mod p) but f'(z¢) #
0 (mod p). We will improve z to x; = z¢ + pz; (with 2z € Z,, so that x; = z¢ (mod p))
such that f(z;) = 0 (mod p?). To compute f(zo + pz1) we use Lemma 3, so f(z1) =
f(@o) + f'(zo)z1p (mod p?). As f(zo) = yop for some yo € Zy,

flzo+21p) =0 (modp?) < yo+ f(x0)z1 =0 (mod p)

Since f’(z¢) # 0 (mod p), we can take z; = _f/?(Jgo) = —p’}éfgg), and then
o (o) — 2 —
TL= 20~ Fe f(z1)=0 (mod p”), z1=z¢ (modp)
Moreover, f/(z1) = f'(x9) Z 0 (mod p). O

We will use Hensel’s lifting, an analogue of the Newton’s method, for solving polynomial
equations. Suppose we want to find a root £ € Z,, of some polynomial f(X) € Z,[X]. This
amounts to finding, for every n > 0, a root &, € A, of f(X) such that &,4; =&, (mod p")
where £ = (§,)n>0. So a first necessary condition for £ to exist is that there should exist
an x( € Z, such that f(zo) =0 (mod p).

Theorem 14 (Hensel’s Lemma). Let f(X) € Z,[X] and x € Z, be such that f'(z) # 0, and
put 6 = v,(f'(x)). Suppose that we have f(z) = 0 (mod p™) for some m > 25. Then there
exists a unique & € 7, such that f(¢) = 0 and £ = z (mod p™~°). Moreover; v,(f'(£)) = 4.

Proof. We will prove this theorem in three steps.

Step 1. Generalize the concept of “lift” by deriving analogous properties for y = x — Jf,((?).

Since § = v,(f'(z)), we can write f'(z) = p’u for some u € Z, . Without loss of
generality, we can write f(z) = p™a for some a € Z,. We just need check all the
conditions for this value of y to be the “generalized lift”.

Note that, z — y = Jf,((?) = pm9L ¢ pm =07, therefore |y = = (mod p™°)|. (This

implies that y = « (mod p™) if z is a simple root, since then § = 0).

Using Lemma 3 and evaluating the value of f(y), we can write
fy) = fle+y—a) = f@) + f(2)(y — 2) + t(y — 2)°
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Step 2.

Step 3.

for some ¢t € Z,. Now using our claimed value of y in right hand side, we get:

o = s-ro g (765)
ol

Therefore, f(y) € p™~%9Z, and because m > 25 we get | f(y) =0 (mod p™*) |

Again using Lemma 3 and evaluating the value of f’(y), we can write

') =flet+y—x)=f(z)+sy—x)

for some s € Z,. Now using Theorem 6 we can write

u(f'(y) = vp(f'(x) + s(y — x))
> inf (vp(f'(2)), vp(s(y — 2)))
= inf (6, vp(s) + vp(y — 7))

Since m — § > 4, we have v,(y — z) + vy(s) > &. Therefore, |v,(f'(y)) = ¢ | (and
f'(y) Z0 (mod p) if x is a simple root since then § = 0).

Show the existence of &.

We put = = xo and y = x1, then we can apply previous step to z; to obtain xs = 1 —

J{’((le)) such that z3 = 21 (mod p™+179), f(z2) = 0 (mod p™*+?) and v,(f'(22)) = 6.
We can iterate previous step to get a sequence of p-adic integers xg,x1,...,Z;, . ..

such that

* Tiyl = Ti + ]]:/((xx*:))

*x xiy1 = x; (mod pmTiTo)

x f(x;) =0 (mod p™+)

* up(f'(2i)) =6
for all i € N. If we put £ = (&)n>0 With &y = mp+i(z;) for i € N then
¢ = (mod p™ ) | We claim that this £ is the solution of f(X). Hence we have to

prove that f({) = 0. Note that since f(X) is a polynomial, we can use Definition 5
to get

f(&) = (f(&1), f(&), - F(&m)s- - )
Hence for given m we conclude that:
fEmti) = f(mmti(2i)) = Tmi(f(2:)) = 0

in A,y for all i € N. Since, f(&) € Z, we have p,,—1(f(&m)) = f(&m—1) = 0 hence
it follows that f(&,) = 0 for all n < m. Therefore, | f(£) = 0|

Show uniqueness of &.

On the contrary assume that there exist ¢’ € Z, such that f(¢') = O with ¢ = «
(mod p®*1). Note that is a weaker condition than required in the theorem since
m — 0 > 0 + 1. Using Lemma 3 and evaluating the polynomial, we get

FE)=fE+E =€ =FE)+FEE - +bE ¢
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for some b € Z,. But f(§) = f(£') = 0, hence

0=0+ f(E)(E — &) ++b(¢ —¢€)?

Since ¢’ # £ we get:
fE+E-6b=0

This implies that v, (f/(£)+ (§' —§)b) = co. But since v, (f/(£)) = ¢ and v, ((§'—£)b) >
¢ (as seen in Step 1 above), we have v, (f'(§) + (§' — £)b) = 6 by Theorem 6. We get
a contradiction since f’(z) # 0 implies that 6 < oo, completing the proof.

O]

Definition 12 (Quadratic character of p-adic unit integer). Given u € Z;;, we define
Ap(u) = Ap(mi(u)) for any odd prime p, otherwise (for p = 2) A\y(u) = M\4(m2(u)) and
As(u) = Ag(m3(u)), where 7y, is the projection Z; — (Z/p™Z)*.

Lemma 5. For primes p # 2, a unit u € Z, is a square if and only if A,(u) = +1.

Proof. (=) For every u = z* € Z, A\y(u) = Ap(2?) = 41 (since A,(z) can only be +1 or
-1).

(«=) Suppose that \,(u) = +1. Then there exists an = € Z, such that f(z) = 0
(mod p), where f(X) = X? —u. Since u € %, x # 0 (mod p) therefore f'(z) = 2z # 0
(mod p). Since f'(x) # 0, we can apply Theorem 14 with 6§ = v,(22) = v,(2) + vp(z) =
0+ 0 =0 and m = 1, to conclude that there is a unique ¢ € Z, such that f(§) =0, { =«
(mod p), and v, (f'(£)) = 0 (which just means that € Z,). In other words, u = €2 for
some unique § € Z. O

Theorem 15. For odd primes p, the Fy-space'* 25 /Z5* consists of {1,u}, where u is any
unit such that \,(u) = —1.

Proof. From Lemma 5 we conclude that = € ZX? if and only if \,(x) = +1, since Zx* is
the subgroup of Z,’ containing all squares. The existence of a unit u € Z; with A(u) = —1
follows from the fact that the projection 7 : Z; — F,; is surjective. O

Lemma 6. For any u € Z; we have A\y(u) = +1 and M\g(u) = +1 if and only if u = 1
(mod 8).

Proof. By Theorem 3 we have (Z/8Z2)* = (Z/8Z)* which is a 2-dimensional vector
space over [Fy. Also, Z* is 1-dimensional vector space over Fo. Then, as per definitions of
A4 and Ag we know that A4 and \g are the basis elements of Homp, ((Z/8Z)*,Z*) (see pt.
11 on pp. 4 of [1]). For any = € (Z/8Z)*, following theorem from linear algebra

Let F be a field, V and W be a finite dimensional vector space over F with
dimp(V) = n and dimp(W) = 1. Then V* = Homp(V,W) is also a finite
dimensional vector space over F with dimp(V*) = n which behaves just like

the dual space of V. Therefore, we can choose fi, f ..., f, as basis of v* over
F such that for any =z € V we have fi(z),..., fo(x) € W. This implies that,
x = 0if and only if fi(z) = fa(z) = ... = fa(x) = 0, where 0 is the identity
element of V and .
O
12Note that here vectors spaces are multiplicatively written, hence the linear combination look like
ztag? -+ -y instead of conventional ¢1z1 + caxa + . . . + chzy for x; belong to vector space and ¢; belong to
the field.
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implies that, x = 1 if and only if A\4(z) = Ag(x) = 1 (since here vector spaces are
multiplicatively written). In other words, for any = € Z; we have u = 1 (mod 8) if and
only if \y(u) = +1 and Ag(u) = +1.

Lemma 7. Given u € ZJ is a square if and only if As(u) = +1 and As(u) = +1.

Proof. (=) For every u = 2% € Z5, A(u) = M (2?) = +1 and Ag(u) = N\g(2?) = +1.

(<) Suppose that \4(u) = +1 = Ag(u). Then there exist x € Zy such that'® f(z) =0
(mod 8), where f(X) = X? — u. Also, by Lemma 6, given condition implies that u = 1
(mod 8). Therefore, x =1 (mod 8) leading to f(1) =0 (mod 8) and f'(1) = 2 # 0. Now,
we can apply Theorem 14 with § = v2(2) = 1 and m = 3, to conclude that there is a
unique ¢ € Zy such that f(§) =0, £ =1 (mod 4), and va(f/(£)) = 1 = v2(2€) (which just
means that ¢ € Z). In other words, u = ¢2 for some unique ¢ € Z. O

Theorem 16. The Fy-space Z; / ZQX2 has a basis consisting of 5, —1. The values of A4, \g on
this basis are given by the table'*

| 5 -1
M| 1T -1
As | -1 1

Proof. From Lemma 7 we conclude that Z5 /Z5* = (Z/8Z)* = {1,5,~1, -5} is isomor-
phic to Klein four-group and hence is generated by 5 and —1. The values of A4, g on this
basis are computed using the definition of \4 and Ag. O

Definition 13 (Section map). Given a map f : A — B, then g : B — A is called the
section map if (g o f)(x) = id(z).

Theorem 17. Let R C 7Z, be the set of roots of X? — X. The reduction map m : Z, — F,
gives a bijection R — F,. Moreover, if x,y € R, then zy € R and if w : F,, = R denotes the
reciprocal bijection, then w(ab) = w(a)w(b).

Proof. Put f(X) = X? — X and since F,, is a finite field, every a € F, is a simple root of
f(X) (mod p). So by Theorem 14 for § = 0,m = 1, there is a unique root w(a) € R of
f(X)inZ, such that w(a) = a (mod p). In other words, m;(w(a)) = a. Since R is the set of
roots in an integral domain Z,, of a polynomial of degree p, it can have at most p elements.
Therefore the map w : F,, — R is bijective, and m; induces the reciprocal bijection.

If z,y € R, then 2P = 2 and yP = y, therefore (xy)? = xy, and hence zy € R. Finally,
the multiplicativity w(ab) = w(a)w(b) for a,b € F, follows from the uniqueness of the
w(ab) € R such that 7 (w(ab)) = ab (by Theorem 14) and the fact that for the element
w(a)w(b) € R we have 71 (w(a)w(b)) = ab. O

Here w : F, — Z, is canonical section of the projection 7 : Z, — F,. Though w
cannot be a morphism (of groups or rings), but it has the desirable property of being
multiplicative. The subset R is called the set of multiplicative representatives of I, in Z,,.

2.3 Group of Unit p-adic Integers

Definition 14 (Subgroup of units of Z,). For every n > 0, let U,, = 1 + p"Z, be the group
of units in Z, which are =1 (mod p").

13We are not using f(z) = 0 (mod 4) because we need m > 26 and in this case § = 1.
14We follow the same convention as in Cayley table i.e. the factor that labels the row comes first, and the
factor that labels column is second.
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The U,, form a decreasing sequence of open subgroups'®

-.cU,cU,_1C---CcUyCcly

of |{U =12, |, hence U can be identified with the projective limit of the system (¢, :

U/Up+1 — U/Uy)p>o (as in Theorem 2). Moreover, each U, can be identified with the
projective limit of the system (¢u4r : Upn/Unmtr+1 = Um/Um+r)r>0-

Let R* be the set of roots of X*~! —1 in Z,. We sometimes identify F with R* C Z.
The morphism of groups, w : F; — Z is a section (as in Theorem 17) of the short exact
sequence

1 U, id z;

where id is the identity map (compare with the short exact sequence in Theorem 3 for
m = 1).

Theorem 18. For every prime p, the group Z is the internal direct product'® of R* and Uy.

Proof. We need to check both the conditions of internal direct product. Both subgroups
are normal because Z[f is abelian. Also if x € R* NU; then 2P~ = 1 and « = 1 + py for
some y € Zjp. Therefore y = 0 and R* NU; = {1}. Moreover, every z € Z, can be written
as = ab, with a = w(m(z)) in R* and b = za~! in U;. O

Lemma 8. The group U, /U, +1 is isomorphic to Z/pZ.

Proof. For every x € Z, and n > 0 we have the identity
(1+p"e)(1+p"y) =1+p"(x+y) (modp"t")

Hence z — (z—1)/p" (mod p) is a surjective morphism of groups U,, — F,,, and its kernel
is U, +1. Therefore, the map (1 + p"z) — m(z) defines upon passage to the quotient an
isomorphism of groups U, /U,+1 — Z/pZ by first isomorphism theorem'”. O

Lemma 9. If x € U, but ¢ Uy,41, then P € Uy,4q but P ¢ Uyyo for n > 0 if p is an
odd prime and n > 1 if p = 2. In other words, ( )P induces an isomorphism U,,/Up+1 —
Un+1/Un+2 of groups (of order p).

Proof. Write x = 1 + p"a, so that a # 0 (mod p), by hypothesis. The binomial theorem
gives

=01+p") =1+ (]13) (p"a)+ ...+ <§> (p"a)? =1+ p"a+... +pPaP
where the suppressed terms (?)(p"a)” (1 < r < p) are all divisible by p*"*! and hence
also by p"*2. At the same time, we have np > n + 1 (because n > 1 if p = 2), so we get
2P = 1+ p"*a (mod p™+?), which implies that 2P € U, 41 but 2P ¢ U, 1o. The induced
morphism U,, /U, +1 — Uy,+1/Up+2 is an isomorphism because it is not trivial and the two
groups are of order p. Thus we have following commutative diagram of groups:

1>We are talking about topological groups. A collection G of elements is called a topological group provided
the collection satisfies the following axioms: (1) G is group; (2) G is a topological space; (3) the group
operations g1 g2 and g~ * are continuous functions in the topology of the space.

5The two conditions to be satisfied are: (1) Both the given subgroups are normal subgroups; (2) Their
intersection has only identity element and every element of the group can be written as product of two
elements taking one element from each subgroup.

7Let G be a group. If f : G — H is a group homomorphism, then ker(f) is normal subgroup of G, f(G) is
a subgroup of H and G/ ker(f) = f(G).
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U, 0) Unir

Un/Un+1 % Un+1/Un+2

Therefore the map ( )P takes U, to U, 1, the composite map U,, — U,+1/U,+2 is surjec-
tive, its kernel in U, for everyn > 0if p #2and n > 1 if p = 2. O

Theorem 19. The group U,, /U, is cyclic of order p" for every r > O with n > 0 if p # 2
andn > 1ifp=2.

Proof. Choose an x (for example x = 1 + p™) such that x € U,, but = ¢ U, ;. By repeated
application of Lemma 9, we see that 2" € U, ; but 2" ¢ U, ;.1 for every i > 0.

i

P
U, () Ui

Un/Un+i % Un+i/Un+i+1

Let’s denote the image of x in U,,/U,4, by x,. Then put i = r — 1 to get P! ¢ Upir
which implies that (z,)?" ' # 1 and i = r to get 27" € U,,4, which implies that (z,)*" = 1.
Therefore x, has order p".

Moreover, the group U, /U, ., has a filtration'®

Un+r/Un+r C Un+7“71/Un+r c---C Un+1/Un+r C Un/UnJrr

whose successive quotients (Uy,+i/Upn+r)/(Untit1/Un+r) = Unti/Un+it1 have order p as
in Lemma 8. Since subgroup indices are multiplicative'® and if N is a normal subgroup of
G, then the index of N in G is also equal to the order of the quotient group?® G /N, we
conclude U,, /U, that has order p".

Therefore U,,/U,,+, is cyclic and z, is a generator. O

Corollary 1. Let x € U,, (withn > 0if p # 2and n > 1 if p = 2) and denote by x, the image
of x in Uy /Uy, for every v > 0. There is a unique morphism of groups f,, : Z/p"Z —
Un/Un4r such that fy (1) = x,. If ¢ ¢ Up41, then f,, is an isomorphism.

Theorem 20. U,,/U,+, is a (Z/p"Z)-module (multiplicatively written). As such, it is free of
rank 1.

Proof. Fix z € U, /U,4,. For every a € Z, the power z* depends only on the class a €
Z/p"7Z, and we put z* = 2. The law (a,z) — z® makes U,, /U, into a multiplicatively
written (Z/p"Z)-module. From Theorem 19 we know that U, /U,,, is cyclic, hence it is
free of rank 1. O

Theorem 21. Let x € U, withn > 0if p # 2and n > 1 if p = 2. There is a unique
morphism?®! of groups f, : Z, — U, such that if a = (a,)r>0 (With a, € Z/p"Z) and

81t is an indexed set S; of subobjects of a given algebraic structure S with the index ¢ running over some
index set I that is totally ordered subject to condition that ¢ < j in I then S; C 5.

YIf you have K < H < G, then [G : K| = |G : H|[H : K]

2gince this is defined in terms of a group structure on the set of cosets of N in G.

2'Here we consider the additive group structure of Z,. The point is that the additive structure of Z,
is relatively easy to understand. By showing the isomorphism, it makes the multiplicative structure of Z,
relatively easy to understand as well.
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x = (xp)ps0 With z, € Uy, /Upy,), then fi(a) = (2%)pso. If x ¢ Uy, then f, is an
isomorphism.

Proof. Recall that U, is the projective limit of the inverse system (¢, : Up/Uniry1 —
Un/Un+r)r>0 and we have following commutative diagram in which f, (1) = z, for every
r > 0 as in Corollary 1

fz,r+1

Z/pT—HZ I Un/Un+r+1

|,

2/l —— Up/Unsy

Hence there is a unique morphism of groups f, : Z, — U, inducing the f,,. We have
fz(1) = x. If © ¢ U,41, then f, is an isomorphism because every f, , is an isomorphism.
[

Remark 6. One can define p-adic versions of log and exp functions to compute these maps;
these maps are just as useful in doing p-adic calculations as their real analogues are. This
group isomorphism is comparable to the fact that the multiplicative group of positive real
numbers is isomorphic to the additive group of all real numbers. ¢

Corollary 2. The group U, is isomorphic to Z,, for p # 2 and the group U, is isomorphic to
Zy for p = 2.

Proof. Isomorphism follows from previous theorem. If p is odd then x = 1+ p € U; but
x ¢ Uy so Z, = U, as groups. If p =2 then z = 14+22cUybuta ¢ Us so Zy = Us. O

Theorem 22. Z; = U, is the internal direct product of Z* and Us.

Proof. Since z € Zj iff # ¢ 2Z, (by Lemma 2) and Zy/2Z, = Z/2Z (by Theorem 3),
we have ZQX = 1+ 2Z9 = U;. As in Theorem 18, we just need to check the conditions
of internal direct product, moreover every x € Z; can be uniquely written as z = su
(s e Z*,u e Usp). O

Corollary 3. For p = 2, the restriction of \g : Z; — Z* to U, induces the unique isomor-
phism Uy /Us — Z*. Conversely, \s can be recovered from this isomorphism via the projection
Z3]Z* — Uy (which can be written a — A4(a)a).

Theorem 23. U, is a Z,-module (multiplicatively written). As such, it is free of rank 1.

Proof. For a € Z, and = € Uy, the law 2° = f,(a) = (z%"),~o makes U,, into a mul-
tiplicatively written Z,-module. As seen in Theorem 20, it is a free Z,-module of rank

1. O

This means that U,, = Z, as groups along with some extra data about the Z,-action on
the group, as seen in Corollary 2.

Corollary 4. For every a € Z, and for every n > 0, the map ( )* : U, — U, is an
isomorphism.

Proof. This follows from the facts that each U, is a Z,-module (by Theorem 23) and a is
invertible in Z, (by Lemma 2). O
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2.4 Group of Units in A,

Definition 15 (Group of units in A,). Gyr = Z, /U, = (Z/p"Z)* is multiplicative group
of units in A,, = Z/p"Z.

Lemma 10. Let p # 2 be a prime and let n > 0. The projection wy : Gpn — F has a
canonical section, and Gy is canonically isomorphic®? to Fy x (U1/Uy). The group Uy /Uy,
is cyclic of order p"~! and it is generated by 1 + p.

Proof. Note that Gyn = Z,' /U,. We know the structure of Z from Lemma 2, hence can
show existence of canonical section as in Theorem 17. The isomorphism follows from
Theorem 18. Also, we've seen that Uy /U, is cyclic of order p"~! and generated by 1+ p in
Theorem 19 and Corollary 2. O

Lemma 11. Let n > 1. The projection w; : Gan — G52 has a canonical section, and Gan is
canonically isomorphic to Z* x (Us/U,). The group Us /U, is cyclic of order 2"~2 and it is
generated by 1 + 22.

Proof. Note that Gon = Z5 /U,. We know the structure of Z; from Lemma 2, hence can
show existence of canonical section as in Theorem 17. The isomorphism follows from
Theorem 22. Also, we’ve seen that Us /U, is cyclic of order p"~2 and generated by 1 + 22
in Theorem 19 and Corollary 2. O

Theorem 24. G (n > 0) is cyclic for every prime p # 2, and Ga» (n > 1) is cyclic if and
only if n = 2.

Proof. It follows from the previous two lemmas. O

2.5 Field of p-adic Numbers

Definition 16 (Field of p-adic numbers). Let p be a prime number. We define Q, to be the
field of fractions of Z,,.

Theorem 25. Every z # 0 in Q, can be uniquely written as x = p™u, with m € Z, u € Z,,.

Proof. Since every x # 0 in Z, can be uniquely written as z = p™u where m € N and
u € Z, (by Theorem 5), we have Q, = Zp[]l)], and every z # 0 in Q, can be uniquely
written as x = p™u where m € Z and u € Z;) O

Definition 17 (p-adic valuation). Valuation of p-adic number x is the value of homomor-
phism v, : Q; — Z denoted by v,(r) and is defined to be v,(z) = m for x = p™u
(m € Z,u € Z) and v,(0) = +o0.

This new definition of v, extends our earlier definition, hence Theorem 6 holds for
z,y € Qp.

Definition 18 (p-adic integer absolute value). Absolute value of p-adic number z is the
value of homomorphism?? | |, : Q, — R} denoted by |z|, and is defined to be |z|, =

p~ () for x # 0 and |0], = 0.

Znternal direct product is equivalent to external direct product. If G is an internal direct product of
subgroups N1 and N, then G is isomorphic to external direct product N1 x N via the isomrphism map
(a,b) — ab from Ny x N> to G. Conversely, given an external direct product G of groups A and B, then we
can find subgroups in G = A x B isomorphic to A and B respectively, whose internal direct product is A x B.

**Here, R denotes the multiplicative group of positive real numbers.
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This new definition of |z|, extends our earlier definition, hence Theorem 8 holds for
Qp and |a + b, < sup(|al, + |b],) for a,b € Q.

Remark 7. For every m € Z, we have the sub-Z,-module of Q, generated by p™, and the
inclusion p™*'Z,, C p™Z,; the union of this increasing sequence (when m — —o0) is Q,.

Theorem 26. The field Q, is locally compact, complete for d,, and the subring Z[%] is dense.

Proof. From Theorem 9 we know that Z,, is compact ; as it is defined as a subspace of Q,
by d,(0,z) < p, it is an open neighbourhood of 0. Therefore Q, is locally compact and,
like any locally compact commutative group, complete.

We have seen in Theorem 13 that every = € Z, can be uniquely written as ) b,p",
with b; € [0,p[. It follows that every x € Q) can be uniquely written as °,~, ) bnp",
making x the limit of the sequence (s,, )., of partial sums of the series representing z. But
each s, is in Z[%], o) Z[%] is dense in Q. O
Definition 19 (Uniformiser). An element ¢ € Q, is called a uniformiser if v, (¢) = 1.

The simplest example is ¢ = p.

Definition 20 (Splitting). A short exact sequence

1—a—t g o,

is said to split if there exists either a homomorphism f : B — A with fo f = id or a
homomorphism g : C — B with g o g = id (these maps are examples of sections).

Theorem 27. If p is an odd prime then Q) = 7 x F) x 7Z,, otherwise Q5 = 7 x 7" X Zy

Proof. The choice of a uniformiser ¢ leads to the splitting 8 : 1 — £ of the short exact
sequence

1 zr —2 S ——z—0

and thus to an isomorphism (m,u) ~ (™u of groups Z x Z, — Qp by the following
theorem

A short exact sequence

1 A B C 1

splits with a g : C' — B if and only if there is a homomorphism © : C' —
Aut(A) such that B =2 A xg C. However, when B is abelian, C' acts
trivially on A, so A xg C = A x C. For proof see: “Splitting of Short Exact
Sequences for Groups” by Keith Conrad®.

%http://www.math.uconn.edu/ kconrad/blurbs/grouptheory/splittinggp.pdf

Along with ¢, if we also choose a generator « of the free rank-1 Z,-module U; when p # 2
then Q) = Z x F; x Z, (by Theorem 18, Theorem 23 and Theorem 24).

Along with ¢, if we also choose a generator « of the free rank-1 Zs-module Us when
p=2then Q) =Z x Z* x Zy (by Theorem 22, Theorem 23 and Theorem 24).

For example, we could take « = 1 + p when p # 2 and « = 1 + 22 when p = 2. O

Theorem 28. If p # 2, the group Q; /@;;2 consists of {1;@; p, up}, where u € Z, is any unit
such that A\p(u) = —1.
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Proof. This follows immediately from the isomorphism in Theorem 27 and the fact that
2} ]7x* = {1,u} (from Theorem 15). O

Theorem 29. We have Q /Q5* = {1;5; -1, -5;2,10, -2, —10}.
Proof. This follows immediately from the isomorphism in Theorem 27 and the fact that
7y )25* = {1;5; -1, -5} (from Theorem 16). O

Definition 21 (Unramified Quadratic character). For every p, the morphism p,(z) =
(—1)v(®) is a quadratic character of = € Q-

Remark 8. Choosing a uniformiser ¢, we get a retraction®# z — z£~"»(*) of the inclusion
Z, — Q, allowing us to view ), (quadratic characters of Z,;) as ramified quadratic
characters of Q. We extend the domain to Q, by \y(x) = Ap(t) if z = p™t with m €
Z,t € Z;. Similarly for A4 and \g. ¢

We choose the uniformiser ¢ = p to fix ideas.

Corollary 5. For p # 2, the quadratic characters i, A, constitute a basis of the Fo-space
Hom(Q)', Z*). Their values on the basis u, p of Q) /Q;2 are given by the table

Corollary 6. The quadratic characters jiz, A4, Ag constitute a basis®> of the Fy-space
Hom(Qy, Z*). Their values on the basis 5, —1,2 of Q) /Qx? are given by the table

| 5 -1 2
pp| 11 -1
M| 1 -1 1

As | —1 1 1

2.6 Quadratic Hilbertian Symbol

Definition 22 (Quadratic hilbertian symbol). The quadratic hilbertian symbol ( , ), :
Qf x Q) — Z* for a,b € QY is defined as*®

(a b) _ )‘p(7a,b) lfp# 2
VP (_1)04250+a1ﬁ1+a052 ifp=2

where v, = (—1)%(@vr®)qur®)p=vela) ¢ 2y and for a,b € Q5 JQ53,
a=5%2.(=1).2% p=>5%. (1. 2% (a8 €Z/27)
Theorem 30. For a,b € Q, we have
* (a,b)p = (b,a)p

* (a,be)p = (a,b)p(a,c)p

* (a,—a)p =1

%A continuous map of a space into a subspace leaving each point of the subspace fixed.

% Also have a look at proof of Lemma 6.
vp(b)
261f we try to express it in terms of y, then it will become messy since (u,(a))"»® = ((—1)“1’(")) .
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Proof. For p = 2 these statements directly follow from the symmetry in the formula of
(CL, b)g.

For p # 2, the first statement follows from the fact that interchanging a, b replaces
Yab DY 7;;, but /\p(fy;;) = Ap(Vap) since A, : Z — Z* is a unique surjectve morphism,
therefore \y(1) = A (uu™t) = A\(u)Ap(u™t) = 1 and M\,(u) = N\(u™t) = +1 for all
u € Z, . The second statement follows from the fact that v, (bc) = v,(b) + vp(c) and laws
of exponent. The third statement follows from the fact that v, _, =1and A\,(1) =1. O

Remark 9. It follows from these facts that (a, b),, depends only on the classes of a, b mod-
ulo Q;? in the sense that (a,b), = (ac?,b), for every ¢ € Q¥ and (a,b), = (a,bd?), for
everyd € Q. ¢

Theorem 31. Let p be an odd prime and a,b € Z,;. Then
* (a,b)p, =1
* (a,pb)p = Ap(a)

Proof. Both statements follow directly from the definition, since v,(a) = v,(b) = 0, v,(p) =
1. Therefore 7, = 1 and 7y, pp = a??P?) = q¥r®)+e(P) = ¢, O

Theorem 32. Let a,b € Z;. Then we have
* (a,b)s = (1)
x (a,2)2 = (~1)%@ = Xg(a)

where £4(c),es(c) € Fy are defined for ¢ € Z by Aa(c) = (—=1)4(9, \g(c) = (—1)%(9) with

A4, Ag are the quadratic characters of Z; coming from the identifications (Z/AZ)* — Z*

and (Z/87)%/7* — 7"

Proof. By Lemma 2 we know that @ = 5°2(—1)* and b = 572(—1)", therefore (a,b)s =

(—1)™A1. By Theorem 16 we get ay = e4(a), 1 = e4(b), therefore (a, b)y = (—1)=4(@=s(®),
Since 2 = 2!, we get (a,2)2 = (—1)*2. By Theorem 16 we get as = cg(a), therefore

(a,2)y = (—1)5s(@), O

Theorem 33. For a given prime number p we have

_ Ap(—1) fp#2
(p,p)p = {

1 ifp=2
Proof. Using Theorem 30 we can write (p, p), = (—p,p)p(—1,p), = (—1,p)p, which equals
Ap(—1) if p # 2 (by Theorem 31), and A\g(—1) = 1 if p = 2 (by Theorem 32). O

Corollary 7. For every p, the pairing ( , ), is invertible in the sense that its Cayley table, for
p # 2 and p = 2 respectively (with A\4(p) = \,(—1) by quadratic reciprocity law)

, 5 -1 2
G| v  p (); I 1 -1

—1
-1 1 -1 1

—_

when expressed as matrices (with entries in ) with respect to the given basis of Q' / @;2 is
invertible (when viewed with entries in the field Fs). Indeed, in Fo,

‘01

0
1 54(2?)' - (1)

o = O

1
0l=1
0
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Lemma 12. Let a,b € Q. If a + b =1, then (a,b), =
Proof. We will divide the proof in two cases and their sub-cases.

Casel. p#2

(@ vp(a) >0
Since b = 1 — a and a = p™u has m > 0 for some u € 7Z, we conclude that
b=1 (mod p). Hence b € Uy C Z, and b = t2 for some t € U; because from
Corollary 4 we know that ()% : Uy — Uj is bijective. So, (a,b), = (a,t?), =1
(as in Remark 9).
(b) vp(a) =0and v,(b) =0
Then, (a,b), = 1 by Theorem 31.
(©) vpa) <0
Let a = p~"u from some n > 0 and u € Z,. We need to consider two sub-cases
i. nis even
We can multiple ¢ and b by p" without disturbing the value of (a, b),, to get
(a,b)p, = (u,p™ — u)p. Now, p" —u =b = —u (mod p) hence it’s a unit and
we can use Theorem 31 to conclude that (a,b), = 1.

ii. nis odd
We can multiply a and b by p"*! without disturbing the value of (a,b), to
get
(a,0), = (pu,p"™" —pu),
= (p,p(@" —u)), (u,p(p" —u)), (Theorem 30)
= (P, P)p(pP" — u)p(u,p)p(u,p" —u)p (Theorem 30)
= M(=1)-Xp(p" —u) - Ap(u) -1 (Theorem 31 & Theorem 33)
= Ap(=1) - Ap(=u) - Ap(u) € p" —u=—u (modp"))
= M(u?) (. ), is a morphism)
=1
Case 2. p=2

Note that a, b € Z is impossible because the equation 1+ 1 = 1 does not hold in Fs.

(@) va(a) >2
Since b = 1 — a and a = 2™ has m > 2 for some u € Z5, we conclude that
b =1 (mod 2%). Hence b € U3 = U? because from Lemma 9 we know that
()2 : Uy — Us is a surjective map. So, (a,b)2 = (a,t?)2 = 1 (as in Remark 9).
(b) va(a) =2
Let a = 22%u for some u € ZJ, then b = 1 — 2%y = 1 (mod 2?) and hence
b e Uy C Z5. So we can write

(a,b)y = (2%u,1—2%u),

u,1—2%u )2 (as in Remark 9)

1) (wea(1-2%u) (Theorem 32)
1se@ea) -1 - 9224 =1  (mod 22))
Co (1) =1=e4(1) =0)

(
(
(=
= (=
1
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(©) ve(a)=1

Let a = 2u for some u € Z;,thenb=1—2u =1 (mod 2) and hence b € U; C
Z5. So we can write

(a,b)2 = (2u,1—2u),
= (2,1 —2u)2(u,1 —2u)y (Theorem 30)
= Asg(1—2u) - (=1)=@=40=2)  (Theorem 32)
We can’t simplify it further, rather we will work modulo 8 (in Gs = (Z/8Z)*)
and list the various possibilities using Theorem 16

1 5 -5 -1 €Gg

Xs(1— 2u) 1 1 -1 -1 ez”
eqsuy= 0 0 1 1 €Ty
eal—2u)= 1 1 1 1 €F,

Therefore, (a,b)2 = 1 in this case since this is so for each possibility.

va(a) < 0 Let a = 27"u from some n > 0 and u € Z,;. We need to consider two
sub-cases

i. nis even
We can multiple a and b by 2" without disturbing the value of (a,b),, then
b=1-2"u=1 (mod 2)"” and hence b € U,, C Z5 . So we can write

(a,b)2 = (u,2" —u)o

= (- 1)54(“)54(2““) (Theorem 32)
= (—1)FWeEl=w (2" =~y (mod 2%))
= (DO A () = (D)7 = a(w)
=1 (- t(l4+t)=0 (mod2)VteZ)
ii. nisodd
We can multiply a and b by 2"*! without disturbing the value of (a,b)s to
get
(a,b)y = (2u,2"" —2u),

(2
= (2,2(2" —u))y (u,2(2" —u)); (Theorem 30)
(2,2)2(2,2" — u)2(u,2)2(u,2" —u)y (Theorem 30)
= (2" — u)Ag(u)(—1)7+Wes" =) (Theorem 32, Theorem 33)

We can’t simplify it further, rather we will work modulo 8 (in Gg) and list
the various possibilities using Theorem 16. Since n = 1 (mod 2), we have
to consider two cases for n i.e. n = 1 and n > 3 since we are working with
w9 and w3 (as in Definition 12).

u= 1 5 -5 -1 €Gsg
N XNC—uw)= 1 -1 1 -1 €ezX
As(2" —u) Ag(—u)= 1 -1 -1 1 €zX
Xs(w) = 1 -1 -1 1 €z~

eq(u) 0 0 1 1 ey

n e uw= 0 0 1 1 €
M w) T L= 1 1 0 0 eT

Therefore, (a,b), = 1 in this case since this is so for each possibility.

This completes the verification. O
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Theorem 34. Let a,b € Q). There exist z,y € Q, such that ax® + by? = 1 if and only if
(a,b)p, = 1.

Proof. (=) Suppose that there do exist z,y € Q, such that az? + by? = 1.

Case 1. z =0 (resp. y = 0)

Then b (resp. a) is in Q?, and hence (a,b), = 1 (as in Remark 9).

Case 2. zy #0
Then (a,b), = (az?,by*), = 1 by Lemma 12.

(«=) Suppose that (a,b), = 1. Since the value (a,b), as well as the existence of z,y
depend only on the classes of a and b modulo Q;Q, we need only consider the following
cases (Theorem 28 & Theorem 29)

Case 1. vy(a) =vy(b) =0

Thus, we have a,b € Z,;.

(@) p#2
In this case (a,b), = 1 is trivially true (Theorem 31). Consider a = m(a) € I,
and b = 7 (b) € F,, and the following two subsets

S:{éa2 : aGIFp}, T:{l—li)/é’2 : BEIE"p}

Note that both of these sets have equal number of elements i.e. zero and all
quadratic resides?” modulo p. Thus
p—1 p+1
S| =7 =14+ 2= =22
Since both S and T are subsets of F), but [SUT|=p <p+1 =S|+ [T]. We
conclude that, |S N T| > 0 and there exist o, 3 such that aa® = 1 — b/3%. Hence
there exist?® z,y € Z, such that az? + by? = 1 (mod p). Now following two
instances are possible
i. z#0 (mod p)
Then the unit (1 — by?)a~" is a square modulo p, and hence the square of
some ¢ € ZX. We then have at® + by* = 1.
ii. =0 (mod p)
Then for the same reason b = t? for some t € Z, , and we have a - 02 +b-
(t™ 1?2 =11in Q,.
() p=2
As (a,b)y = (—1)%4(®=1(®) = 1 we may suppose (up to interchanging a and b)
that a =1 (mod 4) (Theorem 16); equivalently
i. a=1 (mod 8)
There is a t € Z such that a = ? (Lemma 6 & Lemma 7) and hence
a(t™1)? +5.02 = 1in Q,.
ii. a =5 (mod 8)
Since b € ZJ, b # 0 (mod 2); equivalently b = 1 (mod 2). So 4b = 4
(mod 8), and we have a+4b =1 (mod 8). Hence thereisa ¢ € Z; such that
t? = a+4b (Lemma 6 & Lemma 7). We then have a- (t~1)?+b- (2t 1) = 1,
in QQ.
27For proof of the fact that number of quadratic residues modulo p is P%l, refer to Theorem 1.5.1 (Euler’s

Criterion) on 9 of [15].
2This is NOT equivalent to saying that there exist z, y € Q, such that az® + by* = 1.
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Case 2. vp(a) =0and v,(b) =1
Thus, we have a € Z; and b € pZ,.

(@) p#2
Let b = pu for some u € Z;. Then the hypothesis (a,b), = A\p(a) = 1 (The-
orem 31) implies that there is a ¢t € Z; such that ¢ = ¢2 (Lemma 5). Hence
a(t™1)?% +0.0° = 1.

() p=2
Let b = 2u for some u € Z;. Then the hypothesis (a,b)2 = (a,2)2(a,u)2 =
Ag(a)(—1)F1(@e=a(w) = 1 (Theorem 30 & Theorem 32) is equivalent to

i. Ag(a) =1 witheq(a) =0o0res(u) =0

This is equivalent to saying a = —1 (mod 8) witha =1 (mod 4) oru =1
(mod 4) (Theorem 16). Therefore, « = —1 (mod 8) and v = 1 (mod 4)
(and €4(a) = 1). This can be re-written as a = —1 (mod 8) and b = 2

(mod 8), which implies that @ + b = 1 (mod 8) and hence a + b = t? for
some ¢t € Z) (Lemma 6 & Lemma 7). So, we have a(t71)2 + b(t™1)? = 1 in

Q2

ii. )\8((1) = —1 with 64(61) = 84(u) =1
This is equivalent to saying a = 5 (mod 8) with ¢ = —1 (mod 4) and
u = —1 (mod 4) (Theorem 16). Therefore, this situation in not possible.

Case 3. vy(a) =vy(b) =1
This case can be reduced to the previous case upon replacing a by —ab~! because
vp(—ab™1) = v,(=1) + vp(a) — vy(b) = 0+ 1 — 1 = 0. Firstly, by Theorem 30 and
Remark 9 we get

(_ab_la b)p = (av b)P(_b_17 b)P = (CL, b)p(_bv b)P = (a> b)p

Secondly, the existence of x,y € Q, such that —ab~'2? + by? = 1 is equivalent to the
existence of (z,y, z) # (0,0,0) in Q such that —ab~'z* + by® = 2* by the following
general lemma

Let k any field of characteristic # 2, and let a,b € k*. If there is a pair (z,y) €
k? such that az? + by? = 1, then certainly there is a triple (z,y,s) # (0,0,0)
such that az? + by? = s°.

Conversely, if there is such a triple, then there is a desired pair. This is clear if
s # 0. Ifs—O(inwhichcasex#Oandy;&O),wehave —a =5 witht=1Y

and a (‘”1) +b (% ) = 1, so a suitable pair exists.

Multiplying throughout by b and rearranging, the latter becomes ax? + bz? = (by)?,
which can be seen as before to be equivalent to the existence of z,y € Q, such that
ax?® + by? = 1.

O]

Definition 23 (Norm homomorphism). Let b € Q/, and put K} = Qp(\/l;), so that the
degree [K} : Q] equals 1 or 2 according as b € Q;Q orb ¢ @;2. We have the norm
homomorphism N, : K, — Q, defined as

faayVh i (K Q=15 beQ?

for any z,y € Q,.
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Theorem 35. Let a,b € Q. We have (a,b), = 1if and only if a € Ny(K;").
Proof. We will prove the equivalence in both the possible cases separately.

Case 1. b e Qx?
Then Ny (K ) = Q, - Asin Remark 9, it follows that (a,b), = 1ifand only if a € Q.

Case 2. b ¢ Q)2
The proposition follows from the equivalence of the following four conditions :

(a,b), =1 < 3 (x,y) € Q) such that az® + by> =1 (Theorem 34)
& J(x,y,2) € @2, (z,y,2) # (0,0,0) such that az? + by? = 2*
& 3 (y,2) € Q) such thata = 2* — by® (box given in Theorem 34)
& ae Ny(K))

O]

Corollary 8. Ny(K,) = bL, where the orthogonal is taken with respect to the hilbertian
pairing®°.

Corollary 9. For every quadratic extension E of Qp, the subgroup Ngq,(E™) of Q) is an
open subgroup of index 2.

2.7 Reciprocity Isomorphism

One should notice that Cayley tables in Corollary 7 are the same as the ones in Corol-
lary 5 and Corollary 6 giving the values of the basic quadratic characters on the chosen
basis of Q) /Q?, with the important exception of the (2,2) entry A\4(p) = A,(—1). This
phenomenon will get explained here as we will interpret the hilbertian symbol in terms of
the reciprocity isomorphism for the maximal abelian extension of Q, of exponent 2.

Theorem 36. There is a unique bijection E — x between the set £ of quadratic extensions of
Qp and the set Q of quadratic characters of Q, such that ker(x) = Ngq,(E™). The induced
map (@;/(@;2 — Hom(Qj, Z*) is an isomorphism of groups.

Proof. Let p be an odd prime number. As seen in Definition 23, the field Q, has three
quadratic extensions, namely those obtained by adjoining +/u,/—p, /—p - u (the reason
for choosing —p instead of p is that (—p, p), = 1 whereas (p,p), = 1 only when A\4(p) = 1)
where, we have any unit u € Z, such that A,(u) = —1 can be chosen. From Corollary 5
we know that the group Q; has three quadratic characters, namely fi,, Ap, ppA, (with
the choice of p as a uniformiser of Q).

For p = 2, as seen in Definition 23, the field Q; has seven quadratic extensions, namely
those obtained by adjoining

VB, V-1,V=1-5,v2,v2-5,V/~-1-2,V/-1-2-5

From Corollary 5 we know that the group Q7 has seven quadratic characters, namely

M2, A4, H2Ag, As, H2As, A4dg, pH2A4Ag

We claim that the bijection is as given in Figure 2.1. This is simple to verify, since for
each E € £ and corresponding x € Q we just need to check that ker(x) = Ngg, (E*).

2 Quadratic hilbertian symbol is a bilinear form (multiplicatively written) i.e. a function combining ele-
ments of two vector spaces to yield an element of third vector space and is linear in each of its arguments.
Hilbertian pairing is reflexive since (a,b), = 1 implies (b,a), = 1 for all a,b € Q,. For a reflexive bilinear
form, a and b in Qp* will be orthogonal with respect to (, ), if (a,b), = 1.
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Q
(a) When p is an odd prime

> o \g

> ® [19 A48

(b) When p =2

Figure 2.1: The bijection between £ and Q when p is an odd prime and when p = 2
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Let’s verify for all ten cases one by one.

Case 1. E = Qp(v/u) and x =
ker(pp) = {z € Q) : vy(x) € 2Z}, hence ker(u,) = p*2Z%. Given a € Q) we have

a € Ngpg,(E*) <« (a,u), =1 (Theorem 35)

S O
0
S =
3
[a—
~
>
bS]
—
£
|
|
—_
—

Case 2. £ =Qu(v/—p)and x = A,
ker(\p) = {z € Q) : Ap(t) =1forz = p™t}. Givena € Q' , such that a = p™t with
m € Z and t € Z,;, we have

a € Ngjg,(E*) <« (a,—p), =1 (Theorem 35)
& (p™t,—p)p =1 (can’t use Theorem 31)
& (p",—p)p(t,—p)p =1 (Theorem 30)
& A (=)™ (=D)™) (t,—p)y = 1
& 1-M\(t) =1 (Theorem 31)
&t eker(Np)

Case 3. £ = Qp(\/—p ~u) and x = ppAp
ker(ppAp) = {z € Q) pp(x) = Ap(t) = £l forz = p™t}. Givena € Q,', we have

(a,—pu)p, =1 (Theorem 35)
(p"™t,—pu), =1 (can’t use Theorem 31)
(p™, —pu)p(t,—pu), =1 (Theorem 30)
(™, =p)p(P" wp(t, —p)p(t,u)p =1 (Theorem 30)
Ap (= ) (— )m) c(Ap(w)™ - Ap(t) -1 =1 (Theorem 31)
L (=)™ Ap(t) =1

m € 27 and \,(t) =
{m¢2Zand)\ (t)=-1
& =+l

a € NE‘QP(EX)

=
=
=
=
=
=

3

Case 4. E = Qy(V/5) and x = pu2
ker(pz) = {z € Q5 : va(z) € 2Z}, hence ker(up) = 2?2Z . Given a € Q we have

ac NE‘QQ(EX) < (a,5)2 =1 (Theorem 35)

= (_1)a2-0+a1-0+a0-1 — 1

& (-1)™ =1

S ag=0€Z/2Z

< wvy(a) €2Z (. va(a) =ap (mod 2))
& a € ker(ug)
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Case 5. E=Qa(v—1)and x = \4
ker(Ag) = {z € QF : \(t) =1 for z = 2™t}. Given a € Q} we have

(a,—1)2 =1 (Theorem 35)
(—1)020+arltac0 _ 4

(- =1

a1 =0¢Z/2Z

a =5"2" for some r € N (Corollary 6)
a € ker(Ag) (o A(5)=1)

ac NE\Q2(EX)

te T

Case 6. F = Qa(v/—1-5) and x = pas
ker(poda) = {z € Q5 : pa(z) = M\i(t) = £1 for 2 = 2™¢}. Given a € Q}, we have

a € Ngjg,(E*) <« (a,—5)2 =1 (Theorem 35)
o (_1)a2-0+a1-1+a0-1 — 1
& ap=a; (mod 2)
& a=5"(—1)%2" forsome m =s (mod 2) (Corollary 6)
o pa(a) =—1, A(t) =X (5" - (=1)®) = =1 if both odd
pa(a) =1, )\4( ) =X (5"-(—1)*) =1 ifbotheven
& pa(a) = Aa(t) =

Case 7. E = Qy(v/2) and x = )g
ker(Ag) = {z € QF : Ag(t) =1 for z = 2™t}. Given a € Q} we have

a = (—1)"2" for some r € N (Corollary 6)
a € ker(Ag) (. Ag(—1)=1)

a € Ngg,(E*) & (a,2)2=1 (Theorem 35)
&= (_1)Oé2~1+a1~0+ao~0 -1
& (-1)*2 =1
& ay=0€Z/2Z
=
=

Case 8. E = Q2(v2-5) and x = u2)s
ker(pods) = {o € Q5 : pa(z) = Ag(t) = £1 for x = 2™¢}. Given a € Q}, we have

a € Ngjg,(E*) & (a,10)2 =1 (Theorem 35)
o (—1)eeltardtacl _
& ag=ay (mod 2)
& a=5"(—1)%2" forsome r =m (mod 2) (Corollary 6)
{,ug(a) =1, Xs(t)=As(5"-(=1)) = —1 if both odd
(a) =1, )\8( ) =Xs (5" (—1)%) =1 if both even
& p2(a) = Ag(t) =

=

Case 9. F = Qa(v/—1-2)and x = Mg
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ker(MAsg) = {z € QF : Ai(t) = As(t) = £1 for z = 2™t }. Given a € Q, we have

a € Npjg,(E™) (a,—2)2 =1 (Theorem 35)

(—1)02l+orltacd _

a1 =ay (mod 2)

a=>5"(—1)°2" forsome r =s (mod 2) (Corollary 6)
A(t) =—1, Xg(t) = —1 if both odd

{)\4(t) =1, MXg(t)=1 ifbotheven

& () = Xs(t) = +£1

te 0

i3

Case 10. £ =Qy(v/—1-2-5) and x = puoAg\s
ker(,ug)\4/\8) = {SL‘ S Q; : ,u2>\4)\8($) = /LQ(ZE))V;(t))\g(t) =1forz = 2mt}.
Given a € Q7 such that @ = 5"(—1)°2" for some r, s € N, then we have
a € Ngig,(E*) « (a,—10)2 =1 (Theorem 35)
= (_1)042'1+Oc1'1+040~1 =1
& ap+ap+as € 27

(r=s=m=0 (mod 2)

- m=s=1 (mod2), r=0 (mod 2)
s=r=1 (mod2), m=0 (mod2)
m=r=1 (mod2), s=0 (mod 2)
Hua\a) = /\4(t) = )\S(t) =1

=

=
[\
Q
Il
—_
>
S
—~
~
~—
Il
|
—_
>
oo
—~
~
SN—
Il
|
—_

(a)
[LQ((I) = —1, )\4(t) = —1, )\S(t) =1

(a)

)

From Definition 23 we know that £ forms the basis of Q' / Q;2 and from Corollary 5
and Corollary 6 we know that Q forms the basis of Hom(Q,',Z). Thus we get a bijection
Qy/ Qf — Hom(Q),Z*), and it’s easy to see that this mapping is a morphism. Hence

this is an isomorphism. O
Corollary 10. There exist a group isomorphism between Q) /(@;2 and Hom(Q,;/ Q;Z, 7*).

Proof. This follows from the previous theorem since Hom(Q,',Z*) = Hom(Q, / Q;Z, 7x)

because all squares in Q' must map to 1 in Z*. O

Remark 10. Following Remark 8 we can say that the unramfied quadratic character p,
corresponds to Q,(y/u) (for p # 2) and to Q2(+v/5) (for p = 2). These quadratic extensions
will therefore be called unramified (over Q,). Note that Qg(\/g) contains v/—3 and hence

a primitive 3-rd root of unity i.e. 71% v—3 and ’1% V=3,

Definition 24 (Maximal abelian extension of exponent 2). M is called the maximal
abelian extension of exponent 2 if it is the compositum of all quadratic extensions of

Qp.
Remark 11. M = Q,(y/u,/—p) if p # 2 and M = Q2(+/5,v/—1,V2) for p = 2.

Definition 25 (Pairing). Let R be a commutative ring with unity, and M, N and L be
three R-modules. A pairing is any R-bilinear mape: M x N — L.

36



Remark 12. A pairing can also be considered as an R-linear map ¢ : M — Hompg(N, L),
which matches the first definition by setting ®(m)(n) := e(m,n).

Definition 26 (Perfect pairing). A pairing is called perfect if the above map ® is an iso-
morphism of R-modules.

Definition 27 (Kummerian pairing). For G = Gal(M|Q,), the perfect pairing ( , ), :
G x (Q}/Q)?) — Z* given by (5,b) = 0(7\25) for every o € G and every b € Q)/Q)? is
called kummerian pairing.

Theorem 37 (Reciprocity isomorphism®®). Let G = Gal(M|Q,). There is a unique isomor-
phism®! pyr : Q)/QF* — G such that for every quadratic extension E of Q, (contained in
M), the kernel of the composite map pg : Q, — Gal(E|Qp) is Ngq, (E™).

Proof. We have the perfect pairing ( , ), : G x (Q;/Q;Z) — Z*, so we have the canonical
isomorphism G' — Hom(Q,/ Q;Q, Z*). In Corollary 10 we have established the isomor-
phism Q/Q? — Hom(Q,/Q,,Z* ), and hence we get an isomorphism pys : Q/Q;? —
G.

Now we will show that py; has the stated property. This follows from the fact that
when we identify these two groups using pjs, the kummerian pairing ( , ), gets converted
into the hilbertian pairing (, ),, and we have shown in Theorem 35 that (a,b), = 1 if and
only if a is a norm from the extension Q,(v/b). O

Remark 13. Whenever K contains a primitive n-th root of unity, we would combine the
reciprocity isomorphism with the kummerian pairing on G x (K*/K*™) with values in

the group of n-th roots of unity, to get the hilbertian symbol (%) (which was simply

denoted (, ), forn =2 and K = Q). This is not at all easy, even for n = .

Now to explain the phenomenon remarked at the beginning of this section, note that
the reciprocity isomorphism p,; gives back the bijection E — x of Theorem 36. Indeed,
quadratic extensions of QQ, correspond to quadratic characters of G' and hence (apply-
ing p]j/[l) to quadratic characters of Q. We can illustrate what we have achieved using
following diagram:

Q, /Q? ——— Gal(M|Qy)

Fundamental Theorem
of Galois Theory

Q &

One of the main results of the theory of abelian extensions of local fields says
that for every local field K (of which Q, is the first example) and for every
n > 0, there is a unique isomorphism p : K*/K*" — Gal(M|K), where M is
the maximal abelian extension of K of exponent dividing n, such that for every
abelian extension F | K of exponent dividing n, the kernel of the resulting
composite map K* — Gal(E|K) is Ngx(E£™) (and such that uniformisers
correspond to the canonical generator o of the residual extension, as opposed
to its inverse 0 —!). We have proved the case K = Qp, n = 2 (and didn’t need
to worry about uniformisers because an automorphism of order 2 is its own
inverse).[2]

30prof. Dalawat calls this “minor miracle”[2, 14].
31As an F2-space, the dimension of G is 2 if p # 2 and 3 if p = 2, so there are many isomorphisms of G with
the group Q)/Q;?, which has the same F2-dimension. Among these isomorphisms this one is very special.
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Conclusion

Apart from looking at various reciprocity ideas, using p-adic numbers we have achived an
understanding of how to approach the general problem. In words of Prof. Dalawat[2]

... What we have achieved might not seem much, but it is rare to be able to
compute explicitly, for a given galoisian extension M of a field K, a set of
elements S C M such that M = K(S5), the group G = Gal(M|K), and o(s)
for every o € G and s € S. This is what we have done for K = Q, and M the
maximal abelian extension of exponent 2. ...

...It is a minor miracle — in my view — that whereas pj, is uniquely deter-
mined by imposing the condition ker(pg) = Ngq, (£ ) on any two (resp. three
for p = 2) of the three (resp. seven) quadratic extensions F whose composi-
tum is M, this condition is automatically satisfied by the remaining quadratic
extension(s). In other words, p,, is independent of the choice of bases. ...

...It is now clear what we should do if we want to understand higher reci-
procity laws. We should first understand for each Q,, and for its finite exten-
sions K, and for every integer n > 0, the group Gal(M |K) of K-automorphisms
of the maximal abelian extension M of K of exponent dividing n. It will turn
out that there is a canonical (up to sign) reciprocity isomorphism K*/K*" —
Gal(M|K), so the group Gal(M|K), which in some sense is external to K, can
be understood in terms of the group K*. ...

Using this formulation, Hilbert stated and proved the main theorem of classical reci-
procity laws. The only shortcoming of this law is that it is applicable only to those number
fields which contain a primitive m-th root of unity[14]. Later, Hilbert also conjectured
(Hilbert’s ninth problem) a higher-power reciprocity law over any number field. That con-
jecture was tackled by Hasse, Takagi, and finally Artin, who stated a general reciprocity
law[9]. This general reciprocity law removes the restriction of presence of relevant roots
of unity in the number field under discussion. From Artin’s reciprocity law, all other reci-
procity laws can be derived[7].

The study of reciprocity laws led to class field theory. The abelian extensions of Q
are easy to describe because of the Kronecker-Weber theorem®? asserts that they are all
contained in fields generated by roots of unity. This explains the role of the roots of unity
in the classical reciprocity laws. But, as Prof. Kedlaya says[9]

...However, describing the Abelian extensions of an arbitrary number field K
is somewhat harder. They can at least be classified in terms of the structure
of the field K itself; this is what is commonly referred to as class field the-
ory. However, explicitly specifying generators of the Abelian extensions of K
(Hilbert’s twelfth problem) remains mostly unsolved, except in some special
cases. ...

32My previous report[16] ended just before we could introduce this theorem, but we illustrated this idea in
specific examples of number fields.
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Appendix A

Formal Power Series

Let p be a prime number. Let k a finite extension of the field F,, and B = k[t| where ¢
is an indeterminate. For every n > 0, we have the finite k-algebra B, = B/t" B with ¢"
elements, where ¢ = p/ is the cardinality of k, and a surjective morphism of k-algebras
©n : Bny1 — By, with kernel t" B,, 11, so we have the inverse system (¢, : By+1 — Bn)n>0
of finite discrete k-algebras whose projective limit is the profinite k-algebra o = k[[t]]. The
elements of this ring are formal power series ) b,t", where b, € k. We observe that
the field of fractions K = k((t)) of o such that K = o[t~!], is similar to the field of fractions

Qy of Zy,.

| # | Statement | p-adic version |

1 | The ideal t = to is the unique maximal ideal of the k-algebra 0. | Theorem 4
2 | Every a # 0 in o can be uniquely written as a = t"u, (n € N, | Theorem 5
Uy € 07).
3 | For every a # 0 in o, put v¢(a) = n if a = t"u for some u € o*. | Definition 6
Also put v;(0) = +o00.!
4 | v(a) =0« a € 0*, and the ideal to consists of a € o such that | Remark 5
ve(a) > 0.
5 | Every ideal a # 0 of o is generated by t" for some n € N, so that | Theorem 7
a=t"
6 | Foreveryn > 0, let U, = ker(o* — B)), so that U,, = 1+t and | Definition 14
0*/Uy, = B/ ; in particular 0*/U; = k*.
7 |o*X=k* -U. Theorem 18
8 | Suppose that p # 2. For every = € Uy, there is a unique y € U; | Lemma 5

such that z = y2.
9 | If p # 2, then there is a unique isomorphism ), : k*/k*? — Z*, | Theorem 15
and the natural map 0*/0*? — k*/k*? is also an isomorphism.
10 | Every a # 0 in K can be uniquely written as a = t"u, (n € Z, | Theorem 25
Uy € 07).
11 | If we put v(a) = n for a = t"u,, then v, is a surjective morphism | Definition 17
of groups K* — Z satisfying v;(a + b) > inf(v(a), v (b)) with
equality if v;(a) # v(b) and the convention that v;(0) = +o0.

12 | Suppose that p # 2, and choose u € k* such that A\y(u) = —1. | Theorem 28
Then the quotient group K */K *? consists of 1, 1, £, ut.
13 | For every prime p, the morphism () = (—1)"*(*) is a quadratic | Definition 21
character of K* ; we call it the unramified quadratic character.

'Note that v;(p) = 400 whereas we had v,(p) = 1 in the case of Q,.
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14

The retraction z — ¢~ (%) of the inclusion 0¥ — K*, allows us to
view quadratic characters of 0* as ramified quadratic characters
of K*

Remark 8

15

For p # 2, the quadratic characters p;, A, constitute a basis of the
Fo-space Hom(K ¥, Z*); their values on the basis u, t of K>/ K *?
a t
are given by the table 1 -1

A | —1 1

Corollary 5

16

If p # 2, the quadratic hilbertian symbol ( , ); : K* x K* —
7> for a,b € K* is defined as (a,b); = Ap(7a,p) Where v, =
(_l)vt(a)vt(b)avt(b)bfvt(a) c oX.

Definition 22

17

For a,b € K* we have (a,b); = (b,a)s; (a,bc); =
(a,—a)p, = 1.

(a,b)(a,c)s;

Theorem 30

18

(a,b); depends only on the classes of a,b modulo K*? in the
sense that (a,b); = (ac?b); for every ¢ € K* and (a,b); =
(a,bd?); for every d € K*.

Remark 9

19

Leta,b € 0™, then (a,b); = 1 and (a, tb); = A\i(a).

Theorem 31

20

(ta t)t - )\k(_l)

Theorem 33

21

For every p # 2, the pairing ( , ), is invertible in the sense that its
( ) )t ‘ u t

Caylet table u 1 —1 when expressed as matrices
t| =1 X(=1)

(with entries in Z*) with respect to the given basis of K*/K*?

is invertible (when viewed with entries in the field 3). Indeed,

1 .

*’ =1 (here * is some non-zero value)

in ]Fg,

1

Corollary 7

22

Leta,be K*.If a+ b =1, then (a,b); = 1.

Lemma 12

23

Suppose that p # 2 and let a,b € K*. There exist x,y € K such
that az? + by? = 1 if and only if (a,b); = 1.

Theorem 34

24

Let b € K*, and put L, = K(\/b), so that the degree [L; : K]
equals 1 or 2 according as b € K*? or b ¢ K*2 (still assuming
p # 2). We have the norm homomorphism N, : L; — K* which
is the identity in case L, = K and sends z + yv/b (z,y € K) to
22 — by? in case [Ly : K| = 2.

Definition 23

25

Suppose that p # 2 and let a,b € K*. We have (a,b); = 1 if and
only if a € Ny(L}).

Theorem 35

26

Ny(L)) = b*, where the orthogonal is taken with respect to the
hilbertian pairing.

Corollary 8

27

Suppose p # 2. For every quadratic extension E of K, the sub-
group Ng i (E*) of K* is an open subgroup of index 2.

Corollary 9

28

If p # 2, there is a unique bijection £ — x between the set of
quadratic extensions of K and the set of quadratic characters of
K* such that ker(x) = N (E*). The induced map K*/K*? —
Hom(K*,Z*) is an isomorphism of groups.

Theorem 36

29

The unramfied quadratic character p; corresponds to K (/u).
These quadratic extensions will therefore be called unramified
(over K).

Remark 10

30

M = K(y/u,v/—t) if p # 2 is the maximal abelian extension of
exponent 2

Remark 11
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31 | When p # 2, there is a unique isomorphism py; : K*/K*? — | Theorem 37
Gal(M|K) such that for every quadratic extension F of K (nec-
essarily contained in M), the kernel of the composite map pg :

Except for the proofs of # 1, # 2, # 8 and# 9, which take advantage of the fact that
elements of k[[t]] are just formal power series?, proofs of all other statements can be ob-
tained by just replacing p by ¢ in their p-adic version.

Proof of # 1. As in p-adic case (Lemma 2), we have to show that if a = ag + a1t +
ast? + - - is not in to (or equivalently if ag # 0), then a € 0. Look for an ¢! of the form
b = by + byt + byt? + - --. Comparing the coefficients of t” in the relation ab = 1 leads to
by = ay L (for n = 0) and recursively to

by = ag (—arby—1 — - — ap_1b1 — anbo)

for n > 0. Hence a € 0. (So o is a principal local ring like Z,,.) O

Proof of # 2. Write a = ag + a1t + ast? + ---. As a # 0, there is a smallest n € N such
that a,, # 0, and then a = t"u,, with v, = a,, + api1t + apiot®---. As a, # 0, we have
uq € 0° (from # 1), proving the statement. O

Proof of # 8. Let x = 1+ a1t +xot? +- - - (with x; € k), and let us look for a square root
y of = of the form y = 1 + yit + yot? + - - - (with y; € k). Equating the coefficients of " in
the relation y? = x, we are led to the relations z; = 2y1, T2 = 2y2 + 9%, 13 = 2y3 + 2y192
and so on. Since 2 € k*, these equations can be solved recursively to get y; = z1/2,
yo = (22 — ¥2)/2, y3 = (v3 — 2y192)/2 and so on®. O

Proof of # 9. Let ¢ = Card(k); we have ¢ = p/ for some f > 0. As p # 2, the order
q — 1 of k* is even. Recall also that the group k> is cyclic, so the quotient k*/k*? is of
order 2, and hence there is a unique isomorphism )\ : k*/k*2 — Z* of groups. Finally,
the natural map 0*/0*? — k*/k*? is also an isomorphism because 0* = k*U; ( from #
7) and U, = U} (from # 8). O

Remark. Just as in p-adic formulation Z) (p # 2) had the unique quadratic character
Ap, here 0™ (p # 2) has the unique quadratic character \;. But Z; had three quadratic
characters (namely A4, \s and Ag\g). But for p = 2, 0 has infinitely many quadratic
characters since the Fo-space 0*/0*? is infinite. In fact, for every prime p, the F,-space
0*/0*P is infinite. We will not discuss the case when p = 2, since it requires the knowledge

of function fields.

“We don’t need something like Hensel’s lemma in the proof of # 8.
°In general, z, = 2y, + fn(y1,%2, ..., Yn—1) for some polynomial f,(Y1,Yz,...,Y,_1) with coefficients in
F,, so one can solve for y, recursively to get yn, = (zn — fn(y1,y2,---,Yn-1))/2.
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