
























































48 I, TITS

Let F be a facet of codimension one of 4 with respect to K| which is not a facet
with respect to K (cf. the example following 1.10.1). By the last assertions of §§1.8
and 2.4, there is exactly one chamber of #(G, K,) not contained in 4 and whose
closure contains F; it must of course be fixed by Gal(K,/K) and cannot be con-
tained in & since Fis not a facet of 2.

For a proof of the above results and a more detailed analysis of the situation,
cf. [19].

2.7. Example. Groups of relative rank 1. The building of a semisimple group of
relative rank 1 is a contractible simplicial complex of dimension 1, i.e., @ tree. All
its vertices are special points. If K 2 F, and if d, d’ are the integers d(v) attached to
the two vertices of the Dynkin diagram, each edge of the tree has one vertex of
order g4 + 1 and one vertex of order ¢¢ + 1 (cf. §2.4). Consider for instance the
special orthogonal group of a nonsplit quadratic form in 5 variahles over 0y: here,
d =1, d =2, and the building looks as suggested by the picture below. In that
case, the vertices of order 5 are hyperspecial and the others are not.
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2.8. Example. SL, and GL,. Suppose that G = SL;. The building & = #(G, K)
is a 2-dimensional simplicial complex whose maximal simplices are equilateral
triangles, for the metric introduced in §2.3. The apartments are Euclidean planes

triangulated in the familiar way:

To picture the building itself, one must imagine it “ramifying” along every edge,
each edge belonging to ¢ + 1 triangles if ¢ = card K. The link of each vertex in#
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arbitrary reductive groups: if 24 is not a root, we simply take the coroot associated
with a in the split subgroup of maximal rank defined in [3, §7); if 2¢ is a root, we
define the coroot associated with a as being twice the coroot associated with 2a
(X, being written additively}.

3.5.1. The root system of G with respect to § is the system @ (cf. 1.9); in partic-
ular, its Dynkin diagram is obtained from the local Dynkin diagram NG, K) by
deleting the vertices belonging to Ir (¢f. 1.9) and all edges containing such vertices.
The coroot associated with a root a € D is the same for G4 as for G. If U, denotes the
unipotent subgroup of G's4 corresponding to a, the group U (K) is nothing else but the
group X, of §1.4, where o is the affine root vanishing on F and whose vector part is a.

Applying that to the unramified closure of K, one gets the following immediate
consequence.

3.5.2. The index of G4 over K, in the sense of [3] and [22), is obtained from the
local index of G by deleting from J; all vertices belonging to the orbits O(v) with
v e I (the notations are those of §1.11) and all edges containing such vertices. In
particular, if G is residually quasi-split (resp. residually spli), G4 is guasi-split
(resp. split). When F is a chamber, then G is residually quasi-split (resp. residually
split) if and only if G is a torus (resp. a split torus).

If G is simply connected, the group G, is connected. In general, the group of com-
ponents of G, is easily computed when one knows the group 5, = £(G, K)) (cf.
§2.5), where K is the maximal unramified extension of K. Here, we shall give the
result only in the case of a facet.

3.5.3. The group of components of Gy is canonically isomorphic with the intersec-
tion of the stabilizers of the orbits O(v) with v e I in the group 51. A component is
defined over K if and only if the corresponding element of Z| is centralized by
Gal(K,/K). If K is finite, every component of Gp which is defined over K has a K-
rational point (by Lang’s theorem).

The groups &' give an insight into the geometry of the building through the
following statement:

 3.5.4. The link of F in B is canonically isomorphic with the spherical building of
G over K, i.e. the “building of K-parabolic subgroups™ of G (¢f. [23, 5.2]).

The groups G also provide an alternative definition of the integers d(v) of
§1.8. Suppose F is of codimension one and let v be the complement of I in the
set of all vertices of 4. Then, G"% has semisimple K-rank 1 and d(v} is the dimension
of its maximal unipotent subgroups, or, equivalently, the dimension of the variety
Gy/Pr, where Py is a minimal K-parabolic subgroup of Gy, the neutral component of
Gr. This, together with 3.5.4, implies the interpretation of d(v) given in 2.4. If G
is residually split, G/ P is a projective line, hence d(v) = 1; in particular, we re-
cover the last statemnent of §1.8.

While 3.5.2 gives an easy algorithm to determine the fype of Gid, 3.5.1, applied
to the unramified closure of K, actually provides the absolute isomarphism class of
that group. Here is an immediate application of that. Suppose that G is quasi-
simple, simply connected and residually split and that F is a special point. Then,
(7% is a simply connected quasi-simple group except if the local Dynkin diagram
is the following one:

(]) =t
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4. Classification.

4.1. Introduction. To finish with, we give the classification of simple groups
in the case where the residue field K is finite, which will be assumed from now on.
We recall that, in the characteristic zero case, that classification has been given first
by M. Kneser [16]. The tables 4.2 and 4.3, together with the comments in §4.5,
provide a list of all central isogeny classes of absolutely quasi-simple groups over
K. For each type of group, they give the following information, where K; denotes
the unramified closure of X

a name of the shape =X where the symbol X represents the absolute local Dynkin
diagram 4; (1.11) with the notations of [8, 1.4.6]—except that our C-BC cor-
responds to the C-BCT of [8]—and where a is the order of the automorphism
group of 4, induced by Gal(K,/K); for residually split groups, 2 = 1 and the
superscript @ is omitted from the notation; note that the index on the right of X is
the relative rank over X, hence equal to the number of vertices of 2, minus one;
primes, double primes, etc. are used to distinguish types of groups which would
otherwise have the same name;

the symbol representing the affine roor system (or échelonnage) in the notations
of [8]; in the residually split case, that symhol coincides with the name of the type
and is not given separately; note that the right part of the symhol gives the type of
the relative root system @ and, in particular, that the index on the right of it is the
relative rank over X, hence equal to the number of vertices of the relative local
Dynkin diagram 4 minus one;

the local index (§1.11), the relative local Dynkin diagram A (§1.8) and the
integers d(v} attached to its vertices (§1.8); the action of Gal(X,/K) on 4y—
through a cyclic group of order a (see above)—is essentially characterized by its
orbits in the set of vertices of 4,, orbits which are exhibited as follows: the elements
of the orbit O(v) corresponding to a vertex v of 4 (1.11) are placed close together on
the same vertical line as v (in the few cases, such as 2D,, 2D;,, etc., where two
vertices of A are on the same vertical, the correspondence v — O(¥) should be clear
from the way the diagrams are drawn); since X is finite G is residually quasi-split
(1.10.3), hence all vertices of 4, are distinguished except for the unique anisotropic
type 4,_, (§1.11), and there is no need for a special notation like the circling of
orbits, as in [22]; hyperspecial vertices (§1.10) are marked with an hs and the other
special vertices (§1.9) with an s;

the index of the form, in the ““usual” sense of [3] and [22]; for simplicity, we do
not represent that index by a picture but rather by the corresponding symbol in the
notation of [22]; we recall that that symbol carries, among other, the following in-
formation: the absolute type of the group, the absolute rank, the relative rank
(already provided by the symbol representing @) and the order of the auto-
morphism group of the ordinary Dynkin diagram induced by the Galois group of
the separable closure of X. :

In the case of the inner forms of 4,, the diagrams are, for technical reasons, re-
placed by explanations in words.



































