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“There is no algorithm which, for a given arbitrary Diophantine
equation, would tell whether the equation has a solution or not.”

— Yuri Matiyasevich, Hilbert’s tenth problem: What can we do
with Diophantine equations?, 1996.

1 Bézout’s identity

Theorem 1. Let a and b be nonzero integers, and let d = gcd(a, b). The equation ax + by = d
always has a solution (x1, y1) in integers, and this solution can be found by the Euclidean
algorithm. Then every solution to the equation can be obtained by substituting integers k into
the formula (

x1 +
b

d
· k, y1 −

a

d
· k

)
For a proof of this theorem, refer [Silverman, Chapter 5 and 6].

Exercise 1. Find all the integer solutions (if they exist) of the following equations:

1. 127x + 52y = 1

2. 127x− 52y + 1 = 0

3. 127x− 52y = 2

4. 1313x + 182y = 13

5. 1313x + 182y − 1 = 0

6. 1313x− 182y = 117

One can also solve such equations using continued fractions, see [Gelfond, §2].

2 Pythagorean triple

Theorem 2. Let a be a nonzero integer. The equation ax2 + y2 = z2 has infinitely many
primitive solutions. That is, there exits infinitely many triples (x1, y1, z1) such that x1, y1 and
z1 have no common factors and satisfy ax21 + y21 = z21.

For a proof of this theorem, refer [Davenport, §VII.2] or [Gelfond, §3].

Exercise 2. Find all the non-zero integer solutions (if they exist) of the following equations:

1. x2 + y2 = z2

2. x2 − y2 = z2

3. x2 + 2y2 = z2

4. x2 + y2 = 2z2

5. x2 + 3y2 = z2

6. x2 + y2 = 3z2

One can also solve such equations using co-ordinate geometry, see [Silverman, Chapter 2 and
3]. The general case ax2 + by2 = cz2 is much more difficult to tackle, see [Davenport, §VII.3].

3 Cattle Problem of Archimedes

Theorem 3. Let D be a positive integer that is not a perfect square. Then equation x2−Dy2 = 1
always has solutions in positive integers. If (x1, y1) is the solution with smallest x1, then every
solution (xk, yk) can be obtained by taking powers

xk +
√
Dyk = (x1 +

√
Dy1)

k for k = 1, 2, 3, . . .

For a proof of this theorem, refer [Silverman, Chapter 34].

Exercise 3. Find all the positive integer solutions (if they exist) of the following equations:
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1. x2 − y2 = 1

2. x2 − 2y2 = 1

3. x2 − 3y2 = 1

4. x2 − 4y2 = 1

5. x2 − 63y2 = 1

6. x2 − 64y2 = 1

One can also solve such equations using continued fractions, see [Davenport, §IV.11] and
[Gelfond, §4 and 5].

4 Congruent number problem

A congruent number is a positive integer that is the area of a right triangle with three rational
number sides.

Theorem 4. A square-free positive integer n is a congruent number if and only if the equation
y2 = x3 − n2x has infinitely many rational solutions.

For more details, see [Chahal]. Nobody knows how to determine if n is a congruent number.

Exercise 4. Find all the rational solutions (if they exist) of the following equations

1. y2 = x3 − x (Fermat, 1640)

2. y2 = x3 − 25x (Fibonacci)

3. y2 = x3 − 36x (Hint: 52 = 32 + 42)

4. y2 = x3 − 1572x (Don Zagier)

For a discussion about similar equations, see [Davenport, §VII.4 and 5].
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