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Abstract

A sheaf-theoretic proof of de Rham cohomology being a topological invariant has been
presented. The de Rham cohomology of a smooth manifold is shown to be isomorphic to the
Cech cohomology of that manifold with real coefficients.
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Introduction

“The major virtue of sheaf theory is information-theoretic in nature. Most problems
could be phrased and perhaps solved without sheaf theory, but the notation would be
enormously more complicated and difficult to comprehend.”

— Raymond O. Wells, Differential Analysis on Complex Manifolds, p. 36

A fundamental problem of topology is that of determining, for two spaces, whether or not
they are homeomorphic. Algebraic topology originated in the attempts by mathematicians to
construct suitable topological invariants. In 1895, Henri Poincaré® introduced a certain group,
called the fundamental group of a topological space; which is by definition a topological invariant.
Enrico Betti, on the other hand, associated with each space certain sequence of abelian groups
called its homology groups [14, p. 1]. It was eventually proved that homeomorphic spaces had
isomorphic homology groups. It was not until 1935 that another sequence of abelian groups,
called cohomology groups, was associated with each space. The origins of cohomology groups
lie in algebra rather than geometry; in a certain algebraic sense they are dual to the homology
groups [14, p. 245]. There are several different ways of defining (co)homology groups, most
common ones being simplicial and singular groups®. A third way of defining homology groups
for arbitrary spaces, using the notion of open cover, is due to Eduard Cech (1932). The Cech
homology theory is still not completely satisfactory [14, p. 2]. Apparently, Cech himself did not
introduce Cech cohomology. Clifford Hugh Dowker, Samuel Eilenberg, and Norman Steenrod
introduced Cech cohomology in the early 1950’s [2, p. 24].

In 1920s, Elie Cartan’s extensive research lead to the global study of general differential
forms of higher degrees. E. Cartan, speculating the connections between topology and differ-
ential geometry, conjectured the de Rham theorem in a 1928 paper [10, p. 95]. In 1931, in his
doctoral thesis, Georges de Rham®* showed that differential forms satisfy the same axioms as
cycles and boundaries, in effect proving a duality between what are now called de Rham coho-
mology and singular cohomology with real coefficients’. De Rham cohomology is considered to
be one of the most important diffeomorphism invariant of a smooth manifold [18, p. 274].

Jean Leray, as a prisoner of war from 1940 to 1945, set himself the goal of discovering
methods which could be applied to a very general class of topological space, while avoiding the
use of simplicial approximation. The de Rham theorem and E. Cartan’s theory of differential
forms were central to Leray’s thinking [8, §2]. After the war he published his results in 1945,
which marked the birth of sheaves and sheaf cohomology®. His remarkable but rather obscure
results were clarified by Emile Borel, Henri Cartan, Jean-Louis Koszul, Jean-Pierre Serre and

*Poincaré, Henri. “Analysis situs.” Journal de I'Ecole Polytechnique. 2 (1895): 1-123. https://gallica.
bnf.fr/ark:/12148/bpt6k4337198

3Singular homology emerged around 1925 in the work of Oswald Veblen, James Alexander and Solomon
Lefschetz, and was defined rigorously and in complete generality by Samuel Eilenberg in 1944 [2, p. 10].

“De Rham, Georges. “Sur 'analysis situs des variétés & n dimensions.” 1931. http://eudml.org/doc/192808

®This can also be achieved directly via simplicial methods, see John Lee’s Introduction to Smooth Manifolds,
Chapter 18. In fact, this theorem has several dozens of different proofs.

5The word faisceau was introduced in the first of the announcements made by Leray in meeting of the Académie
des Sciences on May 27, 1946. In 1951, John Moore fixed on “sheaf” as the English equivalent of “faisceau”.


https://gallica.bnf.fr/ark:/12148/bpt6k4337198
https://gallica.bnf.fr/ark:/12148/bpt6k4337198
http://eudml.org/doc/192808

André Weil in the late 1940’s and early 1950’s”. In 1952, Weil® found the modern proof of the
de Rham theorem, this proof was a vindication of the local methods advocated by Leray [1, p.
5]. Weil’s discovery provided the light which led H. Cartan to the modern formulation of sheaf
theory [8, §2].

One can use Weil’s approach, involving generalized Mayer-Vietoris principle, to study the
relation between the de Rham theory to the Cech theory [1, p. 6]. However, we will follow the
approach due to H. Cartan, written in the early 1950’s, to give a sheaf theoretic proof of the
isomorphism between de Rham and Cech cohomology with coefficients in R [19, p. 163]. An
outline of this approach for proving de Rham cohomology to be a topological invariant can be
found in the the books by Griffiths and Harris [3, p. 44] and Hirzebruch [4, §2.9-2.12].

This report consists of three chapters. In chapter 1 we will discuss various concepts related
to differential forms and smooth manifolds needed to define de Rham cohomology. We will also
develop the tools like Poincaré lemma, which will be used later to establish important sheaf
theoretic results about the differential forms. In chapter 2 we will first discuss the sheaf theory
necessary for defining Cech cohomology, and then prove the key results about Cech cohomology
of paracompact Hausdorff spaces, like “short exact sequence of sheaves induces a long exact
sequence of Cech cohomology”, and “Cech cohomology vanishes on fine sheaves”. Finally, in
chapter 3 we will present the proof of de Rham-Cech isomorphism.

Apart from the three chapters, we have also included two appendices. In Appendix A, to
supplement the discussions in the first two chapters, we have stated few facts about paracompact
spaces. In Appendix B we have discussed the theory of direct limits needed for understanding
various definitions and proofs in the second chapter.

"Georges Elencwajg (https://math.stackexchange.com/users/3217/georges-elencwajg), Why was Sheaf
cohomology invented?, URL (version: 2016-05-24): https://math.stackexchange.com/q/1798796

8Weil, André. “Sur les théorémes de de Rham.” Commentarii mathematici Helvetici 26 (1952): 119-145.
http://eudml.org/doc/139040.


https://math.stackexchange.com/users/3217/georges-elencwajg
https://math.stackexchange.com/q/1798796
http://eudml.org/doc/139040

Chapter 1

de Rham cohomology

“The differential equation P(x,y)dx + Q(x,y)dy = 0 is said to be exact if there is a
function f such that P = 90f/0x and Q = 0f/dy. In our terminology, this means
simply that the 1-form Pdx + Qdy is the differential of the O-form f, so that it is
ezact.”

— James R. Munkres, Analysis on Manifolds, p. 260

1.1 Differential forms on R"

In this section some basic definitions and facts from [13, Chapter 6] and [18, Chapter 1] will be
stated. All the vector spaces are over the field R of real numbers.

1.1.1 Tangent space
Definition 1.1 (Tangent vector). Given p € R"™, a tangent vector to R™ at p is a pair (p;v),
vl

where v = [ : ] e R".

n
Definition 1.2 (Tangent space). The set of all tangent vectors to R™ at p forms a vector space
called tangent space of R"™ at p, defined by

(p;v) + (pw) = (pv+w)  and  c(p;v) = (p;cv)
It is denoted by T, (R™).

Definition 1.3 (Germ of smooth functions). Consider the set of all pairs (f,U), where U is a
neighborhood of p € R™ and f : U — R is a smooth function. (f,U) is said to be equivalent to
(g, V) if there is an open set W C U NV containing p such that f = g when restricted to W.
This equivalence class of (f,U) is called germ of f at p.

Remark 1.1. The set of all germs of smooth functions on R" at p is written as Cp°(R"). The
addition and multiplication of functions induce corresponding operations of C]‘J’O(R”), making it
into a ring; with scalar multiplication by real numbers C)° (R™) becomes an algebra over R.

Definition 1.4 (Derivation at a point). A linear map X, : C;°(R") — R satisfying the Leibniz
rule

Xp(fg) = Xp()g(p) + f(0) Xp(9)

is called a derivation at p € R™ or a point-derivation of CI?O(R").

Remark 1.2. The set of all derivations at p is denoted by D,(R™). This set is a vector space.



Theorem I. The linear map

¢ : TH(R™) — Dy(R")

(p;v) = Dy = ivzi

where (p;v) = (p;v1,...,v,) and D, is the directional derivative in the direction of v, is an
isomorphism.

Remark 1.3. Under this vector space isomorphism, the standard basis {e; ..., e,} of T,(R")
corresponds to the set {0/0x1|p,...,0/0xy|p} of partial derivatives.

Definition 1.5 (Pushforward of a vector). Let U be an open set in R™, a : U — R" be a
smooth function. The function f induces the linear transformation

@ Ty(R™) = Ty (RY)
(p;v) = (a(p); Da(p) - v)

where Da(p) is the total derivative of a at p. In other words, a.(D,)f = Dy(f o a) for
fe Cg‘(’p) (R™). Then au(p;v) is called the pushforward of the vector v at p,

Theorem II. Let U be open in R™, and o : U — R™ be a smooth map. Let V be an open set
of R" containing a(U), let B:V — RF be a smooth map. Then (B0 a)s = By 0 as.

1.1.2 Multilinear algebra

Unlike the preceding and succeeding (sub)sections, here V' and W denote real vector spaces
instead of open sets.

Definition 1.6 (k-tensor). Let V be a vector space over R. Let V¥ =V x - x V denote the
set of all k-tuples (v1,...,v;) of vectors of V. A function f : VF — R is said to be a k-tensor
if f is linear in the i** variable for each i.

Remark 1.4. The set of all k-tensors on V is denoted y the symbol £F(V). If k = 1 then
LY1(V) = V*, the dual space of V.

Theorem III. Let V be a vector space of dimension n, then L*(V) is a vector space of dimen-

sion nk.

Definition 1.7 (Tensor product). Let f € £F(V) and g € £Y(V), then the tensor product
f®g € LFYV) is defined by the equation

(f@g) (v, vkpe) = 01,0 0%) - G(Vkg1s - - -5 Vkpe)
Definition 1.8 (Pullback of tensors). Let 7' : V' — W be a linear transformation and
T : LYW = £F(V)
be the dual transformation defined for each f € £¥(W) and vy,...,v, € V as
(T* )iy ..y vr) = f(T(v1),...,T(vg))
Then T*f is called the pullback of tensor f € LF(W).

Theorem IV. T* is a linear transformation such that:

LT (feg)=T"feTy



2. If S: W — W' is a linear transformation, then (S oT)*f =T*(S*f).
Definition 1.9 (Alternating k-tensor). Let f be a k-tensor on V' and ¢ be a permutation of
{1,--- ,k}. The k tensor f? on V is defined by the equation
o1, 08) = F(Vo1), -+ 5 Vo(k))
The tensor f is said to be alternating if f7 = (sgno)f for all permutations o of {1,---  k}.

Remark 1.5. The set of all alternating k-tensors on V is denoted by the symbol A*(V). If
k =1 then A'(V) = LY(V) = V*, the dual space of V.

Theorem V. Let T : V — W be a linear transformation and T* : LX(W) — LF(V) be the dual
transformation. If f is an alternating tensor on W, then T* f is an alternating tensor on V.

Definition 1.10 (Alternating operator). The linear transformation A : £¥(V) — A¥(V) defined
as

Af = (sgno)f”

is called the alternating operator.

Remark 1.6. One can easily verify that this is a well defined linear transformation. Let 7 be
any permutation and f € £F(V) then

(Af)T = (sgno)(f7)" = (sgno)f™° = (sgn7) Y (sgn700)f™°7 = (sgn7)Af

hence Af € A*(V) for all f € LK(V).

Definition 1.11 (Wedge product). Let f € A¥(V) and g € A*(V), then the wedge product
fAge AV is defined as
1
fAg= MA(]C ®g)
where A is the alternating operator.

Remark 1.7. The reason for the coefficient 1/k!¢! follows from the fact that Af = klf if
fe Ak(V).

Theorem VI. Let f,g,h be alternating tensors on V. Then the following properties hold:
1. (Associative) f AN(gAh)=(fANg)Ah
2. (Homogeneous) (cf) Ng=c(f Ng)=fA(cg) forallc e R

3. (Distributive) If f and g have the same order, then (f +g) ANh = fAh+gAh and
hA(f+g)=hANf+hAg

4. (Anti-commutative) If f and g have orders k and £, respectively, then g A f = (=1)¥f A g

5 Let T : V. — W be a linear transformation and T* : LE(W) — LF(V) be the dual
transformation. If f and g are alternating tensors on W, then T*(f AN g) =T*f NT"g

Theorem VII. Let V' be a vector space of dimension n, with basis {e1,...,en}, and {f1,..., fn}
be the dual basis for V* = AY(V)). Then A¥(V) is a vector space of dimension (}) with the set

{fri=fi N N fi, - T=1(i1,...,1)} as basis.

Remark 1.8. If £ > dim V, then A*(V) = 0. This is because the anti-commutativity of wedge
product implies that if f € V* then f A f = 0.



1.1.3 Differential forms

Definition 1.12 (Tensor field). Let U be an open set in R™. A k-tensor field in U is a
function w assigning each p € U, a k-tensor w, defined on the tangent space T,,(R™). That is,
wp € LF(T,(R™)) for each p € U.

Remark 1.9. Thus w, is a function mapping k-tuples of tangent vectors to R™ at p into R.
The tensor field w is said to be of class C" if it is of class C" as a function of (p,v1,...,vy) for
all p € U and v; € T,(R™).

Definition 1.13 (Differential k-form). A differential form of order k, or differential k-form on
an open subset U of R” is a k-tensor field with the additional property that w, € A*(T,(R"))
for all p e U.

Definition 1.14 (Differential O-form). If U is open in R”, and if f : U — R is a map of class
C", then f is called a differential O-form in U.

Definition 1.15 (Wedge product of 0-form and k-form). The wedge product of a 0-form f and
k-form w on the open set U of R” is defined by the rule

(WA fp=(fAw)p = f(p) wp
forall pe U.

Remark 1.10. Henceforth, we restrict ourselves to differential forms of class C*°. If U is an
open set in R”, let Q¥(U) denote the set of all smooth k-forms on U. The sum of two such
k-forms is another k-form, and so is the product of a k-form by a scalar. Hence QF(U) is the

vector space of k-forms on U. Also, Q°(U) = C*(U).

1.1.4 Exterior derivative

Definition 1.16 (Differential of a function). Let U be open in R™ and f : U — R be a smooth
real-valued function. Then the differential of f is defined to be the smooth 1-form df on U such
that for any p € U and (p;v) € T,(R"™)

(df)p(p;v) = Df(p) - v
where D f(p) is the total derivative of f at p. In other words, (df),(X,) = X, f for all derivations
X, € T,(R").

Remark 1.11. If 2 denotes the general point of R”, the i** projection function mapping R™
to R is denoted by the symbol x;. Then dz; equals the elementary 1-from in R”, i.e. the set
{dx1,...,dz,} is a basis of Q'(R"). If I = (i,...,i;) is an ascending k-tuple from the set
{1,...,n}, then

drr =dx; A--- /\d.%'z'k
denotes the elementary k-forms in R”, i.e. the set {dz; : I is an ascending set of k elements}
is a basis of QF(R"). The general k-form w € QF(U) can be written uniquely in the form

w = Zal dxy
(1]

for some ay € C*°(U).
Theorem VIIIL. Let U be open in R" and f € C>*°(U). Then

_of of

In particular, df =0 if f is a constant function.



Definition 1.17 (Differential of a k-form). Let U be an open set in R” and w € QF(U) such
that w = E[I] frdz;. Then for k > 0, the differential of a k-form w is defined by the linear
transformation

d: QFU) — QL)

w de] ANdxy
1]

where dfr is the differential of function.

Theorem IX. Let U be an open set in R™. If w € QF(U) and n € QYU) then
1. (Antiderivation) d(w An) = dw An + (=) w Ady
2.dod=0

Definition 1.18 (Pullback of a k-form). Let U be open in R™ and o : U — R"™ be a smooth
map. Let V' be an open set in R™ containing «(U). For k > 1

o QR (V) = QR (D)
is the dual transformation defined for each w € Q¥(V)) and (p;v1),..., (p;vk) € Tp(R™) as

(@ w)p((p;v1), .- -5 (D3 0k)) = Wagp) (ax(Piv1), - -, (P 0))
Then the k-form a*w € QF(U) is called the pullback of w € QF(V).

Definition 1.19 (Pullback of a O-form). Let U be open in R™ and a : U — R” be a smooth
map. Let V be an open set in R" containing o(U). If f: V — R be a smooth map, then the
pullback of f € Q°(V) is the the O-form a*f = foa € QU(U), i.e. (a*f)(p) = f(a(p)) for all
pelU.

Theorem X. Let U be open in RY and o : U — R™ be a smooth map. Let V be open in
R™ which contains a(U) and B : V — R™ be a smooth map. Then (f o a)* = a* o f*, i.e.
(Boa)w=a*(B*w) for all w € Q¥(W) where W is an open set in R containing (V).

Theorem XI. Let U be open in R™ and o : U — R™ be a smooth map. If w,n and 6 are
differential forms defined in an open set V of R™ containing a(U), such that w and n have same
order, then

1. (preservation of the vector space structure) o (aw+bn) = a(a*w)+b(a*n) for all a,b € R.
2. (preservation of the wedge product) a*(w A ) = a*w A o*0.

3. (commutation with the differential) o*(dw) = d(a*w), i.e. the following diagram com-
mutes

QF (V) —— QYY)

QF(U) —L— QFL(U)



1.2 Closed and exact forms on R"

In this section the proof of Poincaré lemma following [13, Chapter 8] will be discussed.

Definition 1.20 (Closed forms). Let U be an open set in R" and w € Q¥(U) for k£ > 0. Then
w is said to be closed if dw = 0.

Remark 1.12. If U is an open set in R”, let Z*(U) denote the set of all closed k-forms on U.
The sum of two such k-forms is another closed k-form, and so is the product of a closed k-form
by a scalar. Hence Z¥(U) is the vector sub-space of Q*(U). Also, Z9(U) is the set of all locally
constant! functions on U.

Definition 1.21 (Exact k-forms). Let U be an open set in R" and w € Q¥(U) for k& > 1. Then
w is said to be ezact if w = dn for some n € QF~1(U).

Remark 1.13. If U is an open set in R", let B¥(U) denote the set of all exact k-forms on U.
The sum of two such k-forms is another exact k-form, and so is the product of a exact k-form
by a scalar. Hence B¥(U) is the vector sub-space of Q¥(U). Also, B°(U) is defined to be the set
consisting only zero.

Theorem 1.1. Fvery exact form is closed.

Proof. Let U be an open set in R" and w € B¥(U) such that w = dn for some n € QF1(U).
From Theorem IX we know that dw = d(dn) = 0 hence w € Z¥(U) for all k > 1. For k = 0, the
statement is trivially true. O

Remark 1.14. This theorem implies that B*(U) C Z¥(U) for all k > 0. However, the converse
doesn’t always hold for k > 1. For example, if U = R? — 0 then the 1-form

w:7x2+y2d

T+ dy

_r
2 + y2
is closed but not exact [13, Exercise 30.5, p. 261].

1.2.1 Differentiable homotopy

Definition 1.22 (Differentiable homotopy). Let U and V' be open sets in R” and R", respec-
tively; let g,h : U — V be smooth maps. Then g and h are said to be differentiably homotopic
if there is a smooth map? H : U x [0,1] — V such that

H(z,0) =g(x) and H(z,1)=h(z)
for all x € U. The map H is called differentiable homotopy between g and h.

Lemma 1.1. Let U be an open set in R™ and W be an open set in R"*1 such that Ux[0,1] C W.
Let o, 8 : U — W be smooth maps such that a(x) = (x,0) and B(x) = (x,1). Then there is a
linear transformation

L: QML (W) = k)
defined for all k > 0, such that

dLn+ Ldn = B*n—a*n ifne Q1 W), k>0
Ldy = "y —a*y if v € C®(W) = Q%(W)

where a*, B* : QF(W) — QF(U) are the pullback maps defined for all k > 0.

Locally constant functions are constant on any connected component of domain.
2This means that H is smooth in some open neighborhood of U x [0, 1], like U x (—¢, 1 + ¢).




Proof. Let © = (x1,...,x,) denote the general point of R™, and let ¢t denote the general point
of R. Then, as in Remark 1.11, dzy,...,dxz,,dt are the elementary 1-forms in R"*!. Also, for
any continuous function b: U x [0,1] — R a scalar function I'b is defined on U by the formula

t=1
o)) = [t
t=0
Then for any n € QF (W)
n= Za1d$[+ZdexJ/\dt

(1] [J]
where I is an ascending (k + 1)-tuple and J is an ascending k-tuple from the set {1,...,n}, we
define

L: QML W) = QFU)
n— ZL(a[dSU[) +ZL(de.’L‘J/\dt)
(] [J]
where L(ardxr) = 0 and L(bydzs Adt) = (—1)*(Tby) dz ;.
Step 1. L is a well defined linear transformation.

We need to show that Ly € QF(U). Clearly, Ly is a k-form on the subset U of R™. To
prove that Ln is smooth, it’s sufficient to show that the function I'b; is smooth; and this
result follows from Leibniz’s rule [13, Theorem 39.1], since b; is smooth.

Linearity of L follows from the uniqueness of the representation of 7 and linearity of the
integral operator T'.

Step 2. L(adz;) = 0 and L(bdxy A dt) = (—=1)*(Tb)dxy for any arbitrary (k + 1)-tuple I and
k-tuple J from the set {1,...,n}.

If the indices are not distinct, then these formulae hold trivially, since dx; = 0 and dz; = 0
in that case. If the indices are distinct and in ascending order then these formulas hold
by definition. Since rearranging the indices changes the values of dz; and dz; only by a
sign, the formulae hold even in that case (the signs will cancel out due to linearity).

Step 3. Ldy = f*y — a*y if y € C®(W)

Ldy =1L <Zg;dxi) +L (Z’Zdt)

i=1

=0+ (1" (F‘Q)

t=1 a,}/
= —(x,1
/to 2 (1)

=yo0f—-vca
=By — oty

Step 4. dLn + Ldn = B*n —a*n ifn € QY (W), k>0

Since d, L, o™ and * are all linear transformations, it suffices to verify the formula for
the (k + 1)-forms n = adx; and n = bdx; A dt. We will use Step 2 and Theorem XI to
simplify and compare left hand side (LHS) and right hand side (RHS) of the formula for
both the cases.
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Case 1. n = adzy for any (k + 1)-tuple I from {1,...,n}
Simplify the LHS:

dLn+ Ldn=d0+ L(da Adzy)

" da da
:L<Z B da:lAdx[—i—adt/\da:])

=1

" da da
- (Z 2. da:i/\dxl) + L <8t dt/\dxl)

=1

=0+ (-1)*'L @j dzr A dt>

= (—1)Ft1. (—1)k+! <ng> dz;

([ )

= (a(z,1) — a(z,0))dzr
=(aof —aoa)drs

Simplify the RHS:

B*n —a*n =F*(adzr) — a*(adxy)

=p"(a)p*(dz1) — a*(a)a"(dz)

=(ao B)*(dwsy A--- ANdwgy, ) — (aoa)a™(day A--- Aday, )
(ao B)(d(B @iy) A+ Nd(B iy, ))—
(aoa)(d(a’zy) A---Ad(azy,, )
(aofB)(dxsy, A---ANdwy, ) — (aoa)(dzy A--- Aday, )
(aof —aoa)drr

Case 2. n =bdxy Adt for any k-tuple J from {1,... ,n}
Simplify the LHS:

dLn + Ldy =d ((—1)’“(Fb) de) + L(dbAdzy Adt)

= [(=1)* d(Tb) A day] +

L( a@b dx]/\dxj/\dtJrgbdt/\d:cJ/\dt)]
L \s=t

— (—1)k2£(rb)dxj/\dxj + ZL(ﬁddemAdtﬂ
j=1 "7 j J

= Z I‘b Ydz; Adxy| + Z(_l)kﬂ (I‘:f) da; A de]
J

7=1 7j=1

:0

since by Leibniz’s rule [13, Theorem 39.1], %(Fb) = F%’j for all j. Now we simplify
the RHS:

B*n —a*n =g*(bdxy A dt) — o™ (bdxr A dt)

11



=[(B"b) d(B xj,) A--- Ad(B7x;,) Ad(B7)] —

(@) d(a*zj) A--- Ad(azj,) Ad(a™t)]
=[(bo p)dz;, A...dzj Adl] = [(boa)dx; A...dxj AdO]
=0—-0=0

This completes the proof of the lemma. O

Remark 1.15. For the special case, when k£ = 0 we have n = " | a; dz; + bdt. In this case,
we have Ln = I'b since J is empty. Hence, just as d is in some sense a “differentiation operator”,
the operator L is in some sense an “integration operator”, one that integrates n in the direction
of the last coordinate [13, Exercise 39.4].

Proposition 1.1. Let U and V' be open sets in R™ and R™, respectively. Let g,h: U — V be
smooth maps that are differentiably homotopic. Then there is a linear transformation

T: QMY V) = Q)

defined for all k > 0, such that

dTw+Tdw = h*'w — g*w  if w e P+ (V), k>0
Trdf=n"f—-g"f if feC®(V)=0a%V)

where g*, h* : QF(V) — QF(U) are the pullback maps defined for all k > 0.

Proof. The preceding lemma was a special case of this proposition since a and 8 were differen-
tiably homotopic. We borrow notations from the preceding lemma.

Let H : U x [0,1] — V be the differentiable homotopy between g and h, i.e. H(z,0) =
H(a(z)) = g(z) and H(x,1) = H(B(x)) = h(z). Then we have the pullback map H* : QF(V) —
QF(W) defined on an open neighborhood W of U x [0,1] and k > 0. Hence for k > 0 we have
the following commutative diagram:

Qk+1 (V) _HY kel (W)

LoH*

Q*U)

Claim: T=Lo H*
We will verify both the desired properties separately.
Step 1. dTw + Tdw = h*w — g*w if w € Q*1(V), k>0
Let H*w = n € Q¥F1(W), then using Theorem XI, Theorem X, and the preceding lemma

dTw + T dw = d(L(H*w)) + L(H*(dw))
=dLn+ Ldn
=" —a’n
= (" (H'w) — o (H*w)
=(Hof)'w— (Hoa)w

=h'w—g*w

12



Step 2. Tdf =h*f —g*f if f € C°(V) =Q%(V)
Let H*f = v € Q°(W), then using Theorem XI, Theorem X, and the preceding lemma

Tdf = L(H* df)
=Ldy
=p*y—a'y
=B (H"f) —a"(H"[)
=(Hop)'f—(Hoa)'f
=hf-9gf

This completes the proof. ]

1.2.2 Poincaré lemma

Definition 1.23 (Star-convex). Let U be an open set in R™. Then U is said to be star-convex
with respect to the point p € U is for each x € U, the line segment joining x and p lies in U.

Theorem 1.2 (Poincaré lemma). Let U be a star-convexr open set in R™. If k > 1, then every
closed k-form on U is exact.

Proof. Let w € ZF(U) for k > 1. We apply the preceding proposition. Let p be a point with
respect to which U is star-convex. We define the maps g and h as follows:

g:U—=U h:U—=U

TDp T =T

Since U is star-convex with respect to p, there always exists a straight line in U joining any
point « € U with p. Hence we have the differentiable homotopy between g and h given by this
straight line

H:Ux|[0,1] -U
(2,1) > th(z) + (1 - )g(x)
Therefore the maps g and h are differentiably homotopic.
Now we use the previous proposition, i.e. there exists T : Q¥(U) — QF~1(U) such that
dTw+ Tdw = h*w — g*w. Hence if dw = 0 then d7Tw = w since pullback map corresponding
to the identity map is the identity map i.e. h*w = w and pullback map corresponding to a

constant map is the zero map i.e. g*w = 0. Hence w € B¥(U) for all k > 1. This completes the
proof?. O

Remark 1.16. Being star-convex is not such a restrictive condition, since any open ball
B(p,e) ={x e R": [Jx — pl[ < e}

is star-convex with respect to p. Hence, Poincaré lemma holds for any open ball in R™.

31f we also use the second condition of the preceding proposition we get that if df = 0 then f is a constant
map. This is Munkres’ defintion of exact O-form [13, p. 259].
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1.3 Differential forms on smooth manifolds

In this section some basic definitions and facts from [18, Chapter 2, 3 and 5] and [11, §1.1, 2.1,
3.2, 3.4 and 5.1] will be stated.

Definition 1.24 (Smooth manifold). A smooth manifold M of dimension n is a second count-
able Hausdorff space together with a smooth structure on it. A smooth structure % is the
collection of charts {(Uy, ¢a)}aca where U, is an open set of M and ¢, is a homeomorphism
of U, onto an open set of R™ such that

1. the open sets {Uy}aca cover M.
2. for every pair of indices «, 8 € A with U, NUg # () the homeomrphisms
Pa 0 b5 1 ¢5(Ua NUs) = ¢a(Ua NUp),
$p0 a' : ¢a(Ua NUp) = ¢5(Ua NUp)
are smooth maps between open subsets of R™.

3. the family % is maximal in the sense that it contains all possible pairs (U,, @) satisfying
the properties 1. and 2.

Example 1.1. Following two smooth manifolds will be used throughout this report:

1. The Euclidean space R™ is a smooth manifold with single chart (R™, 1gn), where lgn is
the identity map. In other words, (R™, 1gn) = (R, z1,...,2,) where z1,...,z, are the
standard coordinates on R™.

2. Any open subset V' of a smooth manifold M is also a smooth manifold. If {(U,, ¢a)} is
an atlas for M, then {(Uy NV, ¢o|u,nv)} is an atlas for V, where ¢o |y, v : Us NV — R"
denotes the restriction of ¢, to the subset U, NV.

Theorem XII. Every smooth manifold M is paracompact®.

Definition 1.25 (Smooth function on a manifold). Let M be a smooth manifold of dimension
n. A function f: M — R is said to be a smooth function at a point p in M if there is a chart
(U, ¢) about p in M such that f o ¢!, a function defined on the open subset ¢(U) of R, is
smooth at ¢(p). The function f is said to be smooth on M is it is smooth at every point of M.

(U,p) —2— (R™, $(p))

O

(R, f(p))

Definition 1.26 (Smooth partition of unity). Let M be a smooth manifold with an open
covering U = {Uqy }aca. Then a smooth partition of unity on M subordinate to U is a family of
smooth functions {1, : M — R},c4 satisfying the following conditions

1. supp(¢q) C U, for all a € A.
2. 0<9Yq(p)<lforallpe M and a € A

3. the collection of supports {supp(¥a)}aca is locally finite.

4For definition and general properties of paracompact spaces, see Appendix A.
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4. > weaalp) =1forallpe M
where supp(t,) is the closure of the set of those p € M for which ¢, (p) # 0.

Theorem XIII. Any smooth manifold M with an open coveringU = {Uy}aca admits a smooth
partition of unity subordinate to {Uy}.

Remark 1.17. If {1} is a smooth partition of unity on M subordinate to {U,}, and {f, :
Uy, — R} is a family of smooth functions, then the function f : M — R defined by f(z) =

> wed Pafa is smooth.

Definition 1.27 (Smooth map between smooth manifolds). Let M and N be smooth manifolds
of dimension m and n, respectively. A continuous map £ : M — N is smooth at a point p if M
if there are charts (V,4) about F(p) in N and (U, ¢) about p in N such that the composition
Yo Fo¢ ! amap from the open subset ¢(F~1(V)NU) of R™ to R", is smooth at ¢(p).

(U,p) ——— (V,F(p))

I |
(R™, ¢(p)) 220 (R (P (p)))

The continuous map F' : M — N is said to be smooth if it is smooth at every point in M.

Remark 1.18. In the definition of smooth maps between manifolds it’s assumed that F' :
M — N is continuous to ensure that F~(V) is an open set in M. Thus, smooth maps between
manifolds are by definition continuous.

Theorem XIV. Let M and N be smooth manifolds of dimension m and n, respectively, and
F: M — N a continuous map. The following are equivalent

1. The map F : M — N 1is smooth

2. There are atlases % for M and ¥V for N such that for every chart (U, ¢) in % and (V1))
in ¥V the map
YpoFop l:¢p(F Y (V)NU) —R"

s smooth.

3. For every chart (U, ¢) on M and (V,¢) on N, the map
YpoFop l:p(F Y (V)NU) = R"
is smooth.

Theorem XV. If (U, ¢) is a chart on a smooth manifold M of dimension n, then the coordinate
map ¢ : U — ¢(U) CR"™ is a diffeomorphism.

Remark 1.19. One can generalize the notation for projection maps introduced in Remark 1.11.
If {U, ¢} is a chart of a manifold, i.e. ¢: U — R™, then let r; = x; 0 ¢ be the i"® component of
¢ and write ¢ = (r1,...,m) and (U, ¢) = (U,r1,...,7ry). Thus, for p € U, (ri(p),...,mn(p)) is
a point in R™. The functions r1,...,r, are called coordinates or local coordinates on U.

Theorem XVI. Let M and N be smooth manifolds of dimension m and n, respectively, and
F: M — N a continuous map. The following are equivalent

1. The map F : M — N is smooth
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2. The manifold N has an atlas such that for every chart (V,¢) = (V,s1,...,sy) in the
atlas®, the components s; 0o F : F~1(V) — R of f relative to the chart are all smooth.

3. For every chart (V,v) = (V,s1,...,5,) on N, the components s;0o F : F~Y(V) = R of F
relative to the chart are all smooth.

1.3.1 Tangent space

Definition 1.28 (Germ of smooth functions). Consider the set of all pairs (f,U), where U
is a neighborhood of p € M and f : U — R is a smooth function. Then (f,U) is said to be
equivalent to (g,V’) is there is an open set W C U NV containing p such that f = g when
restricted to W. This equivalence class of (f,U) is called germ of f at p.

Remark 1.20. The set of all germs of smooth functions on M at p is denoted by C;°(M). The
addition and multiplication of functions induce corresponding operations of CgO(M ), making it
into a ring; with scalar multiplication by real numbers C)° (M) becomes an algebra over R.

Definition 1.29 (Derivation at a point). A linear map X, : C;°(M) — R satisfying the Leibniz
rule

Xp(f9) = Xp(N)g(p) + f(p) Xp(9)
is called a derivation at p € M or a point-derivation of C;°(M).

Definition 1.30 (Tangent vector). A tangent vector at a point p in a manifold M is a derivation
at p.

Definition 1.31 (Tangent space). The tangent vectors at p form a real vector space T,M,
called the tangent space of M at p.

Definition 1.32 (Partial derivative). Let M be a smooth manifold of dimension n, (U, ¢) =
(U,r1,...,my) be achart and f : M — R be a smooth function. For p € U, the partial derivative
Of /Or; of f with respect to r; at p is defined to be

9 of . d(fos™) o .
—| f=5-(p) = (¢(p)) == (foo™)
8Ti D 87“,' 8xl al’l ¢(p)

where 7; = z; 0 ¢ and {x1,...,x,} are the standard coordinates on R".

Definition 1.33 (Pushforward of a vector). Let F : M — N be a smooth map between two
smooth manifolds. At each point p € M, the map F induces a linear map of tangent spaces

F,: TpM — Tp(p)N
such that given X, € T,M we have (F(X,))f = X,(foF)eRfor f € C’ﬁp)(M).

Remark 1.21. The pusforward map induced by an the identity map of manifolds is the identity
map of vector spaces, i.e. (Iar)s«p = L1,0-

Theorem XVII. Let F: M — N and G : N — N’ be smooth maps of manifolds, and p € M,
then (G o Fp = Gy pepy © Fup

M —r TN

(GoF)xp
G, F(p)

Tar@p) N’

SHere s; = y; o ¢ if we consider the coordinates of R™ to be (yi,...,yn) and coordinates of R™ to be
(1, Tm).
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Theorem XVIII. Let (U,¢) = (U,r1,...,15) be a chart about a point p in a manifold M of
dimension n. Then ¢, : TyM — Ty,)R™ is a vector space isomorphism and TpM has the basis

{6 0 }
or; » ory, »
where r; = x; 0 ¢ and {x1,...,x,} the standard coordinates of R™.

Remark 1.22. Hence one observes that if M is n dimensional manifold then T,,M is a vector
space of dimension n over R.

1.3.2 Cotangent bundle

Definition 1.34 (Cotangent space). Let M be a smooth manifold and p a point in M. The
cotangent space of M at point p denoted by T7 M is defined to be the dual space of the tangent
space T, M, i.e. the set of all linear maps from T, M to R.

Remark 1.23. Hence, if M is n dimensional manifold then 7}y M is a vector space of dimension
n over R.

Definition 1.35 (Cotangent bundle). The cotangent bundle T* M of a manifold M is the union
of the tangent spaces at all points of M

"M = | J ;M
peEM

Remark 1.24. The union in the definition above is disjoint, i.e. T*M = HpeM Ty M, since for

distinct points p and ¢ in M, the cotangent spaces T;M and T, M are already disjoint.

Theorem XIX. Let M is a smooth manifold of dimension n, then its cotangent bundle T* M
is a smooth manifold of dimension 2n.

Definition 1.36 (Smooth vector bundle). A smooth vector bundle of rank n is a triple (E, M, )
consisting of a pair of smooth manifolds £ and M, and a smooth surjective map w : E — M
satisfying the following conditions

1. for each p € M, the inverse image E, = 77 1(p) is an n-dimensional vector space over R,

2. for each p € M, there is an open neighborhood U of p and a diffeomorphism ¢ : U x R” —
7~ 1(U) such that

(a) the following diagram commutes

UxR* —— % 7 (U)

N A

where p; is the projection onto the first factor,

(b) for each ¢ € U, the map ¢, : R® — 7 1(q), defined by ¢,(z) = ¢(q,z), is a linear
isomorphism.

Theorem XX. The cotangent bundle T* M with the projection map © : T*M — M given by
m(a) =p if a« € TyM, is a vector bundle of rank n over M.
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Definition 1.37 (Exterior power of cotangent bundle). Let M be a smooth manifold. Then
the k' exterior power of the cotangent bundle A¥(T*M) is the disjoint union of all alternating
k-tensors at all points of the manifold, i.e.

AR(T*M) = | ) ANT,M)
peEM

Theorem XXI. If M is a manifold of dimension n, then the exterior power of the cotangent
bundle AF(M) is a manifold of dimension n + (7).

Theorem XXII. The exterior power of cotangent bundle AF(T*M) with the projection map
7 AR(T*M) — M given by () = p if a € A¥(T,M), is a vector bundle of rank (}) over M.

1.3.3 Differential forms

Definition 1.38 (Smooth section). A smooth section of a vector bundle 7 : E — M is a smooth
map s : M — E such that mos = 1,,.

Remark 1.25. The condition 7 o s = 14 precisely means that for each p in M, s maps p into
E,.

Definition 1.39 (Differential k-form). A differential k-form on M is a smooth section of the
vector bundle 7 : A¥(T*M) — M.

Remark 1.26. The vector space of all smooth k-forms on M is denoted by QF(M). If w €
QF(M) then w : M — A¥(T*M) is a smooth map such that w assigns each point p € M an
alternating k-tensor, i.e. w, € AF (T, M) for all p € M. In particular, if U is an open subset of
M, then w € QF(U) if wp € A¥(T,M) for all p € U (view U as open neighborhood of point p).

Definition 1.40 (Differential 0-form). A differential 0-form on M is a smooth real valued
function on M, i.e. Q°(M) = C®(M).

Definition 1.41 (Wedge product of O-form and k-form). The wedge product of a 0-form f €
C>®(M) and a k-form w € QF(M) is defined as the k-form fw where

(WA flp=(fAw)p = f(p) - wp
for all p e M.

Definition 1.42. The wedge product extends pointwise to differential forms on a manifold, i.e.
if w € QF(M) and 1 € QY(M) then w A n € Q¥(M) such that

(WAN)p=wp ANy
at allpe M.

1.3.4 Exterior derivative

Definition 1.43 (Differential of a function). Let f : M — R be a smooth function, its differ-
ential is defined to be the 1-form df on M such that for any p € M and X, € T, M

(df)p(Xp) = pr

Remark 1.27. Let (U, rq,...,r,) be a coordinate chart on a smooth manifold M. Then the dif-
ferentials {dry,...,dr,} are 1-forms on U. At each point p € U, the 1-forms {(dr1)p, ..., (dr,)p}
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form a basis® of A'(T,M) = T;M, dual to the basis {9/0r1|,...,0/0ry|,} for the tangent
space T, M. Hence, a 1-form on U is a linear combination w = E?:l a;dr; where a; are smooth
functions on U.

If I = (i1,...,0) is an ascending k-tuple from the set {1,...,n}, then

dry =drg, A--- Adry,
denotes the the elementary k-forms on U C M, i.e. the k-forms
{(drr)p : I is an ascending set k-tuple}
form a basis of A¥(T,M) for all p € U. The general k-form w € Q¥(U) can be written uniquely
in the form
w = Z ardry

(1]
for some ay € C*(U).

Theorem XXIII. If f is a smooth function on M, then the restriction of the 1-from df to U
can be expressed as
af af

df = =—"4d o+ =dr,
/ ory Lt +87“n "

Theorem XXIV. w € QF(M) if and only if on every chart (U, ) = (U,r1,...,7,) on M, the
coefficients ar of w = Z[l} ardry relative to the elementary k-forms {drr} are all smooth.

Theorem XXV. Suppose w is a smooth differential form defined on a neighborhood U of a
point p in a manifold M, i.e. w € QF(U). Then there exists a smooth form @ on M, i.e.
@ € QF(M), that agrees with w on a possible smaller neighborhood of p.

Remark 1.28. The extension W is not unique, it depends on p and on the choice of a bump
function at p. All this can be generalized to a family of differential forms, as in Remark 1.17,
using smooth partitions of unity.

Definition 1.44 (Differential of a k-form). Let (U, 71, ..., r,) be a coordinate chart on a smooth
manifold M and w € QF(U) is written uniquely as a linear combination

w:ZaIdrl, ar € C*(U)
(1]

The R-linear map dy : Q¥(U) — Q¥ (U) defined as

dyw = Zda[ Adry
(1]

is called the exterior derivative of w on U. Let p € U, then (dyw), is independent of the chart
containing p. Thus the differential of a k-form is defined by the linear operator

d: QF (M) — Q¥ (M)
such that for k > 0 and w € QF(M) one has (dw), = (dyw), for all p € M.
Theorem XXVI. If w € QF(M) and n € QY (M) then

1. (Antiderivation) d(w A n) = dw An+ (=1)kw A dn

In the case of M = R" the expression was much more straightforward because T,M = R" (vector space
isomorphism) for any n-dimensional manifold.
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2. dod=0

Remark 1.29. Since the exterior derivative is an antiderivation, it is a local operator, i.e. for
all k > 0,whenever a k-form w € QF(M) is such that wp = 0 for all points p in an open set U of
M, then dw = 0 on U. Equivalently, for all £ > 0, whenever two k-forms w,n € QF(M) agree
on an open set U, then dw = dn on U [13, Proposition 19.3].

Definition 1.45 (Pullback of a k-form). Let F': M — N be a smooth map of manifolds. Then
for k>1
F*  QF(N) — QF(M)

is the pullback map defined for each w € QF(V) at every point p € M as
(F*w)p(v1,...,05) = WE(p) (Fypot, ..., Fypog)
where v; € T,M. Then the k-form F*w € QF(M) is called the pullback of w € QF(N).

Definition 1.46 (Pullback of a O-form). Let F': M — N be a smooth map and f € C*°(N) =
QO(N), then the pullback of f is the the O-form F*f = fo F € Q°(M).

Remark 1.30. Pullback of the identity map is an identity map, i.e. (1a)* = Lok (s

Theorem XXVIIL. If F: M — N and G : N — N’ are smooth maps, then (Go F)* = F*oG*.

QF(N) —E— QF(IV)

(GoF)* ‘/F*

Qr(M)

Theorem XXVIIIL. Let F': M — N be a smooth map. If w,n and 0 are differential forms on
N, such that w and n have same order, then

1. (preservation of the vector space structure) F*(aw-+bn) = a(F*w)+b(F*n) for all a,b € R.
2. (preservation of the wedge product) F*(w A 6) = F*w A F*0.

3. (commutation with the differential) F*(dw) = d(F*w), i.e. the following diagram com-
mutes
QF(N) —L 5 QFFL(N)

QF(M) —L s QF+F1(AT)

1.4 Closed and exact forms on smooth manifolds

In this section the de Rham cohomology will be defined and generalization of Poincaré lemma
to smooth manifolds will be discussed following [18, §24].

Definition 1.47 (Closed forms). w € QF(U) for k > 0 is said to be closed if dw = 0.

Remark 1.31. We denote the set of all closed k-forms on M by Z¥(M). The sum of two such
k-forms is another closed k-form, and so is the product of a closed k-form by a scalar. Hence
ZF(M) is the vector sub-space of QF(M).
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Definition 1.48 (Exact k-forms). w € Q¥(U) for k > 1 is said to be evact if w = dn for some
n € QFL(U).

Remark 1.32. We denote the set of all exact k-forms on M by B¥(U). The sum of two such
k-forms is another exact k-form, and so is the product of a exact k-form by a scalar. Hence
B¥(M) is the vector sub-space of Q¥(M). Also, B°(M) is defined to be the set consisting only
zero.

Theorem 1.3. On a smooth manifold M, every exact form is closed.

Proof. Let w € B¥(M) such that w = dn for some n € Q¥~1(M). From Theorem XXVI we
know that dw = d(dn) = 0 hence w € Z¥(M) for all k > 1. For k = 0, the statement is trivially
true. U

Lemma 1.2. Let F': M — N be a smooth map of manifolds, then the pullback map F* sends
closed forms to closed forms, and sends exact forms to exact forms.

Proof. Suppose w is closed. From Theorem XXVIII we know that F* commutes with d
dFfw=F"dw=0
Hence, F*w is also closed. Next suppose 6 = dn is exact. Then
F*0=F*dn=dF*n

Hence, F*0 is exact. O]

1.4.1 de Rham cohomology

Definition 1.49 (de Rham cohomology of a smooth manifold). The k' de Rham cohomology
group” of M is the quotient group
ZMM)
HEp (M) =
dR( ) Bk(M>
Remark 1.33. Hence, the de Rham cohomology of a smooth manifold measures the extent to
which closed forms are not exact on that manifold.

Proposition 1.2. If the smooth manifold M has £ connected components, then its de Rham
cohomolgy in degree 0 is HgR(M) =R, An element of HgR(M) is specified by an ordered {-tuple
of real numbers, each real number representing a constant function on a connected component

of M.
Proof. Since there are no non-zero exact 0-forms
Hgp(M) = Z2°(M)

Suppose f is a closed 0-form on M, i.e. f € C°°(M) such that df = 0. By Theorem XXIIT we
know that on any chart (U,71,...,7y)

Thus df = 0 on U if and only if all the partial derivatives 0 f/Jr; vanish identically on U. This
is equivalent to f being locally constant on U. Hence, Z°(M) is the set of all locally constant®
functions on M. Such a function must be constant on each connected component of M. If
M has ¢ connected components then a locally constant function of M can be specified by an

ordered set of £ real numbers. Thus Z°(M) = R’ O

"which is really a vector space over R
8Locally constant functions are constant on any connected component of domain.
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Proposition 1.3. On a smooth manifold M of dimension n, the de Rham cohomology HC'}:R(M)
vanishes for k > n.

Proof. At any point p € M, the tangent space T,M is a vector space of dimension n. If
w € QF(M), then w, € A¥(T,M), the space of alternating k-linear functions on T,M. By
Remark 1.8, if & > n then A*(T,M) = 0. Hence for k > n, the only k-form on M is the zero
form. O

1.4.2 Poincaré lemma for smooth manifolds

Definition 1.50 (Pullback map in cohomology). Let F' : M — N be a smooth map of mani-
folds, then its pullback F* induces’ a linear map of quotient spaces, denoted by F#

ZMN) 2R
PN D
] > [F*(w)]

This is a map in cohomology F# : H¥.(N) — H¥. (M) called the pullback map in cohomology.
Remark 1.34. From Remark 1.30 and Theorem XXVII it follows that:

1. If 17 : M — M is the identity map, then 17, : HE,(M) — HY,(M) is also the identity
map.

2. If F: M — N and G : N — N’ are smooth maps, then (G o F)# = F'# o G¥.

Proposition 1.4 (Diffeomorphism invariance of de Rham cohomology). Let F': M — N be a
diffeomorphism of manifolds, then the pullback map in cohomology F# : HEo(N) — HE (M) is
an isomorphism.

Proof. Since F is a diffeomorphism, F~! : N — M is also a smooth map of manifolds. Therefore,
using Remark 1.34 we have

Lys ony = 15 = (F~ o F)# = F# o (F71)#

This implies that (F_l)# is the inverse of F#, i.e. F# is an isomorphism. ]

Theorem 1.4 (Poincaré lemma for smooth manifold). Let M be a smooth manifold, then for
all p € M there exists an open neighborhood U such that every closed k-form on U is exact for
k>1.

Proof. Let (U, ¢) be a chart on a smooth manifold M of dimension n such that p € U. By
Theorem XV we know that the coordinate map ¢ : U — ¢(U) C R” is a diffeomorphism. We
choose U such that ¢(U) is an open ball in R™. Then by Theorem 1.2 every closed k-form on
¢(U) is exact for k > 1, i.e. HE(¢(U)) = 0 for k > 1. Now we can use Proposition 1.4 to
conclude that HX,(U) =0 for k > 1, i.e. every closed k-form on U is exact for k > 1. O

9Follows from Lemma 1.2.
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Chapter 2

Cech cohomology

“Cohomology is a way of attaching ordinary groups to sheaves of groups (or rings to
sheaves of rings, etc.) which measure the global aspects of a sheaf. Sheaves are
designed to make all local statements easy to formulate, and this is because in many
instances local statements are easy to come by. However in geometry one is usually
interested in global information.”

— Rick Miranda, Algebraic Curves and Riemann Surfaces, p. 290

2.1 Sheaf theory

Definition 2.1 (Presheaf). A presheaf!' F of abelian groups on a topological space X consists
of an abelian group F(U) for every open subset U C X and a group homomorphism pyy :
F(U) — F(V) for any two nested open subsets V' C U satisfying the following two conditions:

1. for any open subset U of X one has pyy = Lr

2. for open subsets W C V C U one has pyw = pyw o pyv, i.e. the following diagram
commutes

Example 2.1. Let G be a non-trivial abelian group and X be a topological space. Then the
constant presheaf Gx is defined to be the collection of abelian groups Gx(U) = G for all non-
empty subsets U of X and Gx () = {0}, along with the group homomorphisms pyy = 1 for
nested open subsets V' C U. In particular, for G = R we get the constant presheaf R which is the
collection of constant real valued functions R(U) for every open subset U of X and restriction
maps pyy for nested open subsets V' C U.

Example 2.2. Let X be a topological space. For each open subset U of X we define F(U) to be
the set of (continuous/differentiable) real valued functions?, and pyy to be the natural restric-
tion map for the nested open subsets V' C U. Then F is a presheaf of (continuous/differentiable)
real valued functions.

Definition 2.2 (Sheaf). A presheaf F on a topologial space X is called a sheaf if for every
collection {Uy }aeca of open subsets of X with U = U,eaU, the following conditions are satisfied

!Presheaves and sheaves are typically denoted by calligraphic letters, F being particularly common, presum-
ably for the French word for sheaves, faisceauz.
2Note that there exists only one function from an empty set to any other set, hence F(()) is singleton.
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1. (Uniqueness) If f,g € F(U) and pyu, (f) = pvv, (g) for all a € A, then f = g.

2. (Gluing) If for all @ € A we have f, € F(Uy) such that py, v.nvs(fo) = pusv.nus(fs)
for any a, 8 € A, then there exists a f € F(U) such that pyy, (f) = fa for all @ € A (this
f is unique by previous axiom).

Example 2.3. It is easy to observe that the gluing axiom doesn’t hold for the constant presheaf
R on X if X is disconnected. We therefore define a constant sheaf R on X to be the collection
of locally constant real valued functions R(U) corresponding to every open subset U C X and
restriction maps pyy for nested open subsets V' C U.

In general, given a non-trivial abelian group G, the constant sheaf G on X is defined by
endowing G with the discrete topology and assigning each open set U of X the set G(U) of
all continuous functions f : U — G along with the restriction maps ¢y for nested open sets
VcU.

Example 2.4. If one has a presheaf of functions (or forms) on X which is defined by some
property which is a local property®, then the presheaf is also a sheaf. This is because the
agreement of functions (or forms) on the overlap intersections automatically gives a well defined
unique function (or form) on the open set U, and one must only check that it satisfies the
property [9, p. 272].

In particular, if X is a smooth manifold then Q9 is the sheaf of smooth ¢-forms on X such
that for every open subset U of X we have the abelian group Q¢(U) of smooth g-forms on U
(smooth sections of a exterior power of cotangent bundle, i.e. smooth maps of manifolds) along
with the natural restriction maps as the group homomorphisms pgy for nested open subsets
V C U [20, Example II1.1.9].

Remark 2.1. When defining presheaf, many authors like Liu [7, §2.2.1] and Miranda [9, §IX.1],
additionally require F()) = 0, i.e. the trivial group with one element. This is a necessary
condition for the sheaf to be well defined, but this follows from our sheaf axioms. Namely, note
that the empty set is covered by the empty open covering, and hence the collection f; € F(Uj;)
from the definition above actually form an element of the empty product which is the final
object of the category the sheaf has values in®. In other words, we don’t require this condition
while defining presheaf (see [20, §II.1] or [1, §I1.10]) since from the definition of sheaf one can
deduce that that F(0) is equal to a final object, which in the case of a sheaf of sets is a singleton.

Remark 2.2. There is another equivalent way of defining sheaf F (of abelian groups) over X
as a triple (F, 7, X') which satisfies certain axioms [4, §2.1]. For a discussion on the equivalence
of both these definitions see [19, §5.7]. However, the defintion that we have adopted is useful
since for many important sheaves, particularly those that arise in algebraic geometry, the sheaf
space F' is obscure, and its topology complicated [6, Remark 2.6].

Remark 2.3. The definition of sheaf can be generalized to any category like groups, rings,
modules, and algebras instead of abelian groups.

2.1.1 Stalks
Definition 2.3 (Stalk). Let F be a sheaf on X, and let z € X. Then the stalk of F at x is

Fy = lim F(U)
Usx

3 A property P is said to be local if whenever {Ua }aca is an open cover of an open set U, then the property
holds on U if and only if it holds for each U,. In other words, a local property P of functions is the one which is
initially defined at points, i.e. a function f defined in a neighborhood of a point p € X has property P at p if
and only if some condition holds at the point p. For example, the preoperties like continuity and differentiability.

“The Stacks project, Tag 006U: https://stacks.math.columbia.edu/tag/006U
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where the direct limit® is indexed over all the open subsets containing x, with order relation
induced by reverse inclusion, i.e. U < V if V.C U. Also, the image of f € F(U) in F, under
the group homomorphism induced® by the inclusion map F(U) < [[;;5, F(U) is denoted by

fma Le [[f]] = fm

Remark 2.4. This definition of stalks also holds for presheaves, which leads to the useful tool
of sheafification, i.e. finding sheaf associated to a given presheaf. This technique of sheafification
is very useful but we won’t need it in this report. For more details, see the books by Hirzebruch
[4, §2] and Liu [7, §2.2.1].

Lemma 2.1. Let F be a sheaf of abelian groups on X and f,g € F(X) be such that f, = g
for every x € X. Then f =g.

Proof. Without loss of generality, we may assume g = 0. Then f, = 0 implies that f, and 0
belong to same equivalence class, i.e. for every & € X there exists an open neighborhood U, of
x such that pxy, (f) = 0. As {U,}zex covers X | we have f = 0 by the uniqueness condition
of sheaf. O

2.1.2 Sheaf maps

Definition 2.4 (Map of sheaves). Let F and G be sheaves of abelian groups on a topological
space X. A maps of sheaves ¢ : F — G on X is given by a collection of group homomorphisms
¢u : F(U) — G(U) for any open subset U of X, which commute with the group homomorphisms
p for the two sheaves, i.e. for V' C U the following diagram commutes

FU) —2 g)
Py Piv
FV) =2 g(v)

Example 2.5. The identity map 1 : F — F is always a sheaf map, and the composition of
sheaf maps is a sheaf map.

Example 2.6. As seen above, for the sheaf of functions (or forms) the natural restriction map
is the group homomorphism pyy for nested open subsets V' C U. Also, from Remark 1.29
we know that the exterior derivative is a local operator, hence it commutes with restriction.
Therefore, d : Q9 — Q4! is a map of sheaves, where Q9 and Q¢F! are sheaves of smooth g-
forms and g 4 1-forms, respectively, defined on a smooth manifold X for ¢ > 0. In other words,
Remark 1.29 implies that the following diagram commutes for V' C U

QuU) — . et ()

‘/pUV lva

QuV) —y Qatl(v)

where by abuse of notation we use the same symbol for restriction maps of both sheaves.

Definition 2.5 (Associated presheaf). Given a sheaf map ¢ : F — G between two sheaves
of abelian groups on X, one constructs the associated presheaves ker(¢),im(¢), and coker(¢)

SFor the definition of direct limit see Appendix B. To get the direct system {FU),puv}, the “reverse
inclusion” is defined to be the order relation for the directed set.
5As defined in the universal property of direct limit, see Theorem B.1.
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which are defined in the obvious way’, i.e. ker(¢)(U) = ker(¢y : F(U) — G(U)) with group
homomorphism p inherited from F.

Proposition 2.1. Let ¢ : F — G be a sheaf map between two sheaves of abelian groups on X,
then ker(¢) is a sheaf.

Proof. Let {Uy}aca be a collection of open sets of X, and U = U, aU, be their union. It suffices
to show that if for all & € A we have f, € ker(¢y, ) such that pJUT(,,UamUB (fa) = pJU-_B,UamUﬁ(fﬁ)
for any «, 8 € A, then there exists a unique f € ker(¢y) such that pJU—'Ua(f) = fq for all a € A.
Since F is a sheaf, there exists a unique element f € F(U) such that pf;,(f) = fa for all
a € A. We just need to show that f € ker(¢r), i.e. ¢u(f) =0in G(U).
Let g4 = nga(d)U(f)), then by the commutativity of ¢ with p, we have that

G = Phua(9u() = v (phu, (1) = dua(fa) = 0

since f, € ker(¢p, ). Now using the uniqueness axiom for the sheaf G we conclude that ¢y (f) =
0, since nga(gbU(f)) =0 for all o € A. O

Example 2.7. Let X be a smooth manifold and d : Q9 — Q9F! be the exterior derivative.
Then ker(d) = Z7 is the sheaf of closed g-forms on X.

Remark 2.5. There is an important subtlety here. The associated presheaves im(¢) and
coker(¢) need not be sheaves in general. Also, in general, quotient of sheaves need not be a
sheaf. In order to define the cokernel, image and quotient sheaf one need to use sheafification,
see [, Definition B.0.26] and [3, pp. 36-37].

Definition 2.6 (Injective map of sheaves). A map of sheaves ¢ : F — G is called injective if
for every open subset U of X, ¢y is an injective group homomorphism.

Definition 2.7 (Surjective map of sheaves). A map of sheaves ¢ : F — G is called surjective if
for every € X the induced map of stalks® ¢, : F, — G, is a surjective group homomorphism.

Remark 2.6. In other words, ¢ is surjective if for every point x € X, every open set U
containing = and every g € G(U), there is an open subset V' C U containing z such that

v (f) = piy(g) for some f € F(V).

Proposition 2.2. The sheaf map ¢ : F — G is injective if and only if ¢, : Fo — Gy is injective
for every x € X.

Proof. (=) This is trivial.

(<) Let U be any open subset of X, it suffices to show that ker(¢y) = {0z} Let
[ € F(U) such that ¢y (f) = Og(ry. Then for every z € U, ¢.(f) = [¢u(f)] = Og,- Since ¢,
is injective, we have f, = 0z, for every z € U. By Lemma 2.1 we conclude that f = 0z,
hence completing the proof. O

Remark 2.7. Analogous statement is not true for the surjective map of sheaves, see [7, Example
2.2.11]

Proposition 2.3. Let ¢ : F — G be an injective map of sheaves. Then ¢ is surjective if and
only if ¢y : F(U) — G(U) is surjective for all open subsets U C X.

"Let U be an open subset and f € ker(éy ), then for V. C U we have pf (f) € ker(év) since ¢v o pfy =
Plgjv °¢u.

8The map of sheaves is a map of direct systems ¢ : {(F(U), ptv)} — {(G(U),pf/)}, and the map of stalks
¢z : Fz — Gz is the direct limit of the homomorphisms ¢y .
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Proof. (=) Let U be any open subset of X, and g € G(U). We need to show that there exists a
f € F(U) such that ¢y (f) = g. Since ¢, is surjective for every = € X, for every g, € G, there
exists an open neighborhood V of z and f € F (V') such that ¢5(fz) = [¢v(f)] = g=. Therefore,
we can find an open covering {Uy, }ac4 of U such that each U, is an open neighborhood of x € U
such that ¢, (fz) = [¢v, (fa)] = g for some f, € F(Uy,). In other words, there exist fo, € F(Uy)
such that

du. (fa) = pfry, (9) (2.1)
for all o € A. In particular, for f, € F(U,) and fz € F(Ug) we have

PULNU, (Pﬁa,UamUﬁ(fa)) = Pg,UamUB (9) and ¢u,nu, (P{JTB,UamUB(fB)) = P%,UamUﬁ (9)

Since ¢ is injective, the map ¢y, nv, @ F(Ua NUp) — G(Uy N Up) is injective for all o, 8 € A.
Hence we have

F F
PUnUanUs (fa) = P vanv, (f5)

for all a, 8 € A. Now by the gluing axiom of the sheaf F, there exists a f € F(U) such that
ijTUa (f) = fa for all & € A. Using this in (2.1) we get

P50 (9) = du. (phu, () = ply. (du(f))

for all @« € A. By the uniqueness axiom of the sheaf G, we conclude that g = ¢y (f). Hence
completing the proof.
(<) This is trivial. O

2.1.3 Exact sequence of sheaves

Definition 2.8 (Exact sequence of sheaves). A sequence of sheaves F’ O F Y s
said to be exact if F,, b, F, L2 F! is an exact sequence of abelian groups for every

e X.

Example 2.8. By Theorem 1.3, Theorem 1.4 and Proposition 1.2 we know that for every point
z in a smooth manifold X there exists an open subset U containing x such that

0—— RU) —— QU) -2 ol(v) —22 2y 22 ...

is an exact sequence of abelian groups. In other words, for all x+ € X we have a long exact
sequence at the level of stalks

0 y R, — Q0 >y Ol >y Q2
= x x x

T

Therefore, by Poincaré lemma, the sequence of sheaves of differential forms on a smooth manifold

0 R 4, 4,02 4,

is exact.

¢ ¥

Lemma 2.2. If 0 > F/ F » F"" is an exact sequence of sheaves over X, then
the induced sequence of abelian groups for any open set U C X

0 — FI(U) 2 FU) 2 FI(U)

18 also exact.
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Proof. For all x € X we have an exact sequence of stalks

$s

0 i Fo L FL

Using Proposition 2.2 we conclude that ¢y is injective. Hence we just need to show that
im(¢y) = ker(¢y).
‘ker(”l/}[]) C im(¢r) ‘Let f € ker(¢y), then for all z € U we have f, € ker(v,) since ¢, (fz) =

[#u(f)]. Since the sequence of stalks is exact at Fy, fo = ¢.(g:) for some g, € F.. Therefore,
we can find an open covering {U,}aeca of U such that each U, is an open neighborhood of
x € U such that ¢,(g.) = [ov, (9a)] = fo for some g, € F'(Uy). In other words, there exist
ga € F'(Uy) such that

U4 (90) = Pl (f) (2.2)
for all @ € A. In particular, for g, € F'(U,) and gg € F'(Ug) we have

¢UamUﬁ (p‘L}/ja,UaﬁUB (ga)) = pﬁUaﬂUB (f) and ¢)UanUB (pgg,UaﬁUﬁ (gﬂ)) = pﬁUaﬂUB(f)
Since ¢ is injective, the map ¢y, nv, : F(Ua NUg) — G(Uy N Up) is injective for all a, 8 € A.
Hence we have
F' _ F
PU,UanUg (9a) = PUs,UaNUz (98)
for all a, 8 € A. Now by the gluing axiom of the sheaf F’, there exists a g € F'(U) such that
p{?bﬁ (9) = ga for all @ € A. Using this in (2.2) we get

Pl () = du. (0, (9)) = plu. (du(g))

for all & € A. By the uniqueness axiom of the sheaf F, we conclude that f = ¢y (g).

‘im(ch) C ker(¢r) ‘ Let f € im(¢y), i.e. there exists g € F'(U) such that ¢y(g) = f. Then
for all x € U we have f, € im ¢, since ¢5(g.) = [vu(f)] = fz- Since the sequence of stalks is
exact at Fy, ¥ (fz) = 0Fy for all z € X. Since ¥, (fz) = [vuv(f)], by Lemma 2.1 we conclude
that Yy (f) = 0. O

Remark 2.8. In general, given a short exact sequence of sheaves

0 FtFt > 0

Then the induced sequence of abelian groups

00— F(X) -2 FX) 25 FIX) —— 0

is always exact at F'(X) and F(X) but not necessarily at F”(X), see [20, §I1.3] and [16, §4.1].

2.2 Cech cohomology of sheaves

Definition 2.9 (Cech cochain). Let F be sheaf of abelian groups on a topologial space X. Let
U = {U;}icr be an open cover of X, and fix an integer £ > 0. A Cech k-cochain for the sheaf
F over the open cover U is an element of H(io,il,...,ik) F(Ui, "U;; N---NU;, ) where Cartesian
product is take over all collections of k + 1 indices (ig, ..., x) from I.

Remark 2.9. To simplify the notation, we will write
Uiy NUs NN Uiy = Uiy and F(Uigiy,i) = {fiogin,eonin }

Hence a Cech k-cochain is a tuple of the form ( fio,ir,...ir.)- The abelian group of Cech k-cochains
for F over U is denoted by C’“(u , F); thus

=k
CUr) = I FUpi..i)

(20,81 5--,0k)
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Definition 2.10 (Coboundary operator). The coboundary operator is defined as

5. ¢, F) = L F)

(fiositrin) 7> (Gioyinyings)

where .
+1
4
gi07i1 """ ik"'l = Z(_l) p(fi07i17--'7{27"'77;k+1)
=0
and p : f(Uio,i1,..-,i?,..-,ik+1) — F(Uig,ir,....ip,) is the group homomorphism for the sheaf F

cU

corresponding to the nested open subsets U; ;, .. PR T P T

"7ik+1

Remark 2.10. To simplify the notations above, we wrote
Uio’il’""ifflﬁifﬂ """ ik = Uio,il ----- igensih and f(Ui(),il:---,a:---aik) - {fimil,---ﬁ,---yik}

Definition 2.11 (Cech cocycle). A Cech k-cochain f = (fiy.i,..i,) With 6(f) = 0 is called Cech
k-cocycle.

Remark 2.11. The abelian group of k-cocycles is denoted by Z*(U, F), i.e. kernel of § at the
Et level.

Proposition 2.4. Let f = (fiy,..i.) € ZFU, F), then
1. fio....in = 0 if any two indices are equal.
2. fo(io),o(ir)snolin) = SEN(T) figir,...iy, if 0 is a permutation of {io, ..., i1}

Proof. We will check just for the simplest case, k = 1. Let f = (fiyi,) and d(f) = (gipirip) = 0.
For any ¢ € I we have

This implies that f;; = 0 by the uniqueness axiom of sheaf. On the other hand, applied to
(i,7,1) instead, it says
0= 9ij,i = pijiUi,j,i(iji) - pUi,iUi,j,i(fi:i) + pUi,jUi,j,i(fi:j)

This implies that
pUj,iUi,j,i(fjvi) + pUi,jUi,j,i(fivj) =0 foralliel

But the {U; j;}ier is an open cover of U; j, and hence indeed f; ; = —f; ; due to the uniqueness
axiom of the sheaf F. O

Definition 2.12 (Cech coboundary). A Cech k-cochain f = (fiosir,....iy) which is the image
of 6, i.e. there exists (k — 1)-cochain g = (¢ig,i,..is_,) such that 6(g) = f, is called Cech
k-coboundary.

Remark 2.12. The abelian group of k-coboundaries is denoted by B¥(U, F), i.e. image of §
at the (k — 1) level. Also, we define BO(U, F) = 0 for any sheaf F and open cover U.

Lemma 2.3. 06 =0
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Proof. Let {Uq}aca be the open cover. We will check it just for the simplest case
=0 s Al 5 A2
cUu,rF)y — CUu,r) — C°U,F)
(fo) ——— (gap) ——— (hapy)

By the definition of coboundary operator, for ig = o and i; = 3, we have

9ap = (=1)°pu,0.5(f8) + (=1)' pU,vs (fa)

(2.3)
= PUUs (f8) = PULUL (fa)
Also for ig = o, i1 = [ and i3 = =, we have
hagy = (=1)°p0s Uns, (987) + (1) P00y Uns, (Gay) + (—1)*PU 505, (9as) (2.4)

= pUﬁ'yUaﬂ'y (gﬁ'y) - pUa'yUaﬁ'y (9047) + PUosUqps~y (gaﬁ)
Using (2.3) in (2.4) we get

haﬂ"/ = pUB'yUaB'y (pU'yUB'y(f'Y) - pUBUB’Y(fB)) - panUaﬁ'y (pU'yan (f’Y) - pUaUa'y(fa))
+ PUasUnse, (PUsUs (F3) = PUSUL5 (fa))
= pU’yUa,g—y (f"/) - IOU[;UM;»Y (fﬁ) - pU,YUa/g»y (f’Y) + pUaUa;a—y (foc) + pUﬂUa/B»y (fﬁ) - pUaUaﬂ'y(fa)
=0
Hence completing the verification. O

Proposition 2.5. Fvery k-coboundary is a k-cocycle.

Proof. Let f = (fipir..i) € B¥(U,F) such that f = &(g) for some g = (gigiy..ir_,) €

Ck_l(u,f). From Lemma 2.3 we know that §(f) = §(6(g)) = 0 hence f € Z*(U,F) for all
k > 1. For k = 0, the statement is trivially true. O

Definition 2.13 (Cech cohomology with respect to a cover). The k" Cech cohomology group
of F with respect to the open cover U is the quotient group

ZRU, F)

] k Fp—
0 (U, F) := P

Remark 2.13. Hence, the Cech cohomology with respect to a cover measures the extent to
which cocycles are not coboundaries for a given open cover.

Lemma 2.4. For any sheaf F and open covering U of X, we have I:IO(Z/(,}") ~ F(X).
Proof. Since B°(U, F) = 0, we just need to show that Z°(U, F) = F(X). Consider the following
group homomorphism
b F(X) = U, F)
[ (fi) = (pxu.(f))
Then 6((f:)) = (gi5), where gi; = pu,u,;(f;) — pu,u,; (fi); this is zero for every i and j since

pu,; (pxui(f)) = pu,us, (pxu, (f)). Hence 1 maps F(X) to Z°U,F). This map is injective
and surjective by the uniqueness and gluing axioms of the sheaf F, respectively. O

Definition 2.14 (Refining map). Let U = {U;}icr and V = {V}};es be two open coverings of
X such that V is a refinement” of &. Then the map r : J — I such that V; C U,y for every
j € J, is called the refining map for the coverings.

9For its definition see Appendix A.
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Remark 2.14. The refining map is not unique. Also, the set of all open covers is a directed
set'Y where the ordering is done via refinement, i.e. & < V if V is a refinement of Z{. The upper
bound of U and V is given by W ={UNV|U € U,V € V} [14, §73, Example 2].

Lemma 2.5. Let U = {U;}ier and V = {V;}jes be two open coverings of X such thatV is a
refinement of U along with the refining map r : J — I. The induced map at the level of cochains
s given by

C U, ]:)—>C (V, F)
(fio,.ie) = (o)

where
Gjoreie = PUrGo)srGr))

and p : F(Urijo),...rGr)) — F Vjo,....jr) 8 the group homomorphism for the sheaf F corresponding
to the nested open subsets Vi, . C Upijy),...r(iy)- Lhis map sends cocycles to cocycles and
coboundaries to coboundaries.

Proof. We will check it just for the simplest case. We have the map
7 U, F) = W, F)
(fZ()) = (PUT(]-O)VJ-O (f'r‘(]o)))

Let 6((fip)) = 0, then py, v, ,, (fir) = pui Uy, (fiy) for every pair of indices 4o, i1 € I. Next we
compute 0 <<pUT(jO)VjO(fT(j0)))) = (Gjoj1)

Giosit = PViyVigi (PUT G0V (frm))) = PVigVioi (pUr(jO>Vjo(fr(jo))>
= PU, 1) Vi (Tr(1)) = PULGo) Vigin (Tr(io))
But, we have
PU i Uriioyrn) Fr(i0) = POy Uniioyeiiny (Fr(io)

and Vj, ;; C Up(jo)r(jy)- Therefore gj, ;, =0, and 7 maps cocycle to cocycle. Since 0 is the only
coboundary in this case, it also maps coboundary to coboundary. O

Lemma 2.6. Let U = {U;}icr and V = {Vj}jes be two open coverings of X such thatV is
a refinement of U along with the refining map r : J — 1. The induced map at the level of
cohomology'! is given by

H 0w, r) 1w, F)
[[(fi07-~~7ik)]] = [[(gjoy-qu)H

for (fio,...in) € Z5U, F), where

gjo,...,jk = p(fT’(]o),,T(]k))

and p : F(Urijo),...rGr)) — F (Vjo,....jr) 8 the group homomorphism for the sheaf F corresponding
to the nested open subsets Vi, . C Uy(jo),..r(jn)- This map is independent of the refining map
r and depends only on the two coverings U and V.

0For its definition see Appendix B.
"1 This map is well defined by the previous lemma.
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Proof. Suppose the r,7’' : J — I are two distinct refining maps for the refinement V of U.
Claim: H, = Hy
If £ =0, then HO(L{,}") = F(X) = fIO(V,f). Therefore H, = 15(x) = H,». Let’s assume
that & > 1, and fix a cohomology class f € f{"“(u,}") represented by (fi,i,...i.) € ZF(U, F), i.e.
f=1(fio,ir,....ix, )]- Then we have

H,(f) = [(gio.jr.ii)]  and  Hu(f) = [(g, 51, 5,)]

where
940,51, dk = pa(f?“(jo)7---ﬂ“(jk)) and g;O:jlw-y]'k = pﬁ(f?”’(J'O)»~~-ﬂ”’(jk))

where p, and pg are the appropriate group homomorphism for the sheaf F. To prove our claim,

it suffices to show that (gjo.j,...ik = Tio.ir..in) € B*(, F).

. k—1 . ‘
Claim: 6(h) = (9}, j,..jx = Giouir,jx) Where b= (hjoj 5 ) € C" ~(V,F) is such that'?
k-1
l
Pjo gt o1 = Z(_l) p (fT(jO)1---7T(jl)7T/(j2)7'--77"/(jk—1))
=0

The claim follows from the fact that (fi,,.. ) € Z*(U,F) for all indices (ig, - . ., ix)-

We will check the claim just for the simplest case, when k = 1. In this case we have
f = [(fio.i)], since (fipi,) € ZY (U, F) we have §((fip4,)) = 0, that is

PU, ,igUigiyig (fil,iz) T PUig iy Uigiqig (fioﬂ'z) 1 PUiy i, Uigiyio (in:il) =0 (2.5)
for any triplet of indices g, 41,42 € I. Also,
H,(f) = [(gjo.i,)] and  Hy(f) = [(gjy,)]
where
/
Givdr = PUsigyriinViear FrGo)rn)) a0 Gy i = UL Gy o4y Vigan T Gor' (i)

From this we get
Fiou = Giouit = PU Gy w51y Viowss 7 Go)r (1)) = PUGoy i) Vi (Fr(io)rin) (2.6)
We have h = (hj,) = <pUr(jo>r/(j0)Vjo (fr(jO),T/(jO))>' Let 6(h) = (Rfy;,), then
Riogi = PVi,Vigsy (i) = pviovigs, (o)
= PViyVien (pUrum'(mVn (fr(jl),r’(ﬁ))) ~ PVioVioin (pUT(a'oW(jo)VJ'o (fr(jo)’r’(jO)D 27)
= PU,;,yr (i) Vion (fT(jl)»T’(jl)) = PU, oy Gy Vioin (fT(jo)W’(jo))

To simplify the notations, we rename indices as r(jo) = i9,7(j1) = i1,7'(jo) = 42 and
r'(j1) = i3. Since Vjyj, C Uipiri, and Vj, 4, C U, iy 45 from (2.5) we get

PUs1 45 Vi (fil,iQ) = PUiyisVion (fi17i2) + PUiyiy Vioi (fio,il) =0 (2.8)
PUiyiz Vigiy (fi2,i3) = PUs i3 Vioi (fi17i3) + PUiy iy Vi (fihiz) =0

2For a more general argument see [19, §5.33, equation (11)] and [4, Lemma 2.6.1].
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We will use (2.8) to convert (2.7) to (2.6). Hence we have
h;b]i = PUiyisVigi (filvi?’) = PUiginVigir (fi()vi?)
= (pUi1i2Vj'0j1 (fil,iz) = PUiyis Vs (fio,iQ) + PUsqiq Vi (fio,i1)>
- (pUi2i3Vj0j1 (fi27i3) = PUi i3 Vioin (fi1,i3) + PUiyi5 Vigia (fihiz))

1 PUiy i3 Vigin (fizyis) — PUiq i1 Vig.in (fiosin)

= PUiy i3 Vo1 (fizyis) — PUiq i1 Vig.iq (fio,in)

— I J— . .
- gjo,j1 950,51

Therefore these two cocycles differ by a coboundary. Hence completing the proof. O

Remark 2.15. We will therefore denote this refining map on the cohomology level by Hs for

U < V. Hence, {I:Ik(lxl,}"),Huy} is a direct system'3. We have Hyy = ]IHk(u ) since we can
choose refining map 7 to be identity, and Hyny = Hyw o Hyy for U <V < W since composition

of two refining maps is again a refining map.

Definition 2.15 (Cech cohomology). Let F be a sheaf of abelian groups on X and k£ > 0 be
an integer. Then the k** Cech cohomology group of F on X is the group

1 (X, F) =l B (U, F)
u

where the direct limit'* is indexed over all the open covers of X with order relation induced by
refinement, i.e. Y < V if V is a refinement of U.

Proposition 2.6. For any sheaf F of X, we have I:IO(X, F) =2 F(X).

Proof. By Lemma 2.4 we know that at the 11 level all the groups are isomorphic to F(X).
Since all the maps Hyy are compatible isomorphisms, using Proposition B.1 we conclude that
the direct limit is also isomorphic to F(X). O

Remark 2.16. What we have defined here is not the true definition of either Cech or sheaf
cohomology [9, §1X.3] [3, pp. 38-40]. Cech cohomology can be defined either using the concept
of nerve [14, §73][10, §3.4(a)], or presheaf'® [1, §10]. One can prove equivalence of both these
definitions using the constant presheaf G [19, §5.33]. Also note that Cech cohomology of the
cover U is a purely combinatorial object [1, Theorem 8.9].

Sheaf cohomology can be defined either using resolution of sheaf [20, Definition 3.10] [16,
Definition 4.2.11] or axiomatically [19, §5.18]. The definition of Cech cohomology agrees with
that of sheaf cohomology for smooth manifolds since Cech cohomology is isomorphic to sheaf
cohomology for any sheaf on a paracompact Hausdorff space [19, §5.33]. This is all we need to
obtain the desired proof, hence our definition of Cech cohomology of sheaves serves the purpose.

Remark 2.17. Another way of defining Cech cohomology groups with coefficients in sheaves is
via sheafification. First step is to define the cohomology groups i (U, F) on an open covering
U = {Ui}ier of X with coefficients in a presheaf . Then the cohomology groups i U, F ) of
U with coefficients in a sheaf F are defined to be the cohomology groups of U with coefficients
in the canonical presheaf F of F. Finally, the cohomology groups ﬁk(X ,F) and FIk(X F ) are

defined as the direct limit of all groups i (U, F) and i U, F ), respectively, as U runs through
all open coverings of X (directed by refinement) [4, §2.6].

13For its definition see Appendix B.

M For the definition of direct limit see Appendix B. To get the direct system {Hk (U, F), Huv}, the “refinement”
is defined to be the order relation for the directed set.
Y5For a discussion on the motivation behind this definition see [6, §2] and [2, §10.2].
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2.2.1 Induced map of cohomology

Definition 2.16 (Induced map of cochains). If ¢ : F — G is a map of sheaves on X, then the
induced map on cochains is defined as
O c* Uu,F) — o4 Uu,g)
(fi07i17- By ) (Pu,.... ik (fi07i17~~-a7;k))

for any open covering U of X.

Proposition 2.7. The coboundary operator commutes with the induced map of cochains. That
18, the following diagram commutes

FuF) 2 L)

c¢u,g) —2— ¢, g)

Proof. The coboundary operator § acts on each element via the group homomorphism p of the

sheaf, and the induced map ¢, acts on each element via the group homomorphism ¢y, . of
the sheaf map. By Definition 2.4, we know that the group homomorphism of the sheaf and the
group homomorphism of the sheaf map commute. O

Corollary 2.1. The induced map of cochains sends cocycles to cocycles, and coboundaries to
cobundaries.

Proof. Let f be a cocycle, i.e. §(f) = 0. From the previous proposition we know that §(¢.(f)) =
¢+(0(f)) = 0. Hence ¢.(f) is also a cocycle. Next, let g be a coboundary, i.e. g = d(h). From
the previous proposition we know that ¢.(g) = ¢.(6(h)) = §(d«(h)). Hence ¢.(g) is also a
coboundary. O

¢ ¥

Proposition 2.8. If 0 » F/ F » F" is an exact sequence of sheaves over X,
then the induced sequence of cochains for any open cover U of X

0 —— Py =2 ) -2 SFu
is also ezxact.
Proof. We can re-write the desired exact sequence of abelian groups as
0—— H F'(Uigin,...sir,) SN H F (Uig,ir,... i) SN H F"Uig i, .ooiin)
(50,81 5---y0k) (40,81 ,5---,0k) (30,81 ,5---y0k)
The exactness of the above sequence follows from Lemma 2.2, since

0 —— FU) -2 FU) -2 FrU)

is an exact sequence of abelian groups for all open sets U of X. O

Definition 2.17 V(Induced map of cohomology). Let ¢ : F — G be a map of sheaves on X,
then the induced'® map of cohomology is defined as

1w, F) - 1 U, 9)
[f] = [o«(N)]
for f € ZF(U, F).

161t’s well defined because of Corollary 2.1.
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Lemma 2.7. The refining maps at the level of cohomology commute with any induced map of
cohomology. That is, the following diagram commutes

o'wu,F) —2— 1w, 9

‘Huv ‘/Huv

o'w,F —2 - 8 w,9)

Proof. The refining map Hysy acts on each element via the group homomorphism p of the sheaf,
and the induced map @ acts on each element via the group homomorphism ¢y, of the sheaf

map. By Definition 2.4, we know that the group homomorphism of the sheaf and the group
homomorphism of the sheaf map commute. O

Remark 2.18. This lemma implies that ® is a map of direct systems {ﬂk(u ,F), Hi},,} and
{Hk(u,g),Hgv}. Hence ¢ : F — G in fact induces the homomorphism at the level of Cech
cohomology of X

30X, F) - 0"(X,0)

2.2.2 Long exact sequence of cohomology

In this subsection, proof of the fact that a short exact sequence of sheaves on paracompact
Hausdorff space induces a long exact sequence of Cech cohomology will be presented following
Serre [17, §1.3] and Warner [19, §5.33].

Theorem 2.1. Let X be a paracompact Hausdorff space and

¢

0 > F' , F Y

F 0

be a short exact sequence of sheaves on X. Then there are connecting homomorphisms A :

( JF') — kH(X, F') for every k > 0 such that we have a long exact sequence of Cech
cohomology groups

&k Uk A vk+1( i vk+1(

— S (X, F) — (X, 7 2= 10" (X,F) —H (X,F) ——

Proof. Given to us is a short exact sequence of sheaves

¢ ¥

0 F' > F > F » 0

Then by Proposition 2.8, for any open cover U of X,
0 —— C"u, 7y 2 S, F) s S,

is an exact sequence. However, if we replace C’“(u , F") by im,, we get a short exact sequence
of abelian groups:

OHC(U?’)%C(UF)Lle*HO

To explicitly show the dependence of im v, on U and k, let’s write I*(U, F"') = im . Hence
we have the following short exact sequence of cochain complexes'”

0 —— CFu,F) -2 FuF) L Fu, F) —— 0

17All these are chain complexes since 6 o § = 0.
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8

Then by the zig-zag lemma'® we get a long exact sequence in cohomology with respect to open

cover U

k41

7w F) Y Tru, F) 2 T et

U, F)y 5" UTF) -

where 0 is the connecting homomorphism induced by the coboundary operator § and

Ik(u Fy = ker{d : I*U, F") — I*Y (U, F")}
’ im{d : IF=Y (U, F") — 15U, F")}

Since direct limit is an exact functor'?, we get the following long exact sequence in Cech coho-
mology

k41

® . N .
LS HNX,F) s TR, FY) 2 h fH

(X, F) —2 8" (x, F) s ..

where we have?’

IMX, F") = lim " (U, F")

Now to obtain the desired long exact sequence of Cech cohomology, it’s sufficient to show that
THX, F) = Hk(X, F")| Then the map A : ﬁk(X, F") — HkH(X, F') can be defined as the
composition of the inverse of this isomorphism with 0 : ZF(X, F") — ﬁk+1(X, F).

We observe that the inclusion map I*(U, F") «— C’“(u , F") induces a group homomorphism
at the level of cohomology with respect to the cover (quotient group), which on passing through
the limit induces a map at the level of Cech cohomology. Consider the quotient group

M, F)

k A
U= T, )

Then we have the following short exact sequence of cochain complexes
0 —— IFUF") —— C"UF") — QU F") —— 0

Then by the zig-zag lemma we get a long exact sequence in cohomology with respect to open
cover U

k k41

s U F) —— QMU F) L YU F) —— BT (ULF)

where 0 is the connecting homomorphism induced by the coboundary operator § and

i o ker{d: QFU, F") — Q¥ (U, F")}
Q (Z/{,]: ) - im{5 . Qkfl(u’]://) N Qk(u’]://)}

Since direct limit is an exact functor, we get the following long exact sequence in Cech coho-
mology

k41

RSN I:Ik(X,]:H) . Qk(X,]:") _9. .’Zk"'l(X,]:”) — S X, FY ——

8For proof see [14, Lemma 24.1] and [18, Theorem 25.6].

¥9For proof see Theorem B.2.

200ne needs to repeat the calculations done in Lemma 2.6 to conclude that {ZF(U,F"), Hyuv} is a direct
system. Here also the indexing set is directed by refinement, i.e. & <V is V is a refinement of U.
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where we have

Qk(X, ]_-//) _ hg Qk (u’ ]_-//)

Now to obtain the desired isomorphism, it’s sufficient to show that oF (X, F")=0| To prove
this, we will use the fact that X is a paracompact Hausdorff space and v is surjective.
Claim: Let U = {U;}ica be an open cover of X, and f = (fi,, i.) be an element of

C’“(u,ﬁ’). Then there exists a refinement V = {V;}jep along with a refining map r : B — A
such that V; C U,(jy and 7(f) € IF(V, F"), where 7 is the map defined in Lemma 2.5. Therefore
QF(X,F") =0.

Since X is paracompact, without loss of generality, assume U to be locally finite. Also, by
shrinking lemma (Theorem A.1) there exists a locally finite open covering W = {W, };ca of X
such that W; C U; for each i € A. For every & € X, choose an open neighborhood V,, of  such
that

1. If x € U; then V,, C U; for all such ¢’s. If z € W; then V,, C W, for all such i’s.
2. If V, N W; # () then V. C U; for all such i’s.

3. If © € Ujy ;... then there exists a h € F (V) such that

Y, () = b, v (fioin)

where by the first condition V, C U;,. . ;

ke

The first condition can be satisfied because U and W are point finite’'. Given the first
condition, the second condition will be satisfied because W; C U;. The third condition will
be satisfied because U is point finite and v is a surjective map of sheaves, i.e. there are
only finitely many Uj, . ; which contain x and for every open set Uj, . ; containing x and
every fio..ir. € F"(Ui,. . i), there is an open subset V, C U, 4, containing z such that
b, (h) = pf, . v (fig,..ii) for some h € F(V;) (Remark 2.6).

Choose a inép r: X — A such that z € W, (,). Then by the first condition, V; C W, C
Ur(e) and V = {V, }yex is a refinement of U. Now consider the map

k

7 P, Fy - S, F
= (figrin) = 9 = (Gzo,....ux)
where
oy = P(fr(zo),.r(ar))

and p @ F"(Up(zg),....r(as)) = F"' (Vao,....z;,) 18 the group homomorphism for the sheaf F” cor-
responding to the nested open subsets Vi, . . C Uy(zp),..r(ep)- 1t remains to show that

T(f) e IF(V, F") = ¢*(Ck(V,]-"”)), i.e. there exists h € F (Vi 21,...,2),) such that

o (B) (2.9)

If V.. 2 = 0 then there is nothing to prove. If not, then we have V; NV, # 0 for all
0 < ¢ <k Since V, C Wy(,,) we have Vo N W, (p,) # () for all 0 < ¢ < k, then by the second
condition we have V;, C U, for all 0 < ¢ < k. Hence, zg € Uy(y),....r(z;) and we can use the
third condition to conclude that there exists b’ € F(Vy,) such that

p(j;(mo)“.wr(xk)) = @bvko,zl

,,,,,

Py, (B) = p’U—'TN o Veo (fr@o)snir(ar))

(zg),---s

21 An open cover U = {U;}ica of X is point finite if each point of X is contained in U; for only finitely many
i € A. Every locally finite cover is point finite, but the converse is not true. For example, {1/n}nen is a point
finite cover of R, but is not locally finite at 0.

37



Now let h = p‘]/:g:;,on —_— (h') and use the fact that ¢ commutes with p to get (2.9). Hence

,,,,,

completing the proof. O

Remark 2.19. By Theorem XII we know that manifolds are paracompact. Hence the above
theorem can be applied to the sheaf of differential forms. In particular, by Example 2.7 and
Example 2.8, we have the short exact sequence of sheaves on a smooth manifold M

0 y Z4 < QLI p—
This induces the following long exact sequence

k41

S HY (M, Q1) —— T (M, 20 AL o

(M, 29) —— T (M, 00) —— .

2.2.3 Fine sheaves

In this subsection, the condition under which PIk(X , F) vanishes for all k£ > 1 will be discussed
following Hirzebruch [4, §2.11] and Warner [19, §5.10, 5.33].

Definition 2.18 (Sheaf partition of unity). Let F be a sheaf of abelian groups over a para-
compact Hausdorff space X. Given a locally finite open cover U = {U;};cr of X, the partition
of unity of F subordinate to the cover U is a family of sheaf maps {n; : F — F} such that

1. supp(n;) C U; for each U;

2. Y icrMi = 17 (the sum can be formed because U is locally finite)

where supp(7;) is the closure of the set of those x € X for which (n;), : F» — F5 is not a zero
map.

Definition 2.19 (Fine sheaf). A sheaf of abelian groups F over a paracompact Hausdorff space
X is fine if for any locally finite open cover U = {U;}ier of X there exists a partition of unity
of F subordinate to the covering U.

Example 2.9. Since the multiplication by a continuous or differentiable globally defined func-
tion defines a sheaf map in a natural way. From Theorem A.2 we conclude that the sheaf of
continuous functions on a paracompact Hausdorff space is a fine sheaf. Also, by Theorem XIII,
the sheaf Q7 of smooth g-forms on a smooth manifold M is a fine sheaf [20, Example 11.3.4].

Theorem 2.2. Let F be a fine sheaf over a paracompact Hausdorff space X. Then ICIk(X7 F)
vanishes for k > 1.

Proof. Since X is paracompact, every open cover of X has a locally finite refinement, it suffices

to prove that Hk(u,]-") =0 for all £ > 1if U = {U; }ier is any locally finite open cover of X.
For k > 1, we define the homomorphism

e O U, F) = N, F

(fiosivsoin) = (Pigiy,in_1)

where

Rigiv,ip—y = Zm (fi,io,...,ik,l)
el
and {n; : F — Fl}ier is a partition of unity of F subordinate to the covering U. Also, let

ok : Ck(u,}") — Ck+1(u,.7:) be the coboundary operator as in Definition 2.10. Then from

Proposition 2.4 it follows that for f = (fi,. i,) € Z*(U,F) we have
Op—1 ()\k(f» =f fork>1
Therefore, f € B¥(U, F) and ﬁk(u,f) =0 for all k> 1.
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We will check the claim just for the simplest case, when k = 1. For f = (fi,;,) € Z (U, F)
and 5(f) = (gioi17l2) = 0 we have [3a pp. 42]

do (A1 ((fiir))) = do ((Z m(ﬁm)))
el

= <PU¢1UiOi1 (Zm (fii1)> —= PUsyUsgiy (Z i (fu&))
i€l i€l
= <Z Ni (pU“1 Usiyig (Jiin) ) Zm (pU“OUW0 fm)))
el il
= <Z i (pUiilUiilio (finr) — PUsioUiiyig (fzzo)>>
el
= <Z i (pUiliOUiiliO (fioil))>
el
= (pUilioUiliO (an(floll)>>
i€l

since sheaf map 7; commutes with p, pyy is identity, {n;} is partition of unity and by
Proposition 2.4 we have

0= Giivio = pUiliOUiiliO (filiO) pU’LZOUle’LO (f ) + pUzleule (f“l)
PUi, o Uiy i (fioir) = T PUiio Uiy ig (fiio) + PUiiy Uiy ig (fiir)

O]

Remark 2.20. We can apply this theorem to the the sheaf of smooth g-forms on a smooth
manifold M, hence I:Ik(M, 07) =0 for all & > 1.
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Chapter 3

de Rham-Cech isomorphism

“Since the de Rham cohomology of a C'°° manifold is defined using differential
forms, it would seem to depend essentially on the differentiable structure of M.
However, in reality, it is determined only by the properties of M as a topological
space. It is the de Rham theorem that expresses this fact concretely.”

— Shigeyuki Morita, Geometry of Differential Forms, p. 113

Theorem 3.1. Let M be a smooth manifold. Then for each k > 0 there exists a group isomor-
phism

Hijn(M) = H' (M, R)
Proof. For k = 0, from Proposition 1.2 and Proposition 2.6, we know that both HC(;R(M) and
HO(M ,R) are isomorphic to the group of locally constant real valued functions on M. That is

Hp(M) = H°(M,R)

Now let’s restrict our attention to & > 1. From Example 2.8 we know that the Poincaré
lemma implies the existence of the following long exact sequence of sheaves of differential forms

0 R 4,0l 4,02 4
Then, as noted in Remark 2.19, we get a family of short exact sequence of sheaves
0 R— Q0 9 2! 0
0 Zle o 4, 22 0
0 Z4 e Q1 4, zatl 0

Since a smooth manifold is a paracompact Hausdorff space, we can apply Theorem 2.1 to get a
family of long exact sequence of Cech cohomology

k41

k—H(M,K) BN -

o B(M,Q0) —— B (M, 2 A (M%) s ..

k41

s H LY —— T 22) A 1t o 2ty — B ) — -

k k41

s " (M, Q) —— 'Y (M, 2oty A 1 L ze) —— T (00— -
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Now let’s study one of these long exact sequence of Cech cohomology. By Proposition 2.6 we have
1 (M, Q9) = QI(M) and T (M, 29) = Z9(M). Also by Remark 2.20 we have 0" (M, Q7) = 0
for all £ > 1 and g > 0. Hence for any g > 0 we get the exact sequence

0 — Z9(M) — QI(M) —Ls 2o (M) —2 T (M, 29) —— 0 — H' (M, Z7+1)

|

» 0 4 (M, 29) <2 0 (M, 29+Y) «— 0 «—— T (M, 29)

Now consider the following part of the above sequence
0 —— Z9(M) — QIM) —3— Za+1 (M) —2 0 (M, 27) —— 0

Since this sequence is exact, the map A : Z9TH (M) — ﬁl(M , Z9) is a surjective group homo-
morphism and im{d : Q4(M) — Z9T1(M)} = ker(A). Hence by the first isomorphism theorem
we get

y 200 (M)
H(MZHY > — >~ 7 f 11g>
(M, Z29) kor(A) orall¢g>0

Since im{d : Q4(M) — Z91 (M)} = im{d : QI(M) — QITY (M)} = BT (M), we get
H' (M, 29) =~ HIEN (M) for all ¢ > 0 (3.1)

Note that Z° = R, hence from (3.1) we get

H'(M,R) 2 Hjp(M)

Next we consider the remaining parts of the long exact sequence, i.e. for k > 1 and ¢ > 0 we

have

k41

0 —— 0", 2oty 25 7 (A, 29 —— 0

The group homomorphism A is an isomorphism since this is an exact sequence of abelian groups

k—+1

T (0, 29) = 15 (M, 277Y) forall k > 1,4 >0 (3.2)

Again substituting Z° = R and restricting our attention to k > 2, we apply (3.2) recursively to
get

Then using (3.1) we get

0" (M,R) = HY.(M)| for all k > 2

Hence completing the proof. O

Remark 3.1. One can use Weil’s method involving generalized Mayer-Vietoris principle for the
Cech-de Rham complex to directly show the isomorphism between Cech cohomology with values
in R and de Rham cohomology of smooth manifold M, without using sheaf theory. There are
two versions of the proof depending on the definition of Cech cohomology used, see [10, Theorem
3.19] if defined using nerve and [1, Proposition 10.6] if defined using presheaf.
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Appendix A

Paracompact spaces

In this appendix some definitions and facts from [12, §39 and 41] will be stated. Here X denotes
a topological space.

Definition A.1 (Locally finite collection). Let X be a topological space. A collection U of
subsets of X is said to be locally finite in X if every point of X has a neighborhood that
intersects only finitely many elements of U.

Lemma A.1. Let U = {Uy}aca be a locally finite collection of subsets of X. Then
1. any subcollection of U is locally finite.

2. the collection V = {m}aeA of the closures of the elements of U is locally finite.

3. UaeA Ua = UaEAU

Definition A.2 (Refinement of a collection). Let U = {Ua}aca be a collection of subsets of
X. A collection V = {V3}gecp of subsets of X is said to be a refinement of U if for each element
Vg of V, there is an element U, of U containing Vj.

Remark A.1l. If elements of V are open sets, the V is called an open refinement of U; if they
are closed, V is called a closed refinement.

Definition A.3 (Paracompact space). The space X is paracompact is every open covering U
of X has a locally finite open refinement V that covers X.

Remark A.2. In most algebraic geometry textbooks, following the lead of Bourbaki, the re-
quirement that the space be Hausdorff is included as part of the definition of the term compact
and paracompact. We shall not follow this convention.

Theorem A.1 (Shrinking lemma). Let X be a paracompact Hausdorff space; let U = {Uq }aca
be an indezed family of pen sets covering X. Then there exists a locally finite indexed family
V = {Vataca of open sets covering X such that Vo, C U, for each .

Definition A.4 (Continuous partition of unity). Let U = {U, }aca be an indexed open covering
of X. An indexed family of continuous functions {¢, : X — [0,1]} is said to be a continuous
partition of unity on X, dominated by {U,}, if

1. supp(¢a) C U, for each «
2. the indexed family {supp(¢a)}aca is locally finite
3. D e balz) =1 for each z € X.
where supp(¢,,) is the closure of the set of those z € X for which ¢, (x) # 0.

Theorem A.2. Let X be a paracompact Hausdorff space; let U = {Uqy}aca be an indezed open
covering of X. Then there exists a continuous partition of unity on X dominated by {U,}
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Appendix B

Direct limit

In this appendix some definitions and facts from [14, §73] and [15, §IV.2] will be stated.
Definition B.1 (Directed set). A directed set A is a set with relation < such that
l.a<aforallae A
2. a < B and B <« implies a < 7y

3. Given « and 3, there exists d such that o < é and 8 < §. The element ¢ is called an upper
limit for o and f.

Definition B.2 (Direct system). A direct system of abelian groups and group homomorphisms,
corresponding to the directed set A, is an indexed family {G4 }aca of abelian groups, along with
the family of homomorphisms {fo3: Goa = Ggla,gea, a<p such that

1. faa : Go = Gg is identity

2. If a < B <y then fgy 0 fog = fay; ie. the following diagram commutes:

G fon G,
wj‘ V
Gp

Definition B.3 (Direct limit). Given a directed set A and the associated direct system of
abelian groups and homomorphisms {(Ga, fag)}, the direct limit is defined to be the quotient

1' G - Ga ~
ﬂ ¢ a]E[A /

a€cA

where, given g, € G, and gg € Gg, go ~ gp if there exists an upper bound ¢ of a and 8 such
that fos(9a) = fss(gp). Also, go ~ gz implies that they belong to same equivalence class, i.e.
[9a] = [gp]- The direct limit is again an abelian group under addition defined as

[9a] + [9s] := [fas(ga) + fo5(95)]

for some upper bound ¢ of a and /.

Remark B.1. Just as in case of definition of sheaf, the definition of direct limit can be gener-
alized to any category like groups, rings, modules, and algebras instead of abelian groups.
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Proposition B.1. Given a directed set A and the associated direct system {(Ga, fop)} of abelian
groups and homomorphisms such that all the maps fnp are isomorphisms, then ligGa 18 1S0-
morphic to any one of the groups G .

Proposition B.2. Given a directed set A and the associated direct system {(Ga, fap)} of abelian
groups and homomorphisms such that all the maps fng are zero-homomorphisms, then lim G,
is the trivial group. More generally, if for each « there is a 8 such that o < B and fup is the
zero homomorphism, then hAlGa is the trivial group.

Definition B.4 (Map of direct systems). Let A and B be two directed sets. Let {(Gq, fap)} and
{(G, f15)} be the associated direct systems of abelian groups and homomorphisms, respectively.
A map of direct systems ® = (¢,{¢a}) : {(Gas fap)} = {(G), f15)} is a collection of maps such
that

1. the set map ¢ : A — B that preserves order relation

2. for each a € A, ¢ : G4 — G:b(oa) is a group homomorphism such that the following
diagram commutes

Go —22s @

‘/fab’ l ,;5

Gy~

for a < 8, v = ¢(a) and § = ¢(p)

Definition B.5 (Direct limit of direct system homomorphisms). The map of direct systems
® : {(Ga, fap)} = {(G)), f15)} induces a homomorphism, called the direct limit of the homo-
morphisms ¢,

@ : lim Gy — lim &,

a€cA veEB

It maps the equivalence class of g, € G, to the equivalence class of ¢n(gq)-

Theorem B.1 (Universal property of direct limits). Let A be a directed set and {(Ga, fap)} be
the associated direct system of abelian groups and homomorphisms. If G = ligaeA G, then the
inclusion iq : Go = [[ye4 Ga induces a family of group homomorphisms {Xa : Ga — G}acA.
If H is an abelian group such that for each o € A there is a group homomorphism ), : Go — H

satisfying Yo = g o fap, whenever o < B. Then there exists a unique group homomorphism
v:G—H

satisfying 1o = Vo xo for all a € A.

Remark B.2. We observe that this universal property is a special case of the preceding con-
struction, in which second direct system consists of the single group H. Hence, we have ¥ = .
One can also observe that the family of group homomorphisms {x, : Go — G}aca satisfies the
condition xo = xg o fag for all a < 8 since the following diagram commutes

G, X5 @G
faB ‘/ﬂc
Gy —2 5 G
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Theorem B.2 (Direct limit is as an exact functor). Let A be a directed set'. Let {(G",, o)}
{(Ga, fap)} and {(GL, gﬁ)} be three direct systems of abelian groups and homomorphisms as-
sociated with A, with the maps of direct systems

©: {(Gh, fop)t = {(Ga, fap)} and W :{(Ga, fap)} = {(Ga, fap)}

such that the sequence of abelian groups

ba Ya
G, > Go > G,

is exact for every a € A. Then the induced sequence

. / 2 . ¥ . 1"
lim G, —— lim G —— lim G,
acA acA acA
is also exact.
Proof. Let G' = lim G, G = lim G and G’ = lim G”. We consider the commutative diagram,

a€cA acA acA
foralla € A

o Ya
e Ga G

lx; lxa lxﬁ
@ W

G — G —G"
where X/, Xo and x/ are the homomorphisms induced by the inclusion maps into the respective
disjoint union (as in Theorem B.1). Given to us is that im ¢, = ker 1), for all a € A.
Claim: im® = ker ¥
(ker W C im @) Let g € G, then by the definition of direct limit there exists o € A such that
for some g, € G, we have xa(ga) = g. Also, let YU(g) = Ogv. By the commutative diagram
above, we have

Xa(Ya(ga)) = ¥(Xa(9a)) = %(g) = O~
The direct limit is a collection of equivalence classes, hence we have
Xg(¢a(ga)) = [[wa<ga)]] = [[OGg]]

Since 9a(9a),0cr € Gb, we have f!s(Va(ga)) = fis(0gn) = Ogy for some & such that o < 6.

[e'R]

But s 0 fos = fg(s 0 1, hence we have 15(fas(9a)) = OG%" Hence fo5(9a) € kerts = im ¢s.
So there exist hs € G such that ¢s5(hs) = fas(ga). Using xa = x5 © fas and commutativity of
diagram we get we get

9= Xa(9a) = x5(fas(9a)) = x5(d5(hs)) = B (x5(hs))

(im @ C ker ¥) Suppose g € im®. Then g = &(h), and by definition of direct limit we have
h = x.(ha) for some h, € G.,. Now by the commutativity of diagram we have

g= Q(X/a(ha)) = Xa(¢a(ha))

Since 1o © ¢o = Ogr by exactness, we have

g(g) = g(Xa(gba(ha))) = X/olz(d}oz(qba(ha))) = XZ(OGQ) = Ogr

Hence completing the proof. ]

!To avoid too many new symbols, let all the direct systems be associated with the same directed set, i.e.
A=B=Cand ¢ =14.
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