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Let O be a complex quadratic order with discriminant A, and let k be an
0 - ideal class; tben k consists of fractional ideals (Z +b+/A/2a Z) -8,
B e Kx, and to k is associated the quadratic form aXZ + bXY + c‘Iz. The inte-
gers a and b are unique up to SLZ(ZZ)—action on Z +b+/Af2a T, so it is al-
ways possible to choose a and b such, that the number b+vA/2a is in the stan-
dard fundamental domain of SL, (Z), acting on the upper half plane, This
choice gives the following conditions on a, b and c:
b+v/B
2a

[
i

. 2 2,
DEFINITION. A binary quadratic form £ = aX  + bXY + ¢Y¥  is called reduced

if 1bl < a =< c.

| =21

12 s-%- and |

Ib] < a

It is obvious that Theorem 2.3 can also be stated in the following form:

THECREM 2.3'. Let 0 be a compler quadratic order of diseriminant A. The
elasses of invertible fractional O—ideals are in 1-1 correspondence with the
reduced primitive definite binary quadratic form of diseriminant 4.

CONVENTION. We will always identify reduced fomms (a,b,c) and (2,-b,c), when-
ever ]b] = a or 2 = ¢, These forms correspond to ideal classes represented

by Z + Z-a, with a on the boundary of the fundamental domain,
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whence, looking at "v& coefficients'':

b,+b
1 1 1 72 1 of d
G—Z+5—Z + Z)af = 57— Z— = Z aB
2a] 2a2 %a. a, 13> 233 d Zala2
b|+b
azz + alz + 5 Z =dZ.
So
by*h,
(2) d = gcd(a],az,——i——d

and we can easily compute Vi sVgsW € Z such that

b1+b2
vlaI + vza2 + W 5 = d.

Finally it is easily seen that b3 can be taken to be
(3) b. = v.+b '-—~2—+V b '—1-+W'—
3 271 d i1 72 d 2d ’

Formulas (1), (2) and (3) give a form (a3,b3,c3) that corresponds to the
ideal class that contains MN,

By Theorem 2.3", these formulas enable us to perform computations in
the class group of a complex quadratic order, on conditiom, that we have a
way to compute the unique reduced form equivalent to a given form. Fortun-

ately there is a very simple and fast algorithm to do this:

REDUCTION AIGORITHM. lLet f = (a,b,c¢) be a primitive positive defimite qua-

dratic form of discriminant A.
(i) reduce b (mod 2a) such that ]b] = ay and adjust c;
if £ is not reduced then

(ii) £ « (c,-b,a) and start all over.

It is left to the reader to verify that this algorithm terminates and
is correct, Perhaps, it is worth moting that (a,b,c) + (¢,-b,a) corresponds
té action of 5 = ( ]0) € SL, (Z) and reducing b (mod 2a) correspond to ac—
tion of Tk where T = (OI) € SL (Z) and k is some suitable integer. The group

SL2 (Z) is generated by S and T.
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=]

(5) h

Mo, =80 0 a-dhy
T m . PP
pprime

We approximate h, by simply evaluating

~ J/TA I,-1
=2 n a-&2
p prime PP
p<X

1
for some X (which we will take'O(lAlS); we'll say more on choices of particu-

lar constants later). Due to convergence of the product (5), we have that
(6) (1-e)h < h < (1+e)h,

wherec is a small positive number depending on X. This gives us a rough idea
of the size of h. Next we choose a form f = (a,b,c) of discriminant A (for
instance by taking a = p, a prime with (39 = +1, and b2 = A (mod 4a)). By
group theory, we have that fh = 1 and we use this fact together with the

estimate h =~ E, to find h by searching in the (relatively short!) interval

&) ((1-0)F, (+e)f)
for a number h' such that fh' = |, Perhaps h' = h, but this need not be the
case. Next we compute the precise order of f, by factoring h', which has
size O(Tﬁli+€) and we put H = the cyclic group generated by f; we keep H by
means of a list of (independent) generators of its p-Sylow subgroup. If
(1-e}h < #H < (1+e)h we conclude that H = ¢£(0); if not, we pick a new form
f' and compute its order in the same way, now using that #H|#CL(0) and com-
pute the group generated by H and f', by computing a set of independent gen-
erators for its Sylow—subgroup; we call this group H again.
We repeat this procedure until (1-e)h < #H < (1+e)h and then we conclude
that H = c£(0). ’

A few remarks on this algorithm:

- The search for a number h' in the interval (7), such that fh' = ] can be
performed effectively, by means of the so-called "baby-giant-step strategy™:
Let £ = 2eh be the length of the interval (7}, then compute £P and

search successively for fE,fggil,fﬁéiz,...,etc. (the giant steps) in the

list of baby-steps. If one finds
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The class group of a real quadratic order ¢ is defined as the group of
invertible fractional 0-ideals modulo the principal fractional (-ideals.

If A = f2 is a square, we can consider A to be the discriminant of the
subring Z(1,1) x Z(0,f) of index f in Z x Z; the class group of this ring
is isomorphic to (Z/£Z) /{+1}. We do not enter into these rather pathologi-
cal cases. For the "imtermediate case™ & = 0 see GAUSS [i2].

Let 0 be a real quadratic order, then
0"~z e Z/27;

. x : x
more precisely: there exists an £ € { such that every umit u ¢ 0" can be
. s x
written as 1-ek, k ¢ Z. There are four numbers in (", that each, together
. x .. . .
with -1, generate 0 ; fixing an embedding K> R, one of these numbers is

greater than 1. We denote this number by € and call it the fundamental wnit
of 0.

DEFINITION If 0 is the fundamental unit of O then
R(D) = log €

is called the regulator of 0.

If no confusion is likely, we will omit the indices 0. Let K be a real

quadratic field with discriminant A.

DEFINITION. N: K + @ by Na = a+0(a) where | # g e Gal(K/Q). We call N the

norm map; it is a homomorphism and if we write a ¢ Kx, a = p+q/A then
2 2
Na =p = 4q .
By means of the norm map we can refine the concept of the class group
somewhat:

DEFINITION. Let O be a real quadratic order and let P(0)+ = {principal ideals
generated by elements of positive norm}. We have the following commutative

diagram with exact rows and columns:
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=1

B n G- L
PP

with an accuracy of logla] significant decimal digits; the product is taken

2
over all primes p < X = max(lﬁllls, Czlog 1al).
Next for successive primes p = 2 with (EJ = | do the following step un—
2 .
til either a factorization of N is found or p 2 G, log |ail; if the latter

occurs one concludes that N is prime.

Step 3. Compute a quadratic form f = (p,b,c) and compute a multiple of its
order using the estimate h ~ h{(0(A)) obtained in Step 2 and the baby-giant-
step strategy discussed in Section 3. If N = 3 (mod 4), compute the form of
order two in the cyclic group generated by f; if a form of order two is actu-
ally existing one obtains a nontrivial factorization of N. If N = I (mod 4)
denote by H a subgroup of the class group of 0(A) which initially, i.e. be-
fore entering Step 3, equals {(1,1,1-Af4),(3,3,N+3/4}]. Compute a form g, a
generator of the 2-primary part of the cyclic group generated by f; compute
the group generated by H and g and call it H again. If for some p the group

H "becomes" non-cyclic, there are three forms of order 2 in H and those dif-

ferent from (3,3,N+3/4) give rise to a nontrivial factorization of N.

This completes the description of the algorithm.

The algorithm is correct by genus theory and Corollary 6.3: If N passes
the tests in Step | we can be sure that, if N is composite, there exists a
form of order 2 in CE(0U(4)) which gives a nontrivial factorization of N; for
details see {12]. By Cor. 6.2 the class group is generated by forms {(p,b,c)
with (%) =1 and p < Gllog2 |Al, so, if we did never find a form of order 2
in Step 3 of the algorithm we can be sure that no such form exists i.e. that
N is a prime.

A brief runming time analysis runs as follows: Step 1 is polynomial in
log N ; Step 2 takes time O(Nl!5+€) as explained in Section 3. Theorem 6.2
and the class number formula imply that Ih(a)-hl = 0(N2/5+£), so the baby-
giant-step strategy in Step 3 takes 0(N”5+E); The test of the computations
in Step 3 is polynomial in log N : computing a form (p,b,c) can be done in
time O(p logN) = 0(log3 N) and computing a generator of the 2-primary part
of the ecyclic group generated by f and computing a form therein can be done
by evaluating certain powers of f which takes time polynomial in log N; all

computations concerning the group H can be done in time polynomial in log N.


















































