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��Ìfwyzïwyx�u\wH-�u­®�|~Í !�ÌSxCzLÑ"| � xC|~}��*zL�>=SzLÑ zLÓ�wyxCz�}�|~}¿z { ¦b¾+|b}G~ ìÃ��}�| �C��u�ÍE| <dzL�yzL�awuf×C×C�yÌauS�NxµíÚ×C�yÌ\®Sz�Í�uvwyxCzLÌS�yzL{ � xC|~�Nx�}yu­ÓE}Èwyx�u\w�ÒÃÌS�
uf��Ó �S| ®SzL��}��C×µzL�N}�| �C�S�CÑ~uf�ùzLÑ �Ñ | ×Ewy|~�ù�U�C�y®Sz

E
v}È;]UnF]�]q½�p�Y+vwY�uf�vufÑ �SÌS�y| wyxC{ wyÌº�UÌS{
×C�EwyzÁÒÃÌS�C��Ñ | �Cz�uf�yÑ ÓÄ| ��ÍEzL×µzL��ÍEzL�awzL��ÍEÌS{
ÌS�y×CxC|~}�{[}ùÌfÒ

E
� � | wyx2�y�C�C�C| �C��wy| {
z O(p3/2)

ì«ènxCzLÌS�yzL{%�f�E��Ñ ÌE�f� �U| w�� íG�2�Y�
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wyxCz�×C�yÌ�ÌfÒ�xCz��UÌS{
×C�Ewyz�}'wyxCzÚÍE|~}y�U�y| {
| ��uf�aw*ÌfÒJwyxCzÚ}��CÛµÌS�NÍEzL�'�SzL�CzL�Nu\wyz�Í[Û�Ó�wyxCz�| ��ÍEzU�×µzL��ÍEzL�aw"zL��ÍEÌS{
ÌS�y×CxC|~}�{[}�ÒÃÌS�C��Íº| �ÄxC|~}'wyxCzLÌS�yzL{ï��ÛC�Ew��Luf�C�CÌfw"�UÌS�awy�yÌSÑµ| w��Cuf��Í[wyxCzL��Luf�C�CÌfw�uS}y}��C�yz�wyx�u\w"wyxCzÁ�yz�}��CÑ w"|~}�u
Z
�îÛ�uS}�|~}nÌfÒ�wyxCzÁzL��ÍEÌS{
ÌS�y×CxC|~}�{Î�y| �C� (1) �

?�z?×C�yÌS×µÌa}�z?uf�$ufÑ �SÌS�y| wyxC{�wyx�u\w���ÒÃÌS�Äu��S| ®SzL� ×C�y| {
z
p
���yzUwy�C�y��}Äu�Ñ |~}rwïÌfÒÈ×�uf| �N}

(Eλ, {1, eλ
1 , e

λ
2 , e

λ
3})
� � xCzL�yz Eλ

�y�C��}ÁÌ\®SzL�ÈufÑ Ñ*}��C×µzL�N}�| �C�S�CÑ~uf�ÁzLÑ Ñ | ×Ewy|~���U�C�y®Sz�}ÁÌ\®SzL�
Fp
uf��Í�wyxCzï}�z��UÌS��Í��UÌ�ÌS�NÍE| ��u\wyzº|~}
u

Z
�îÛ�uS}�|~}�ÌfÒ"wyxCzïzL��ÍEÌS{
ÌS�y×CxC|~}�{ �y| �C�?ÌfÒ

Eλ
�

X�| ���Uz � z��yz�ÍE���Uz�wyxC|~}n×C�yÌSÛCÑ zL{4wyÌ
uù×C�yÌSÛCÑ zL{ØÌfÒ^�UÌS{
×C�Ewy| �C��ÌS�ÄÌS�CzÚ}�|~ÍEz��yzL×C�yz�}�zL�E�wNu\wy| ÌS�ù���C{ùÛµzL�N}/uf��ÍÈÌS�ÈwyxCznÌfwyxCzL�^�S�Nuf×Cx�}©ÌfÒ�|~}�ÌS�SzL�C| z�}L�\Û�Ó¼z Ê ª$� ¶b� ~ ìPÒÃÌS�/�UÌS{
×C�Ewy| �C�wyxCz��yzL×C�yz�}�zL�awNu\wy| ÌS�
���C{ùÛµzL�N}Ní/uf��Í z »  �� ¶ }G~ ìPÒÃÌS�'wyxCz�|~}�ÌS�SzL�C| z�}/�S�Nuf×Cx[�UÌS{
×CÑ zU£E| wrÓCí
� z�x�u­®Sz"wyx�u\w'wyxCz�wyxCzLÌS�yzUwy|~�LufÑµ�UÌS{
×CÑ zU£E| wrÓ
ÌfÒJÌS�C�*ufÑ �SÌS�y| wyxC{ |~} O(p5/2)

��{ù���Nx[ÛµzUw��wyzL�nwyx�uf�ÄwyxCzÈ�UÌS{
×CÑ zU£E| wrÓ�ÌfÒ�wyxCzÈufÑ �yz�uSÍEÓ[| {
×CÑ zL{
zL�awyz�ÍÄ®SzL�N}�| ÌS�º| �ïñJÙ�Ý"�G� � xC|~�Nxï|~}{
ÌS�yz"ÌS�/Ñ z�}y}
O(p4)

�'ð�Û�}�zL�y®Sz*wyx�u\w/wyxC|~}'ufÑ �SÌS�y| wyxC{¢�S| ®Sz�}�[�h hEwyxCz�Û�uS}�z�}/ÌfÒdzL��ÍEÌS{
ÌS���×CxC|~}�{ �y| �C�a}�ÌfÒ*}��C×µzL�N}�| �C�S�CÑ~uf��zLÑ Ñ | ×Ewy|~�
�U�C�y®Sz�}�Ì\®SzL�
Fp
uf��Í8!�ÌSxCzLÑm� }�{
ÌS�yz���zU£E| ÛCÑ zwyxCzLÌS�yzUwy|~�LufÑ©ufÑ �SÌS�y| wyxC{ � ÌS�>=E}nÒÃÌS��ÌS�Czù�U�C�y®SzÈu\wÚu
wy| {
zS�Ju\w�wyxCzùzU£E×µzL��}�zÈÌfÒ�Ñ Ì�Ìa}�| �C��UzL��wNuf| �awrÓS�dÌS� � xCzUwyxCzL�ÚÌS�CzùÌSÛEwNuf| ��}ÚuºÛ�uS}�zùÌfÒ�wyxCz
{[u\£E| {[ufÑ©ÌS�NÍEzL��ÌS�ÚuºÛ�uS}�zùÌfÒ*u���C| wyzÁ| ��ÍEzU£ï}��CÛE�îÌS�NÍEzL���

�^n>mbn Á �\  ¥ §�� � § ¦b¾ ¥ ¡S¦��­�( ��!½'¦ ¥ §l  ¥ ¡�  n ?�z � uf�awnwyÌ[zU£E×CÑ~uf| �ÄÛC�y| zK��Óºu[�UÌS�C�Cz��G�wy| ÌS�
ÛµzUw � zLzL��{[u\£E| {[ufÑEÌS�NÍEzL�^wrÓ�×µz�}^ÌfÒµwyxCzc^a��u\wyzL�y�C| ÌS��ufÑ �SzLÛC�NuS} Q∞,p
uf��ÍÈwyzL�y��uf�yÓ

^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p �>�Y�ñz Á �\  º � ~ �*�Nuf��Í�w��UÌS��}rwy�y���GwN}Á{[u\£E| {[ufÑÌS�NÍEzL�N}�ÌfÒA^a��u\wyzL�y�C| ÌS��ufÑ �SzLÛC�NuS}�ÒÃ�yÌS{ wyzL�y��uf�yÓvÑ~u\w�wy|~�Uz�}�z-p�[>Ð'Ñ | <dÌS�NÍ ufÑ �SzLÛC�NuS}L�l��|~}|~ÍEz�u � uS}'wyxCzL�ÄzU£E×CÑ ÌS| wyz�ÍºÛ�ÓCDC�y| z�ÍExCzLÑ {�X�ÌSxC�Ä| �ÄxC|~}A-�|~}y}�zL��wNu\wy| ÌS�Uz § ¦b¾ Â ® ~ � � xCzL�yzxCzÁ×C�yÌ\®Sz�}�wyxCzÚÒÃÌSÑ Ñ Ì � | �C��F
���D��������� ¨D��² n HdMCRUDyRÚR>+SF~IG½«I�Z\OïR>+GødT F«KUFP½/ãUF ÈLRNKU½¾F«¼\O>ãNRU½¾Â'RNRUOº½ÃMCR�KUT Z­INILRGI�¼r¿n½YRUDGOdZ\D��
� B�ZSÉ\DyZ\½¾F«K/¿U¼\DGXùIÚ¼r¿ÚÉ\F~ILKUDGFPX�FPOdZ\O�½ −p Z\OdÉ�½ÃMCR�X[Z,+SFPX[Z\TJ¼\DyÉSRUD�½m�yø�RGIÚ¼r¿�½ÃMCR � B�Z\½YRUDGWO�F«¼\O Z\T ÅaR�ãUDyZ

Q∞,p ��Y��ÍEzLz�ÍJ�E�S| ®SzL�ïuf��Ó[wyzL�y��uf�yÓC^a��uSÍE�Nu\wy|~��ÒÃÌS�y{
f = a11x

2
1 + a22x

2
2 + a33x

2
3 + a12x1x2 + a13x1x3 + a23x2x3

� | wyx aij ∈ Z � zÁuS}y}�ÌE�U|~u\wyz�wyxCz Z
�îÌS�NÍEzL� � | wyxïÛ�uS}�|~} 1, e1, e2, e3 � xCzL�yz�F

e2i = ajkei − ajjakk ,

eiej = akk(aij − ek),

ejei = a1ke1 + a2ke2 + a3ke3 − aikajk ,

ìrË­í

� | wyx (i, j, k)
uf��Ó>zL®SzL��×µzL�y{ù�EwNu\wy| ÌS��ÌfÒ {1, 2, 3} ì«}�zLz z Á ����| Â ~ íG��ènxCzL�yzUÒÃÌS�yz�ÌS���Uz

� z�=��CÌ � u��UÌS{
×CÑ zUwyzÚ}�zUwnÌfÒ©�yzL×C�yz�}�zL�awNu\wy| ®Sz�}�ÌfÒ�wyxCzÚz'^a�C| ®\ufÑ zL���UzÚ�UÑ~uS}y}�z�}'ÌfÒ�wyzL�y��uf�yÓ
(1) � ¾�¾ . Y ¾
_�ÌÎ¾
ZÉVWÖs\ _!]�À ] Ê Ï Àg` _�Ìl]
_ É ¿ Ê ÏmÊ _ É Í h Y ¾ É:ÏWY ¾´a�\ Ó _�Ì Ê ÏWY Z Ó�Ê Ë ¾�Í�a({(aWÍm¾�_�` ÏWY ¾i¾ É ¿�_CZf_�Ì �Ã YÇÊ ÍWZ�Ì Ê ÉÇÓ a É ¿c]
_CZfZA¾ ÉKÏ
ÏWY ¾�ÌÎ¾�a�` Ï ¾�Ì�À
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^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p � � zº�Luf��ÍE| �yz��GwyÑ Ó��UÌS{
×C�Ewyz�wyxCz Z
�îÛ�uS}�z�}ÈÌfÒufÑ Ñ'{[u\£E| {[ufÑ'ÌS�NÍEzL�ÚwrÓ�×µz�}ùÌfÒ

Q∞,p
����Ì � �^}�| ���UzºufÑ Ñ�wyxCz�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}r��U�y| {
| ��uf�aw −p ÛµzLÑ ÌS�C�?wyÌvwyxCzï}yuf{
zÄ�SzL����}L� � zÄ�Luf����}�zïuf��ufÑ �SÌS�y| wyxC{ ÌfÒ�Ý�uf| �CzL�XE�Nx��CÑ éLzU�îñ�| Ñ Ñ Ìfw�z §�Ê | m ~ Û�uS}�z�ÍÄÌS�ïwyxCz
`
¿�r;]Up m#È2f�i-nUY"�UÌS���UzL×Ew�| �awy�yÌEÍE���Uz�ÍÄÛ�Óïtvuf��wy| �

!Ú�Cz�}�zL�nwyÌº�UÌS{
×C�EwyzÈu
�yzL×C�yz�}�zL�awNu\wy| ®Sz�ÒÃÌS��z�uS�NxÄz'^a�C| ®\ufÑ zL���UzÈ�UÑ~uS}y}L�EwyxCzL�yzUÒÃÌS�yzÁ�S| ®SzL�uf��Ó?×C�y| {
z����C{ùÛµzL�
p � z��Luf���UÌS{
×C�Ewyz
wyxCzºÛ�uS}�z�}ÚÌfÒ"�yzL×C�yz�}�zL�awNu\wy| ®Sz�}�ÒÃÌS�ùufÑ Ñ/wyxCz{[u\£E| {[ufÑJÌS�NÍEzL�*wrÓ�×µz�}"ÌfÒ

Q∞,p
�

� n�� ¾l v  � �µ¦��\ªÃ��¾l¡
?�zÁ�CÌ � }rwNu\wyzÈu�=SzLÓ[wyxCzLÌS�yzL{ uS}y}��C�y| �C�ùwyx�u\w"wyxCzÈufÑ �SÌS�y| wyxC{ � ÌS�>=E}L�

���D���������Ç²4�
� n z § ¡�¾+| ® ~ HdMCR�½ÃMCRU½YZ[ILRUDGF«RGI�ÉSRU½YRUDGX�FPOdR�½ÃMCR
R � BEFPÀ\Z\T RUOdKNR
KUT Z­INILRGI
¼r¿ÉSRÎ��O�FP½YR?½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùI ¼\À\RUD Q � HdM�F~I?X[RNZ\OCIv½ÃMCZ\½�Z\O���½¾Â'¼�ÉSRÎ��O�FP½YR½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùI�¼\À\RUD Q
Z\DyR?FPO�½YRîÅfDyZ\TPT �2R � BEFPÀ\Z\T RUO�½�F ¿�Z\OdÉ�¼\O�T ��F ¿>½ÃMCRK�MCZ\À\Rù½ÃMCRÁILZ\X[RÈDyRîødDyRGILRUO�½YZ\½¾F«¼\O?O�BEX[ãNRUDNI �

Ý"z��LufÑ Ñ¾�^wyx�u\w�wyxCzÄ�yzL×C�yz�}�zL�awNu\wy| ÌS�����C{ùÛµzL�N}ùÌfÒ�u�ÍEzK���C| wyz�^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{
f
ÌfÒÍE| {
zL��}�| ÌS�

d
uf�yz�wyxCz�F

r(f, n) := #{x ∈ Zd | f(x) = n}; n ∈ Z;uf��Í�wyxCzL�ÄwyxCzÚwyxCzUwNu[}�zL�y| z�}*ÒÃÌS�
f
|~},F

ϑ(z) :=
∑

n∈Z

exp(2πir(f, n)z); z ∈ H.

�îwï|~}ïu��UÑ~uS}y}�|~�LufÑ��yz�}��CÑ wºwyx�u\wÄwyxCz�}�z?wyxCzUwNu2}�zL�y| z�}Äuf�yzv| �;Ò«uS�Gwï{
ÌEÍE�CÑ~uf�ÄÒÃÌS�y{[}ºÌfÒ
� zL| �Sxaw d/2 uf��Í>Ñ zL®SzLÑ�wyxCzùÑ zL®SzLÑ©ÌfÒ/wyxCz�^a��uSÍE�Nu\wy|~�ÚÒÃÌS�y{ ± }�zLz�z §�Ê�¶ º ~ | �v×�uf��wy|~�U�CÑ~uf�ÒÃÌS��wyxCz[�LuS}�z

d = 3
�JX�| ���UzùwyxCzL�yz�|~}�ÌS�CÑ ÓïÌS�Cz��SzL����}�ÒÃÌS�ÚÍE|~}y�U�y| {
| ��uf�aw −p ��ufÑ Ñ�wyxCzwyxCzUwNuÚ}�zL�y| z�}^�UÌS�y�yz�}�×µÌS��ÍE| �C��wyÌ:^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}©ÌfÒdÍE|~}y�U�y| {
| ��uf�aw −p x�u­®Sz'wyxCz"}yuf{
z;�|~}�zL��}rwyzL| �?×�uf��w���uf��Í>wyxCzL�yzUÒÃÌS�yzÈwyxCzLÓvÍE| <dzL���J| Ò*u\wÁufÑ Ñ¾�J| �vwyxCz
�U��}�×C|~ÍCufÑ^×�uf��w���Ð�� j��

X�| zL�SzLÑJ| �ÄxC|~}n×�uf×µzL�N}*ÌS�ºwyxCzÈuf��ufÑ Óawy|~��wyxCzLÌS�yÓ[ÌfÒ�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}n�S| ®Sz�}nuf�ºzU£E×CÑ |~�U| wÛµÌS�C��ÍÚwyÌ�ÍEz��U|~ÍEz � xCzUwyxCzL�^u��U��}�×ÁÒÃÌS�y{ |~}�éLzL�yÌ�ÌS���CÌfw��©ènxC|~}�ÛµÌS�C��ÍÁ�S�yÌ � }JÑ | =Sz p/12
�

t>ÌS�yzLÌ\®SzL��XE�NxC| zL{[uf�C�2�S| ®Sz�}[ufÑ~}�Ì u�ÛµÌS�C��Í
b(p)

� � xC|~�Nx)| �)ÌS�C���LuS}�zïÍEzL×µzL��ÍC}ÌS�CÑ Ó
ÌS�[wyxCzÚÍE|~}y�U�y| {
| ��uf�aw���}����Nx[wyx�u\w'ÒÃÌS�nuf��Ó�w � ÌùÍEzK���C| wyz ^a��uSÍE�Nu\wy|~�nÒÃÌS�y{[} f, g ÌfÒÍE|~}y�U�y| {
| ��uf�aw −p xCÌSÑ~ÍC},F
r(f, n) = r(g, n) ∀n ∈ Z � | wyx |n| 6 b(p)⇒ f

uf��Í
g
uf�yzÚ| �awyzL�S�NufÑ Ñ Ó[z'^a�C| ®\ufÑ zL�aw��

DCÌS�*�UÌS{
×C�EwNu\wy| ÌS��ufÑ�×C�C�y×µÌa}�z�}�X�| zL�SzLÑm� }�ÛµÌS�C��Í[|~}�ÛµzUw�wyzL�'ÒÃÌS�'��}*uf��Í � z���}�z�| w*| �[wyxCz| {
×CÑ zL{
zL�awNu\wy| ÌS� ± ÛC�Ew�uS}�Ó�{
×EwyÌfwy|~�LufÑ Ñ Ó
wyxCzLÓÄuf�yz�wyxCzÈ}yuf{
zS�
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��Ì � Ñ zUw"��}*�SÌ�Û�uS�W=�wyÌ�ÌS�C�n×C�yÌSÛCÑ zL{ï�/Ù"ÒPwyzL�Áì«�C� Ë­íG� � zÚ�Luf�ÄÍE|~}rwy| �C�S�C|~}�xºÛµzUw � zLzL�uf��Ó?w � Ìv�CÌS�E�îz'^a�C| ®\ufÑ zL�aw
ÍEzK���C| wyz�wyzL�y��uf�yÓ|^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{[}ùuf��Í�xCzL���UzºÛ�Ó;ì Ï � �aíG�ÛµzUw � zLzL�ºuf��Óùw � ÌÈ{[u\£E| {[ufÑ�ÌS�NÍEzL�/wrÓ�×µz�}*uf��Í�����ufÑ Ñ Ó
Û�Ól-�zL�C�y| �C��� }*�UÌS�y�yz�}�×µÌS��ÍEzL���Uzì Ï � Ë­ínÛµzUw � zLzL�Äw � Ìº}��C×µzL�N}�| �C�S�CÑ~uf�"zLÑ Ñ | ×Ewy|~�È�U�C�y®Sz�}L��uf��Í>ufÑ Ñ�wyxC|~}�Û�Óº{
z�uf��}�ÌfÒ/Ñ Ì�Ì�=a�| �C��u\w"wyxCzÈ�yzL×C�yz�}�zL�awNu\wy| ÌS�º���C{ùÛµzL�N}"�C×ïwyÌ�u��C£Ez�ÍÄÛµÌS�C��Íï�S| ®SzL�ÄÛ�ÓS�µ}yu­Ó�X�| zL�SzLÑ¾�CÌfÒuv}�zUwùÌfÒ��yzL×C�yz�}�zL�awNu\wy| ®Sz�}ÚÌfÒnwyxCzºz'^a�C| ®\ufÑ zL���Uzº�UÑ~uS}y}�z�}ÁÌfÒnwyzL�y��uf�yÓ ^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p ìÃÛ�Ó��yz�ÍE���Gwy| ÌS��wyxCzLÌS�yÓS��wyxCzL�yzºuf�yz[�Luf�CÌS�C|~�LufÑ��yzL×C�yz�}�zL�awNu\wy| ®Sz�}L�
� xC|~�Nxïuf�yzÁ�LufÑ Ñ z�Í^nF]�~�y�jF]�~	v£]Unqr�[�n7Ê%x�y#[>~Pn�[�v}p}j�Ëwi-nq\9YNíG�
X�Ì�| �;ÌS�NÍEzL�[wyÌ��UÌS{
Ñ zUwyzvÌS�C�ÄufÑ �SÌS�y| wyxC{ï� � zv{ù��}rwºÛµz�ufÛCÑ z>wyÌ�×C| �E�î×µÌS| �aw�wyxCz}��C×µzL�N}�| �C�S�CÑ~uf�/zLÑ Ñ | ×Ewy|~���U�C�y®Sz�}/��}�| �C�ÚwyxCz�ÍCu\wNu�ÒÃ�yÌS{ wyxCz��yzL×C�yz�}�zL�awNu\wy| ÌS�����C{ùÛµzL�N}�ÌfÒwyxCz'�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ ^a��uSÍE�Nu\wy|~�©ÒÃÌS�y{[}L�ej�zUw©��}�}rwNu\wyz�wyxC|~}�| �ÈÌS�C�©�UÌS���U�yzUwyz/zU£Cuf{
×CÑ z�}L�

?�z � �y| wyznu�wyzL�y��uf�yÓJ^a��uSÍE�Nu\wy|~�/ÒÃÌS�y{ Ñ | =Szn| �Äì«uf��ÍÈÒÃ�yÌS{�í�wyxCz'wNufÛCÑ znÌfÒµ�*�Nuf��Í�w��î�Y�awy�Nuf�z Á�¤ Â ¶ ~ �E��uf{
zLÑ Ó
f =

(
a11 a22 a33

a23 a13 a12

)
.

�A� «����gÊ-� ²4�W¨ � � ¦ ¥ ��ª ¥ ¨l �§   n »�Z­ILR
p = 29

]
]
RÁKN¼\X�ødBE½YRÚ½ÃMCRÁ½ÃM�DyRNRÚDyRNÉ\B�KNRNÉ�½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùIÈ¼r¿ÚÉ\F~ILKUDGFPX�FPOdZ\O�½ −29

]
f1 =

(
1 3 3
2 0 1

)
, f2 =

(
1 2 4
1 1 0

)
f3 =

(
1 1 10
0 1 1

)
;
Â©M�F«KNM2KN¼\DGDyRGI¾ø�¼\OdÉv½Y¼

½ÃMCRÈX[Z,+SFPX[Z\T©¼\DyÉSRUDNI
O1,O2

Z\OdÉ
O3 �

»�Z­ILR
p = 37

]
HdMCR*½¾Â'¼�DyRNÉ\B�KNRNÉ�¼\OdRGI'FPO�½ÃM�F~InKNZ­ILRnZ\DyR�]

f1 =

(
2 2 3
0 2 1

) Z\OdÉ
f2 =

(
1 2 5
1 1 0

)
.

Èù¼\Â�¼\BED^ødDy¼SãUT RUX4F~I�½Y¼�Z­INIGF ÅfOÄ½Y¼ùRNZSKNM[IGB�ø�RUDNIGFPO�ÅfBET Z\D�RUTPT F ød½¾F«KÈKUBEDGÀ\R�¼r¿nV0+�Z\X�ødT Rì Ï � Ï íÈ¼\OdR�¼r¿Á½ÃMCRGILRÈ½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K'¿U¼\DGXùI �è�ÌvuS�UÌS{
×CÑ |~}�x�wyxC|~}L� � z[{ù��}rwù×�uS}y}ÚwyxCz�| �EÒÃÌS�y{[u\wy| ÌS� ÌS��wyxCzÄ}�|~ÍEz[ÌfÒc^a��uSÍE�Nu\wy|~�ÒÃÌS�y{[}Úuf��ÍvwyxCzL| �Ú�yzL×C�yz�}�zL�awNu\wy| ÌS�v���C{ùÛµzL�N}�wyÌÄwyxCz[}�|~ÍEz
ÌfÒ'zLÑ Ñ | ×Ewy|~�[�U�C�y®Sz�}�uf��Í?|~}�Ìf��SzL�C| z�}L�/�*zUÒÃÌS�yz � z�{[u�=Sz�wyxC|~}nzU£E×CÑ |~�U| w"| ��wyxCzÚÒÃÌSÑ Ñ Ì � | �C�ù×C�yÌS×µÌa}�| wy| ÌS��� � z�| �awy�yÌEÍE���Uz}�ÌS{
zÚ�CÌfwNu\wy| ÌS���
j�zUw

f
ÛµzÁuf��ÓH^a��uSÍE�Nu\wy|~��ÒÃÌS�y{ uf��ÍïÍEzL�CÌfwyzÚÛ�Ó

Of
| w'� }�uS}y}�ÌE�U|~u\wyz�Í�ÌS�NÍEzL�"uS�L�UÌS�NÍE| �C�wyÌvì Ï � �aíG�%DCÌS��uf��Ó�ÌS�NÍEzL�

O
| �

Q∞,p
ÍEzK���Cz�F

Γb(O) := {(tr(α), nr(α)) ∈ Z2 | α ∈
O
uf��Í

nr(α) 6 b}, � xCzL�yz tr uf��Í nr uf�yzùwyxCz
�yz�ÍE���Uz�Í>wy�NuS�Uz
uf��Ív�yz�ÍE���Uz�Ív�CÌS�y{ÌfÒ©wyxCz:^a��u\wyzL�y�C| ÌS�ïufÑ �SzLÛC�NuC�0X�zUw
Γ(O) = ΓbS (O)

� � xCzL�yz bS |~}*wyxCz�X�| zL�SzLÑJÛµÌS�C��ÍJ�
Ë �����D��Ì(¦
§
¦���¥ ²4��² n 9�RU½ {f1, . . . , ft}

ãNR�Z>KN¼\X�ødT RU½YR
ILRU½�¼r¿�DyRîødDyRGILRUO�½YZ\½¾FPÀ\RGI[¼r¿�DyRUWÉ\B�KNRNÉ[½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K*¿U¼\DGXùIù¼r¿ùÉ\F~ILKUDGFPX�FPOdZ\O�½ −p � HdMCRUO?½ÃMCRÁILRU½«I Γ(Ofi) ⊂ Z2



���;8���{���wh�21^�4x�y�{���x�x�w�8���w)	�	v��{(�
�.� ¸ µ

¿U¼\D
i = 1, . . . , t

Z\DyR�Z\TPT'É\F Í�RUDyRUO�½Îb"F � R � b�½ÃMCRGILR�IGB�ãGILRU½«I[KNMCZ\DyZSKU½YRUDGF Ç�R[BEO�FPÀ\¼�KNZ\TPT �ï½ÃMCRX[Z,+SFPX[Z\T©¼\DyÉSRUDÈ½m�yø�RGIÁFPO
Q∞,p �

��Ì � � zÚ{[u�=Sz�wyxCzÈ}�| {
×CÑ zÚÌSÛ�}�zL�y®\u\wy| ÌS�MF
É �����bÊ�Ê-«���ËÌ²4��¤ n �µFPOdKNR�½ÃMCR�½¾DyZSKNR�Z\OdÉùOd¼\DGXØ¼\O>RUT RUX[RUO�½«I�¼r¿"½ÃMCRÚ¼\DyÉSRUDÚKN¼\DGDyRGI¾ø�¼\OdÉ½Y¼�½ÃMCRÚ½¾DyZSKNRÁZ\OdÉ � ILRîø�Z\DyZSãUT R��ºÉSRîÅfDyRNRÈ¼r¿�½ÃMCRÈRUOdÉS¼\X[¼\D¾ø�M�F~IGXùIù¼r¿�½ÃMCRÁRUTPT F ød½¾F«K�KUBEDGÀ\RGIWbÂ'R�KN¼\OdKUT B�ÉSR�b'½ÃMCZ\½'½ÃMCRÁILRU½«IL]

∆(E) := {(trace(ϕ), deg(ϕ)) ∈ Z2 | ϕ ∈ EndFp
(E)

Z\OdÉ
deg(ϕ) 6 bS},

KNMCZ\DyZSKU½YRUDGF Ç�Rù½ÃMCRÁIGB�ø�RUDNIGFPO�ÅfBET Z\DùRUTPT F ød½¾F«K[KUBEDGÀ\RGIù¼r¿ÈKNMCZ\DyZSKU½YRUDGF~IG½¾F«K
p �

Ð'ÌS��}�z'^a�CzL�awyÑ ÓS� � zÈ{ù��}rw�ÌS�CÑ ÓÄx�u­®SzÁwyÌº�UÌS{
×C�EwyzÁwyxCz�}�zUwN} Γ(Of )
uf��Í

∆(E)
ÒÃÌS�

f
�y�C�C�C| �C�ùwyxC�yÌS�C�SxïufÑ ÑdwyxCzÚ�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}nÌfÒ^ÍE|~}y�U�y| {
| ��uf�aw −puf��Í
E
Ì\®SzL�ùufÑ Ñ�wyxCzÄ}��C×µzL�N}�| �C�S�CÑ~uf�ÈzLÑ Ñ | ×Ewy|~�º�U�C�y®Sz�}ÈÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�

p
�/uf��Í�wyxCzL�z�}rwNufÛCÑ |~}�x
wyxCz�ÛC| �rz��Gwy| ÌS�:�r��}rw*Û�Ó��UÌS{
×�uf�y| �C�ÚwyxCz�}�z�}�zUwN}L��?�z�{[u�=SznwyxC|~}*�UÑ z�uf��| �[ÌS�C�'F

�A� «����gÊ-� ²4��Æ � � ¦ ¥ ��ª ¥ ¨l �§   n »�Z­ILR
p = 29

]
Γ[3](Of1) = {(−1, 3); (1, 3); (0, 3)};
Γ[3](Of2) = {(2, 3); (−2, 3)};
Γ[3](Of3) = {(−3, 3); (3, 3); (0; 3)}; Â©MCRUDyRÄ½ÃMCRºIGB�ãGILKUDGF ød½ [3]

ÉSRUOd¼\½YRGI[IGFPX�ødT �?½ÃMCRIGB�ãGILRU½ù¼r¿ÄOd¼\DGX
3
RUT RUX[RUO�½«I>¼r¿

Γ � 1nO)½ÃMCRvRUTPT F ød½¾F«K�KUBEDGÀ\RïIGF«ÉSR�bùÂ'RïIGFPX�ødT ��KN¼\O�WIG½¾DGB�KU½nZ\TPT � B�¼\½¾F«RUO�½«IÈ¼r¿Á½ÃMCRÁIGB�ø�RUDNIGFPO�ÅfBET Z\D�RUTPT F ød½¾F«K
KUBEDGÀ\RGIù¼r¿ùÉSRîÅfDyRNR 3
B�IGFPO�ÅÃz �ÏÎ® m ~Z\OdÉ�¿U¼\DÈ½ÃMCRù½¾DyZSKNR�¼\OdR
KNZ\O�Z\À\¼\F«ÉïRNZ­IGFPT �º½ÃMCRnø�¼\T �\Od¼\X�F«Z\T^DGBEO�O�FPO�Å�½¾FPX[R�Z\T Åa¼\DGFP½ÃM�XùI½Y¼$ÉS¼$FP½Îb>IGFPOdKNR2¼\OdR�Q\Od¼\Â^I�½ÃMCR>ø�¼­INIGF«ãUT R2½¾DyZSKNRGIWbïIL¼ ãK�;½YRGIG½¾FPO�Å ¼\OdR ÅaRU½«I�½ÃMCZ\½Y]

Γ[3](Of1) = ∆[3](E(2))
b
Γ[3](Of2) = ∆[3](E(25))

Z\OdÉ
Γ[3](Of3 ) = ∆[3](E(0)).

»�Z­ILR
p = 37

]
�ùRUDyR�½ÃMCR�ILRU½«I

Γ[3](Of1 )
Z\OdÉ

Γ[3](Of2 )
Z\DyRÁZ\T IL¼
É\F Í�RUDyRUO�½Îb�ãUBE½^Â'RÁÉS¼ùFP½^Â/FP½ÃMÄÉSRUWÅfDyRNR

5
F~IL¼yÅaRUO�F«RGI
Z\OdÉ�ÅaRU½Y]

Γ[5](Of1) = {(0, 5)} Z\OdÉ Γ[5](Of2) = {(−1, 5); (1, 5)} �[A��KN¼\X�ø�Z\DGFPO�ÅùÂ/FP½ÃM[½ÃMCR
∆ Ð I�¼r¿"½ÃMCRÚRUTPT F ød½¾F«KÁKUBEDGÀ\RGI"Â'R*ÅaRU½Y] Γ[5](Of1 ) = ∆[5](E(3±

10
√

2))
Z\OdÉ

Γ[5](Of2) = ∆[5](E(8)).

ènx���} � z�uf�yz�ufÛCÑ z?wyÌ�z�}rwNufÛCÑ |~}�x;wyxCz �UÌS�y�yz�}�×µÌS��ÍEzL���UzvÛµzUw � zLzL�$}��C×µzL�N}�| �C�S�CÑ~uf�zLÑ Ñ | ×Ewy|~�>�U�C�y®Sz�}[uf��Í2�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ�^a��uSÍE�Nu\wy|~�ºÒÃÌS�y{[}L�nuf��Í�wyxCzL�yzUÒÃÌS�yzÄÛ�Ó���}�| �C�ÒÃÌS�y{ù�CÑ~u;ìrË­í � z��UÌS{
×C�Ewyz�ÍE| �yz��GwyÑ Ó)wyxCz?Û�uS}�z�}ºÌfÒÁwyxCz�zL��ÍEÌS{
ÌS�y×CxC|~}�{%�y| �C�a}Äuf��Í
���C|~}�xïÌS�C��ufÑ �SÌS�y| wyxC{ï�
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