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A differential k-form on M is a smooth section of the vector bundle
Differential forms T /\k(T* M) — M.

We denote the group of all smooth k-forms on M by QX(M). Also, a
differential 0-form on M is a smooth real valued function on M, i.e.
QO(M) = C>(M).
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A differential k-form on M is a smooth section of the vector bundle
Differential forms T /\k(T* M) — M.

We denote the group of all smooth k-forms on M by QX(M). Also, a

differential 0-form on M is a smooth real valued function on M, i.e.
QO(M) = C>(M).

Lemma

If (U,x1,...,x,) is a coordinate chart on a smooth manifold M, then
w € QK(U) can be uniquely written as

w=Y adx, a€C®U)
1

where | = (i1, ..., k) is an ascending k-tuple from the set {1,..., n}.
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Gaurish Korpal Differential of a k-form
The R-linear map dy : QX(U) — Q**1(U) defined as

Differential forms

dyw = Zda/ A dx;
[

is called the exterior derivative of w on U. Let p € U, then (dyw), is
independent of the chart containing p. The differential of a k-form is
defined by the linear operator

d: QM) — Q (M)

such that for k > 0 and w € QX(M) one has (dw), = (dyw), for all
pE M.
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© It is a local operator, i.e. for all kK > 0,whenever a k-form
w € QK(M) is such that w, = 0 for all points p in an open set U
of M, then dw = 0 on U. Equivalently, for all kK > 0, whenever
two k-forms w,n € Q¥(M) agree on an open set U, then
dw=dnpon U

@ dod=0 )
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Gaurish Korpal Closed forms
w € QX(U) for k > 0 is said to be closed if dw = 0.

Differential forms

We denote the group of all closed k-forms on M by Z*(M).
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Gaurish Korpal Closed forms

w € QX(U) for k > 0 is said to be closed if dw = 0.

Differential forms

We denote the group of all closed k-forms on M by Z*(M).

w € QK(U) for k > 1 is said to be exact if w = dn for some
n € QL(U).

We denote the group of all exact k-forms on M by BX(M). Also,
B°(M) is defined to be the set consisting of only zero.
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Gaurish Korpal Closed forms

w € QX(U) for k > 0 is said to be closed if dw = 0.

Differential forms

We denote the group of all closed k-forms on M by Z*(M).

w € QK(U) for k > 1 is said to be exact if w = dn for some
n € QL(U).

We denote the group of all exact k-forms on M by BX(M). Also,
B°(M) is defined to be the set consisting of only zero.

Proposition

Every exact form is closed.
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The k" de Rham cohomology group of M is the quotient group

_ 2Km)
Hi(M) := BR(M)

Hence, HX-(M) measures the extent to which closed k-forms are not
exact on M.
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The k" de Rham cohomology group of M is the quotient group

Har(M) = s

Hence, HX-(M) measures the extent to which closed k-forms are not
exact on M.

Proposition

If the smooth manifold M has £ connected components, then
HS%(M) = R’. An element of H95x(M) is specified by an ordered
£-tuple of real numbers, each real number representing a constant
function on a connected component of M.

Hence, Hx(M) is the set of all real valued locally constant functions
on M.
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Poincaré lemma

Let U be a star-convex open set in R”. If k > 1, then H§R(U) =0,
i.e. every closed k-form on U is exact.

In particular, if U is an open ball
B(p.) = {x € R": ||x — p|| < ¢}

then HA(U) =0 for k > 1.
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Poincaré lemma

Let U be a star-convex open set in R”. If k > 1, then H§R(U) =0,
i.e. every closed k-form on U is exact.

In particular, if U is an open ball
B(p.) = {x € R": ||x — p|| < ¢}

then HA(U) =0 for k > 1.

For all p € M there exists an open neighborhood U such that every
closed k-form on U is exact for k > 1.
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We wish to prove that de Rham cohomology is a topological
invariant.

Isomorphism
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We wish to prove that de Rham cohomology is a topological
invariant. To do this we will show that the de Rham cohomology of a
smooth manifold is isomorphic to the Cech cohomology of that
manifold with real coefficients.

Isomorphism



The theorem
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We wish to prove that de Rham cohomology is a topological
invariant. To do this we will show that the de Rham cohomology of a

smooth manifold is isomorphic to the Cech cohomology of that
manifold with real coefficients.

de Rham isomorphism

Let M be a smooth manifold. Then for each k > 0 there exists a
group isomorphism
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e Presheaf

Korps! A presheaf F of abelian groups on a topological space X consists of
an abelian group F(U) for every open subset U C X and a group
homomorphism pyy : F(U) — F(V) for any two nested open
subsets V' C U satisfying the following two conditions:

@ for any open subset U of X one has pyy = 17y

@ for open subsets W C V C U one has pyw = pvw © puv, i.e.
the following diagram commutes

F(U) o F(W)
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it Presheaf

Rorpal A presheaf F of abelian groups on a topological space X consists of
an abelian group F(U) for every open subset U C X and a group
homomorphism pyy : F(U) — F(V) for any two nested open
subsets V' C U satisfying the following two conditions:

@ for any open subset U of X one has pyy = 17y

@ for open subsets W C V C U one has pyw = pvw © puv, i.e.
the following diagram commutes

F(U) o F(W)

Examples: (continuous/constant) real valued functions, differential
forms.
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Sheaf
A presheaf F on a topologial space X is called a sheaf if for every
collection {Uy}aea of open subsets of X with U = Uycal, the
following conditions are satisfied
@ (Uniqueness) If f,g € F(U) and pyu, (f) = puu, (g) for all
a €A, then f =g.
@ (Gluing) If for all o € A we have f, € F(U,) such that

PUq,UanUs (fa) = pus,unus(fs) for any a, B € A, then there
exists a £ € F(U) such that pyy, () = f, for all & € A (this f
is unique by previous axiom).

Gaurish Korpal
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A presheaf F on a topologial space X is called a sheaf if for every
collection {Uy}aea of open subsets of X with U = Uycal, the
following conditions are satisfied
@ (Uniqueness) If f,g € F(U) and pyu, (f) = puu, (g) for all
a €A, then f =g.
@ (Gluing) If for all o € A we have f, € F(U,) such that

PUq,UanUs (fa) = pus,unus(fs) for any a, B € A, then there
exists a £ € F(U) such that pyy, () = f, for all & € A (this f

is unique by previous axiom).
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’

Observe that, if X is disconnected then the gluing axiom doesn't hold
for the presheaf of constant real valued functions on X. We therefore
define a constant sheaf R on X to be the collection of locally
constant real valued functions.
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If one has a presheaf of functions (or forms) on X which is defined by
some property which is a local property like continuity and
differentiability, then that presheaf is also a sheaf. This is because the
agreement of functions (or forms) on the overlap intersections
automatically gives a well defined unique function (or form) on the
open set U. In particular:
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If one has a presheaf of functions (or forms) on X which is defined by
some property which is a local property like continuity and
differentiability, then that presheaf is also a sheaf. This is because the
agreement of functions (or forms) on the overlap intersections
automatically gives a well defined unique function (or form) on the
open set U. In particular:

If M is a smooth manifold then Q9 is the sheaf of smooth g-forms on
M such that for every open subset U of M we have the abelian group
Q9(U) of smooth g-forms on U along with the natural restriction

maps as the group homomorphisms pyy for nested open subsets
VvV cUu.




Cochains

Sheaf-theoretic Let F be sheaf of abelian groups on a topologial space X. Let

e U = {U;}ic; be an open cover of X, and fix an integer k > 0.
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Cech cochain

A Cech k-cochain for the sheaf F over the open cover U is an
element of [T ;) F(Up N Uy N---N Uj) where Cartesian
product is take over all collections of k + 1 indices (i, ..., ix) from /.




Cochains

Sheaf-theoretic Let F be sheaf of abelian groups on a topologial space X. Let

e U = {U;}ic; be an open cover of X, and fix an integer k > 0.

Gaurish Korpal

Cech cochain

A Cech k-cochain for the sheaf F over the open cover U is an
element of [T ;) F(Up N Uy N---N Uj) where Cartesian
product is take over all collections of k + 1 indices (i, ..., ix) from /.

To simplify the notation, we will write
Uio m Uil m e m Uik = Ul'g,l.l,u»,l'k and ‘F(U’.O»"lw--,ik) = {f}Oqilw-""k}

Hence a Cech k-cochain is a tuple of the form (Foitremsii)-



Cochains

Sheaf-theoretic

pag Let F be sheaf of abelian groups on a topologial space X. Let
e U = {U;}ic; be an open cover of X, and fix an integer k > 0.

Gaurish Korpal

Cech cochain

A Cech k-cochain for the sheaf F over the open cover U is an
element of [T ;) F(Up N Uy N---N Uj) where Cartesian
product is take over all collections of k + 1 indices (i, ..., ix) from /.

To simplify the notation, we will write
Uio m Uil m e m Uik = Ul'g,l.l,u»,l'k and ‘F(U’.O»"l ----- ik) = {f}Oail 77777 ik}

Hence a Cech k-cochain is a tuple of the form (i ... ). The abelian
group of Cech k-cochains for F over U is denoted by ék(l/{,]-'); thus

v k
Cu,r)= [I FlUpn..i)

(f05i1,-++5ik)
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Coboundary operator
The coboundary operator is defined as
§: U, F) = &TNu,F)
(f;.07"17---7ik) = (gi07i11-~»vik+1)

where 1
+
)
B = DD P 5 )
£=0
and p: ]:(Uio,il,...ﬁ,...,im) = F(Ui,j....ics2) is the group

homomorphism for the sheaf F corresponding to the nested open

subsets U i,,....i0n C Ui07"1,~~,72;~~7"k+1'
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The coboundary operator is defined as

§: U, F) = &TNu,F)
(f;.07"17---7ik) = (gi07i11-~»vik+1)

where 1
+
4
N Z(_l) p(f}07i1,~~-,72,-~~7ik+1)
£=0
andiol B e ) A (sl )l iSithe erolp

homomorphism for the sheaf F corresponding to the nested open

subsets U i,,....i0n C Ui07"1,~~,72;~~7"k+1'

Note that § 0 6 = 0.
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A Cech k-cochain f = (f, ....;) with 6(f) = 0 is called Cech
k-cocycle.

The abelian group of k-cocycles is denoted by Z*(U4, F), i.e. kernel
of § at the k" level.
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A Cech k-cochain f = (f, ....;) with 6(f) = 0 is called Cech
k-cocycle.

The abelian group of k-cocycles is denoted by Z*(U4, F), i.e. kernel
of § at the k" level.

Proposition (cocycles are skew-symmetric)

Let f = (f,. i) € ZX(U,F), then
Q f;,...i, =0 if any two indices are equal.

Q r(iv).o(i).....o() = sen(o)fi ir,....i, if o is a permutation of
{ivy -+, ik}
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Cech coboundary

A Cech k-cochain f = (fo.ir,....ix ) which is the image of 4, i.e. there
exists (k — 1)-cochain g = (gj,i,....i_,) such that 6(g) = f, is called
Cech k-coboundary.

The abelian group of k-coboundaries is denoted by BX(i4, F), i.e.
image of J at the (k — 1)t level. Also, we define BO(U, F) = 0 for
any sheaf F and open cover U.
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Cech coboundary

A Cech k-cochain f = (fo.ir,....ix ) which is the image of 4, i.e. there
exists (k — 1)-cochain g = (gj,i,....i_,) such that 6(g) = f, is called
Cech k-coboundary.

The abelian group of k-coboundaries is denoted by BX(i4, F), i.e.
image of J at the (k — 1)t level. Also, we define BO(U, F) = 0 for
any sheaf F and open cover U.

Proposition
Every k-coboundary is a k-cocycle.
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The k' Cech cohomology group of F with respect to the open cover
U is the quotient group

Z4U, F)

v k
H (U, F) =<
U7 = g, 7
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SR The kth Cech cohomology group of F with respect to the open cover
U is the quotient group

75U, F)

v k
H (U, F) =<
U7 = g, 7

Hence, the Cech cohomology with respect to a cover measures the
extent to which cocycles are not coboundaries for a given open cover.
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The k' Cech cohomology group of F with respect to the open cover
U is the quotient group

75U, F)

v k
H (U, F) =<
U7 = g, 7

Hence, the Cech cohomology with respect to a cover measures the
extent to which cocycles are not coboundaries for a given open cover.

Proposition

For any sheaf F and open covering U of X, HO(U,f) ~ F(X).
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Cech cohomology with respect to cover

Cech cohomology with respect to a cover

The k' Cech cohomology group of F with respect to the open cover
U is the quotient group

75U, F)

v k
H (U, F) =<
U7 = g, 7

Hence, the Cech cohomology with respect to a cover measures the
extent to which cocycles are not coboundaries for a given open cover.

Proposition

For any sheaf F and open covering U of X, HO(U,f) ~ F(X).

The group isomorphism is given by:
T F(X) = Z2°U, F)
f i (pxui(f))
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Let U = {U;}ics and V = {V;};c, be two open coverings of X such
that V is a refinement of U along with the refining map r: J — |
such that V; C U, for every j € J. The induced map at the level of
cohomology, called the refinement map, is given by

Hy - 05U, F) - B0, F)
[(f;'07'“1ik)] = [(gjow-,jk)]

for (fy,,..i) € ZKU, F), where

OEEEED)

Gjorrnric = PFr(io),..ori))

and p : F(Urjp),....r(j0)) = F(V,...ji) is the group homomorphism
for the sheaf F corresponding to the nested open subsets
Vios-wwk © Ur(i).....r(i)-
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St el Note that {Hk(u, F), Hyv} is a direct system since:
Q Hyy = L) (we can choose refining map r to be identity)

Q Huw = HywoHyy ford <V <W
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s beoel Note that {Hk(u,f), Hyv} is a direct system since:
Q Hyy = L) (we can choose refining map r to be identity)

Q Huw = HywoHyy ford <V <W

Cech cohomology

Let F be a sheaf of abelian groups on X and k > 0 be an integer.
Then the kth Cech cohomology group of F on X is the direct limit of
the direct system {Hk(u,f), Hyv} indexed over all the open covers
of X with order relation induced by refinement, i.e. Y <V if Vis a
refinement of U

—

H (X, F) = lim AW, F)
u




Sheaf-theoretic
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e Roam We know that at the H™ level all the groups are isomorphic to F(X).
Since all the maps Hy are compatible isomorphisms, the direct limit

is also isomorphic to F(X).
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Proposition

For any sheaf F of X, we have FIO(X,.F) = F(X).
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e Roam We know that at the H™ level all the groups are isomorphic to F(X).
Since all the maps Hy are compatible isomorphisms, the direct limit

is also isomorphic to F(X).

Gaurish Korpal

Proposition

For any sheaf F of X, we have FIO(X,f) = F(X).

In particular, for X = M and F = R, we have
Ho(M,R) = R(M)

0 . .
Hence, H" (M, R) is isomorphic to the group of real valued locally
constant functions on M.



Sheaf-theoretic

) . .
e Roam We know that at the H™ level all the groups are isomorphic to F(X).
Since all the maps Hy are compatible isomorphisms, the direct limit
is also isomorphic to F(X).
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Proposition

For any sheaf F of X, we have FIO(X,f) = F(X).

In particular, for X = M and F = R, we have
Ho(M,R) = R(M)

Hence, HO(M,B) is isomorphic to the group of real valued locally
constant functions on M. But we know that HI5(M) is also
isomorphic to the group of real valued locally constant functions on
M. Hence

0
Hgr(M) = H'(M,R)
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Map of sheaves

Let F and G be sheaves of abelian groups on a topological space X.
A maps of sheaves ¢ : F — G on X is given by a collection of group
homomorphisms ¢y : F(U) — G(U) for any open subset U of X,
which commute with the group homomorphisms p for the two
sheaves, i.e. for V C U the following diagram commutes

FU) —2 g(u)

F g
Lp uv L/’ ov

F(V) =2 g(v)
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As seen earlier, for the sheaf of functions (or forms) the natural
restriction map is the group homomorphism pyy for nested open
subsets V C U. Since the exterior derivative is a local operator, it
commutes with restriction, i.e. the following diagram commutes for
Vcu

Gaurish Korpal

QI(U) —2— Qe1(V)

l{puv l{PUV

Qa(V) — s Qati(v)




Exterior derivative is a sheaf map
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As seen earlier, for the sheaf of functions (or forms) the natural
restriction map is the group homomorphism pyy for nested open
subsets V C U. Since the exterior derivative is a local operator, it
commutes with restriction, i.e. the following diagram commutes for
Vcu

Gaurish Korpal

QI(U) —2— Qe1(V)

l{puv l{PUV

Qa(V) — s Qati(v)

d: Q9 — Q97! is a map of sheaves, where Q9 and Q911 are sheaves
of smooth g-forms and (g + 1)-forms, respectively, defined on a
smooth manifold M.
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Associated presheaf

Given a sheaf map ¢ : 7 — G on X, we have the associated
presheaves ker(¢),im(¢), and coker(¢) defined in the obvious way,
i.e. ker(¢)(U) = ker(¢y : F(U) — G(U)) with group homomorphism
p inherited from F.
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Associated presheaf

Given a sheaf map ¢ : 7 — G on X, we have the associated
presheaves ker(¢),im(¢), and coker(¢) defined in the obvious way,
i.e. ker(¢)(U) = ker(¢y : F(U) — G(U)) with group homomorphism
p inherited from F.

ker(¢) is a sheaf.
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Associated presheaf

Given a sheaf map ¢ : 7 — G on X, we have the associated
presheaves ker(¢),im(¢), and coker(¢) defined in the obvious way,
i.e. ker(¢)(U) = ker(¢y : F(U) — G(U)) with group homomorphism
p inherited from F.

ker(¢) is a sheaf. l

If M is a smooth manifold and d : Q9 — Q9% is the exterior
derivative. Then ker(d) = Z9 is the sheaf of closed g-forms on X.
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Let F be a sheaf on X, and let x € X. Then the stalk of F at x is
the direct limit of the direct system {F(U), pyv} indexed by the
open subsets containing x, with order relation induced by reverse
inclusion, i.e. U< V if V C U:




Sheaf-theoretic
de Rham
isomorphism

Gaurish Korpal

Exact sequence of sheaves

Let F be a sheaf on X, and let x € X. Then the stalk of F at x is
the direct limit of the direct system {F(U), pyv} indexed by the
open subsets containing x, with order relation induced by reverse
inclusion, i.e. U< V if V C U:

Fx = li
U

3

F(U)

51

X

The image of f € F(U) in Fy under the group homomorphism
induced by the inclusion map F(U) < [] 5, F(U) is denoted by f..
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Since the map of sheaves is a map of direct systems

¢ {(F(U), plv)} = {(G(V), py )}

the map of stalks ¢, : Fx — Gy is the direct limit of the
homomorphisms ¢y .
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Since the map of sheaves is a map of direct systems

¢ {(F(U), plv)} = {(G(V), py )}

the map of stalks ¢, : Fx — Gy is the direct limit of the
homomorphisms ¢y .

Exact sequence of sheaves

A sequence of sheaves F’ — L F Y, F issaid to be exact if

F o, F F;! is an exact sequence of abelian groups for
every x € X.




Exact sequence of differential forms

Sheaf-theoretic

e By Poincaré lemma we know that for every point x in a smooth

Gaurish Korpal manifold M there exists an open subset U containing x such that

QU) —2 Ql(U) s Q2(u) v -

is an exact sequence of abelian groups.



Exact sequence of differential forms

Sheaf-theoretic

e By Poincaré lemma we know that for every point x in a smooth

Gaurish Korpal manifold M there exists an open subset U containing x such that
Q(U) 2 Qi(u) 4 2(u) 2L -

is an exact sequence of abelian groups. Also, since R(U) is the group
of closed 0-forms, for all x € M we have a long exact sequence at the
level of stalks

dx dx dx

0 R, — O Q Q




Exact sequence of differential forms

Sheaf-theoretic

e By Poincaré lemma we know that for every point x in a smooth

Gaurish Korpal manifold M there exists an open subset U containing x such that

Q(U) 2 Qi(u) 4 2(u) 2L -

is an exact sequence of abelian groups. Also, since R(U) is the group
of closed 0-forms, for all x € M we have a long exact sequence at the
level of stalks

dy dy dy

0 R, - Q9 Qx Q2

Therefore, the sequence of sheaves of differential forms on a smooth
manifold

0 — R« Q 4,0 4,02 ¢

is exact.
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If ¢ : F — G is a map of sheaves on X, then the induced map on
cochains is defined as

sh Korpal

o CU,F) >
(ﬁmh,m,ik) = (¢Ui0 ,,,,, ( i, i1, ,lk))

for any open covering U of X.
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If ¢ : F — G is a map of sheaves on X, then the induced map on
cochains is defined as

oo U, F) = E WU, 9)
(ﬁo,il,u-,ik) = (¢Ui0 ,,,,, ( i, i1, ,lk))

for any open covering U of X.

Lemma

| A

¢ P

If 0 JF F F'" is an exact sequence of sheaves
over X, then the induced sequence of cochains for any open cover U

of X 0 —— & u,rF) 2 & u,F) -2 U, F) is also
exact.




Induced map of cohomology

Shoatiists We observe that the induced map of cochains sends cocycles to

[somarphism cocycles, and coboundaries to cobundaries.

Gaurish Korpal



Induced map of cohomology

Sheat:theoretic We observe that the induced map of cochains sends cocycles to

R cocycles, and coboundaries to cobundaries.

Induced map of cohomology with respect to a cover

sh Korpal

Let ¢ : F — G be a map of sheaves on X, then the induced map of
cohomology is defined as

o 0w, rF) = 1w, 9)
[f] = [¢(F)]

for f € ZK(U, F).




Induced map of cohomology

Sheat:theoretic We observe that the induced map of cochains sends cocycles to

R cocycles, and coboundaries to cobundaries.

Induced map of cohomology with respect to a cover

Gaurish Korpal

Let ¢ : F — G be a map of sheaves on X, then the induced map of
cohomology is defined as

o 0w, rF) = 1w, 9)
[f] = [¢(F)]

for f € ZK(U, F).

In fact, we have a map of direct systems
" « k
& {H (U F), Bt = (U, 9), Hip}
Thus ¢ : F — G induces a homomorphism at the level of cohomology

o B (X, F) = 1 (X,9)

-



Long exact sequence of cohomology
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isomorphism

Korpal

Serre's theorem
Let X be a paracompact Hausdorff space and

0 Fts 5t 0

be a short exact sequence of sheaves on X. Then there are

. . v k v k
connecting homomorphisms A : H™ (X, F") — +1(X F') for every
k > 0 such that we have a long exact sequence of Cech cohomology
groups
s

A X, F) 2 BA G F) A BN xRy S
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Given to us is a short exact sequence of sheaves

Gaurish Korpal

¢ Y

0 F F F! 0




Long exact sequence of cohomology
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Given to us is a short exact sequence of sheaves

Gaurish Korpal

¢ Y

0 F F F! 0

Then by the preceding lemma, for any open cover U of X,
0 —— & u, Fy 2 S, F) L Eu, )

is an exact sequence.
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Given to us is a short exact sequence of sheaves
Gaurish Korpal

¢ Y

0 F F F! 0

Then by the preceding lemma, for any open cover U of X,
0 —— & u, Fy 2 S, F) L Eu, )

. . <k

is an exact sequence. However, if we replace C" (U, F") by
im, = (U, F"), we get a short exact sequence of cochain
complexes

0 —— U F) -2 U F) L 1KuU,F') — 0



Long exact sequence of cohomology

Sheat:theoretic Then by the zig-zag lemma we get a long exact sequence in

RN cohomology with respect to open cover U
Gaurish Korpal

ppet

0w, F) % UL Fr) -2 u, 7y -2

where 0 is the connecting homomorphism induced by the coboundary
operator § and

ker{S : I*(U, F") — I"TY (U, F")}

U, F) = im{0 : I=1(U, Fry — IKU, F")}




Long exact sequence of cohomology

Sheaf-theoretic

saf-theor Then by the zig-zag lemma we get a long exact sequence in

RN cohomology with respect to open cover U
Gaurish Korpal

ppet

0w, F) % UL Fr) -2 u, 7y -2

where 0 is the connecting homomorphism induced by the coboundary
operator § and

ker{S : I*(U, F") — I"TY (U, F")}

im{d : 1= U, F") — 15U, F")}

Since direct limit is an exact functor, we get the long exact sequence

in Cech cohomology

“ \¢ «
20X, F) 2 T x, Py 2 B

U, F") =

(X, F) =

where

k ZANNT k 11
X, F )fllgrr;I W, F"
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Gaurish Korpal

Now to obtain the desired long exact sequence of Cech cohomology,

it's sufficient to show that ZX(X, F"') = Fik(X,f”).




Long exact sequence of cohomology
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Gaurish Korpal

Now to obtain the desired long exact sequence of Cech cohomology,
it's sufficient to show that ZX(X, F"') = Fik(X,f”).

We observe that the inclusion map /X(U, F"") — ék(u,}"”) induces
an exact sequence of cochain complexes

0 —— IKUF") —— E"UF) — QXU F") — 0

where .
Cw,F"

k "y .
CUT) = R )



Long exact sequence of cohomology

Sheat:theoretic We can now apply zig-zag lemma to get a long exact sequence in

AT cohomology with respect to the open cover U

Gaurish Korpal

s B U F) — QKU F) S TR U FT) — -
where 0 is the connecting homomorphism induced by the coboundary

operator § and

ker{d : QX(U, F") — Q (U, F")}
im{§ : QY (U,F") — QKU,F")}

Qk(u, ];-//) _



Long exact sequence of cohomology

Sheat:theoretic We can now apply zig-zag lemma to get a long exact sequence in

[somarphism cohomology with respect to the open cover U
Gaurish Korpal

s AU FTY — OF UL F) 2 TR UL F) —

where 0 is the connecting homomorphism induced by the coboundary
operator § and

ker{6 : @ (U, F") — QY (U,F")}

im{§ : QY (U,F") — QKU,F")}

Since direct limit is an exact functor, we get the following long exact
sequence in Cech cohomology

Qk(u, ];-//) _

s BN F) s QKX FT) 2 TRY(X, FTY

where we have

Qk(X,]‘-”) _ ||7m> Qk(u,f”)
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Gaurish Korpal

Now to obtain the desired isomorphism, it's sufficient to show that
QK(X, F"") = 0. To prove this, we will use the fact that X is a
paracompact Hausdorff space and v, is surjective for all x € X.
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o foreat Now to obtain the desired isomorphism, it's sufficient to show that
QK(X, F"") = 0. To prove this, we will use the fact that X is a
paracompact Hausdorff space and v, is surjective for all x € X.

Let &/ = {U;}ica be an open cover of X, and f = (f;..._ ;) be an
element of ék(u,}"’). Then there exists a refinement V = {V};cp
along with a refining map r : B — A such that V; C U, and

F(f) € IX(V, F"), where 7 is the refining map at the level of
cochains. Therefore Q%(X, F") = 0.
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sh Korpal

Long exact sequence of cohomology

Now to obtain the desired isomorphism, it's sufficient to show that
QK(X, F"") = 0. To prove this, we will use the fact that X is a
paracompact Hausdorff space and v, is surjective for all x € X.

Let &/ = {U;}ica be an open cover of X, and f = (f;..._ ;) be an
element of ék(u,}"’). Then there exists a refinement V = {V};cp
along with a refining map r : B — A such that V; C U, and

F(f) € IX(V, F"), where 7 is the refining map at the level of
cochains. Therefore Q%(X, F") = 0.

Since X is paracompact, without loss of generality, assume U to be
locally finite. By shrinking lemma there exists a locally finite open
covering W = {W, };ca of X such that W; C U; for each i € A.



Long exact sequence of cohomology
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For every x € X, we can choose an open neighborhood V, of x such
that

Q If x € U; then V, C U; for all such i's. If x € W; then V, C W;
for all such /'s.
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Gaurish Korpal

For every x € X, we can choose an open neighborhood V, of x such
that

Q If x € U; then V, C U; for all such i's. If x € W; then V, C W;
for all such /'s.

Q If V., N W, # () then Vi C U; for all such i’s.
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For every x € X, we can choose an open neighborhood V, of x such
that

Q If x € U; then V, C U; for all such i's. If x € W; then V, C W;
for all such /'s.

Q If V., N W, # () then Vi C U; for all such i’s.
@ If x € Uy,i,,....i, then there exists a h € F(V) such that

bu(h) = ol oy (Fi)

..... i

where by the first condition V, C U

i0yee eyl
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Choose a map r: X — A such that x € W,(). Then by the first
condition, Vi C Wj(y) and V = { Vi }ex is a refinement of U.
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Gaurish Korpal

Choose a map r: X — A such that x € W,(). Then by the first
condition, Vi C Wj(y) and V = { Vi }ex is a refinement of U.
Now consider the map

P, Fry - S, F)
f = (f;'o,.“,ik) = g = (gX07-<-7Xk)
where
Bxo,....xx — p(fr(xo)’-u,r(xk))

and p is the group homomorphism for the sheaf 7" corresponding to
the nested open subsets V., ., C U,(X0)7_“7,(Xk).



Long exact sequence of cohomology

Sheaf-theoretic
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It remains to show that 7(f) € IK(V, F") = w*(C (V,F")), i.e
there exists h € F(Vyg x....x ) such that

P(Fr(x0)nnr(6)) = VWi sy (D) (1)

Gaurish Korpal



Long exact sequence of cohomology

Sheaf-theoretic
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It remains to show that 7(f) € IK(V, F") = w*(C (V,F")), i.e
there exists h € F(Vyg x....x ) such that

P(Fr(x0)nnr(6)) = VWi sy (D) (1)

If Vi....x, =0 then there is nothing to prove. If not, then we have
Vie N Vi, # 0 for all 0 < £ < k. Since V, C Wy(,) we have

Vie " Wi # () for all 0 < ¢ < k, then by the second condition we
have V,, C U, (y,) for all 0 < £ < k. Hence, xo € Uy(y),...,r(x) and we
can use the third condition to conclude that there exists h’ € F(V,,)
such that

Gaurish Korpal

1/vao(h/) = Pﬁ Vi (Fr(x0),enr(i)

r(xp)s--» r(xg)s Vxo
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Long exact sequence of cohomology

It remains to show that 7(f) € IK(V, F") = w*(C (V,F")), i.e
there exists h € F(Vyg x....x ) such that

P(Fr(x0)nnr(6)) = VWi sy (D) (1)

If Vi....x, =0 then there is nothing to prove. If not, then we have
Vie N Vi, # 0 for all 0 < £ < k. Since V, C Wy(,) we have

Vie " Wi # () for all 0 < ¢ < k, then by the second condition we
have V,, C U, (y,) for all 0 < £ < k. Hence, xo € Uy(y),...,r(x) and we
can use the third condition to conclude that there exists h’ € F(V,,)
such that

"/’VX (h/) = pﬁ,(xo) ,,,,, r(xk)vvxo(ﬁ(xo)v"'7r(xk))

’

Now let h = pv, Vg, (') and use the fact that ¢ commutes

with p to get (1) Hence completing the proof.



Long exact sequence induced by differential forms
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Gaurish Korpal

Since manifolds are paracompact, the following short exact sequence
of sheaves

0 29— Qi 9, zatl 0

for ¢ > 0, with Z2° = R, induces the long exact sequence

C— B(M, Q) — 1M, 29ty A 1T (M, 29) — -



Vanishing cohomology

Sheaf-theoretic
de Rham
isomorphism

Sheaf partition of unity

Gaurish Korpal

Let F be a sheaf of abelian groups over a paracompact Hausdorff
space X. Given a locally finite open cover U = {U;};cs of X, the
partition of unity of F subordinate to the cover U is a family of sheaf
maps {n; : F — F} such that

@ supp(n;) C U; for each U;
Q > ,c;mi = 17 (the sum can be formed because U is locally
finite)
where supp(n;) is the closure of the set of those x € X for which
(ni)x : Fx — Fx is not a zero map.




Vanishing cohomology
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Sheaf partition of unity

Gaurish Korpal

Let F be a sheaf of abelian groups over a paracompact Hausdorff
space X. Given a locally finite open cover U = {U;};cs of X, the
partition of unity of F subordinate to the cover U is a family of sheaf
maps {n; : F — F} such that

@ supp(n;) C U; for each U;
Q > ,c;mi = 17 (the sum can be formed because U is locally
finite)
where supp(n;) is the closure of the set of those x € X for which
(ni)x : Fx — Fx is not a zero map.

Since the multiplication by a continuous or differentiable globally
defined function defines a sheaf map in a natural way. The sheaf Q9
of smooth g-forms on a smooth manifold M admits a sheaf partition
of unity.



Vanishing cohomology

Sheaf-theoretic
de Rham
isomorphism

Gaurish Korpal Let F be a sheaf over a paracompact Hausdorff space X which
admits partition of unity. Then Flk(X,]-') vanishes for k > 1.




Vanishing cohomology
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Let F be a sheaf over a paracompact Hausdorff space X which
admits partition of unity. Then Flk(X,]-') vanishes for k > 1.

Gaurish Korpal

Since X is paracompact, every open cover of X has a locally finite
refinement, it suffices to prove that Fik(u,]:) =0 for all k > 1if
U = {U;}ies is any locally finite open cover of X.
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Vanishing cohomology

Let F be a sheaf over a paracompact Hausdorff space X which
admits partition of unity. Then Flk(X,]-') vanishes for k > 1.

Since X is paracompact, every open cover of X has a locally finite

refinement, it suffices to prove that Fik(u,]:) =0 for all k > 1if
U = {U;}ies is any locally finite open cover of X. For k > 1, we
define the homomorphism

Mo U F) S E TN, )

(ffo,i1,~-7l'k) = (hiOyi17"~;ik—1)

’0:’17 s’k 1 : :77’ ”07 y’k 1

i€l

where

and {n; : F — F},c is a partition of unity of F subordinate to the
covering U.



Vanishing cohomology
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Gaurish Korpal

Let oy : Ck(u,]-') — (vlk+1(Z/l,.7-') be the coboundary operator. Since
the cocycles are skew-symmetric, for f = (f;, ;) € ZX(U,F) we

have
Ok—1 ()\k(f)) =f fork>1

Therefore, f € BX(U, F) and H*(U, F) = 0 for all k > 1.
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Gaurish Korpal

Let oy : Ck(u,]-') — (vlk+1(Z/l,.7-') be the coboundary operator. Since
the cocycles are skew-symmetric, for f = (f;, ;) € ZX(U,F) we
have

Ok—1 ()\k(f)) =f fork>1
Therefore, f € BX(U, F) and H*(U, F) = 0 for all k > 1.

We can apply this theorem to the the sheaf of smooth g-forms on a
smooth manifold M, hence Hk(M,Qq) =0 for all kK > 1. J




Sheaf-theoretic “ “
e Rhom We have HO(M,Qq) >~ Q9(M) and HO(I\/I,Zq) >~ Z9(M). Hence for
any g > 0 we have the long exact sequence

Gaurish Korpal

0 — Z9(M) — QI(M) %5 29 (M) —2 AY(M, 29) —> 0 — HY(M, Z9H1)

|a

C e 0 —— F(M, 29) & HA(M, 29TY) «— 0 +— HP(M, 29)

Completing the proof



Sheaf-theoretic “ “
e Rhom We have HO(M,Qq) >~ Q9(M) and HO(I\/I,Zq) >~ Z9(M). Hence for
any g > 0 we have the long exact sequence

Gaurish Korpal

0 — Z9(M) — QI(M) - 29 (M) —2 AY(M, 29) — 0 — H'(M, Z7H)
lA

C e 0 —— F(M, 29) & HA(M, 29TY) «— 0 +— HP(M, 29)

Now consider the following part of the above sequence

0 — Z9(M) — QI(M) - 29+1(M) 25 BH(M, 29) — 0

Completing the proof



Sheaf-theoretic “ “
e Rhom We have HO(M,Qq) >~ Q9(M) and HO(I\/I,Zq) >~ Z9(M). Hence for
any g > 0 we have the long exact sequence

Gaurish Korpal

0 — Z9(M) — QI(M) - 29 (M) —2 AY(M, 29) — 0 — H'(M, Z7H)
lA

C e 0 —— F(M, 29) & HA(M, 29TY) «— 0 +— HP(M, 29)

Now consider the following part of the above sequence
0 — Z9(M) — QI(M) - 29+1(M) 25 BH(M, 29) — 0

Since this sequence is exact, the map A : Z9T1(M) — IZII(I\/I,Z") is
a surjective group homomorphism and

im{d : QM) — Z9"H(M)} = ker(A)

Completing the proof
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By the first isomorphism theorem we get

Gaurish Korpal

Za+1(M)

o1
M (M, 29) =
(M, 27) ker(A)

forallg >0

Completing the proof
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By the first isomorphism theorem we get

Gaurish Korpal

Za+1(M)

o1
M (M, 29) =
(M, 27) ker(A)

forallg >0

Since im{d : Q9(M) — Z9*1 (M)} = im{d : QI(M) — QITL(M)} =
BITL(M), we get

H'(M, 29) = HEH (M) for all g > 0 (2)

Completing the proof
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By the first isomorphism theorem we get

Gaurish Korpal

Za+1(M)

o1
M (M, 29) =
(M, 27) ker(A)

forallg >0

Since im{d : Q9(M) — Z9*1 (M)} = im{d : QI(M) — QITL(M)} =
BITL(M), we get

(M, 29) = HIXY (M) forall ¢ >0 (2)

i
Note that 2% = R, thus we have

.1
H' (M, R) = Hjg(M)

Completing the proof



HEL(M) = B (M, R) for k > 2

Sheat:theoretic Consider the remaining parts of the long exact sequence, i.e. for

isomorphism k>1 and qg >0 we have

Gaurish Korpal

0 —— A (M, 2oty 2 { (M, 29) —— 0

Here, the group homomorphism A is an isomorphism since this is an

exact sequence of abelian groups

I:|I<+1(M,Zq’) = Hk(M,ZqH) forall k >1,g>0 (3)

Completing the proof



HEL(M) = B (M, R) for k > 2

Sheat:theoretic Consider the remaining parts of the long exact sequence, i.e. for

isomorphism k>1 and qg >0 we have

Gaurish Korpal

A ~ k—+1
e

0 —— A*(M, za+1) B M, 29y — 0

Here, the group homomorphism A is an isomorphism since this is an
exact sequence of abelian groups

I:|I<+1(M,Zq’) = Hk(M,ZqH) forall k >1,g>0 (3)

Again substituting Z° = R and restricting our attention to k > 2, we
apply (3) recursively to get

Flk(M,K) ~ [t (M, 2*) = B2 (M, 2?) ... = 5t (M, 2k-1)

Completing the proof
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Com

pleting the proof

HA (M) (M R) for k > 2

Consider the remaining parts of the long exact sequence, i.e. for
k >1and g > 0 we have

0 —— A (M, 2oty 2 { (M, 29) —— 0

Here, the group homomorphism A is an isomorphism since this is an
exact sequence of abelian groups

I:|I<+1(M,Zq’) = Hk(M,ZqH) forall k >1,g>0 (3)

Again substituting Z° = R and restricting our attention to k > 2, we
apply (3) recursively to get

A M, R) = H N (M, 2Y) = B2 (M, 22) - = R (M, 257

Then using (2) we get

A (M, R) = H5 (M) | for all k > 2
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Completing the proof
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