Appendix. An Elementary Introduction
to Hyperelliptic Curves

by Alfred J. Menezes, Yi-Hong Wu, and Robert J. Zuccherato

This appendix is an elementary introduction to some of the theory of hyperelliptic
curves over finite fields of arbitrary characteristic that has cryptographic relevance.
Cantor’s algorithm for adding in the jacobian of a hyperelliptic curve is presented,
along with a proof of its correctness.

Hyperelliptic curves are a special class of algebraic curves and can be viewed
as generalizations of elliptic curves. There are hyperelliptic curves of every genus
g > 1. A hyperelliptic curve of genus g = 1 is an elliptic curve. Elliptic curves have
been extensively studied for over a hundred years, and there are many books on
the topic (for example, [Silverman 1986 and 1994], [Husemoller 1987], [Koblitz
1993], [Menezes 1993]).

On the other hand, the theory of hyperelliptic curves has not received as much
attention by the research community. Most results concerning hyperelliptic curves
which appear in the literature on algebraic geometry are couched in very general
terms. For example, a common source cited in papers on hyperelliptic curves is
[Mumford 1984]. However, the non-specialist will have difficulty specializing (not
to mention finding) the results in this book to the particular case of hyperelliptic
curves. Another difficulty one encounters is that the theory in such books is usually
restricted to the case of hyperelliptic curves over the complex numbers (as in
Mumford’s book), or over algebraically closed fields of characteristic not equal to
2. The recent book [Cassels and Flynn 1996] is an extensive account of curves of
genus 2. (Compared to their book, our approach is definitely “low-brow”.)

Recently, applications of hyperelliptic curves have been found in areas outside
algebraic geometry. Hyperelliptic curves were a key ingredient in Adleman and
Huang’s random polynomial-time algorithm for primality proving [Adleman and
Huang 1992]. Hyperelliptic curves have also been considered in the design of error-
correcting codes [Brigand 1991], in the evaluation of definite integrals [Bertrand
1995], in integer factorization algorithms [Lenstra, Pila and Pomerance 1993],
and in public-key cryptography (see Chapter 6 of the present book). Hyperelliptic
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curves over finite fields of characteristic two are particularly of interest when
implementing codes and cryptosystems.

Charlap and Robbins [1988] presented an elementary introduction to elliptic
curves. The purpose was to provide elementary self-contained proofs of some
of the basic theory relevant to Schoof’s algorithm [Schoof 1985] for counting the
points on an elliptic curve over a finite field. The discussion was restricted to fields
of characteristic not equal to 2 or 3. However, for practical applications, elliptic
and hyperelliptic curves over characteristic two fields are especially attractive.
This appendix, similar in spirit to the paper of Charlap and Robbins, presents
an elementary introduction to some of the theory of hyperelliptic curves over
finite fields of arbitrary characteristic. For a general introduction to the theory of
algebraic curves, consult [Fulton 1969].

§ 1. Basic Definitions and Properties

Definition 1.1. Let ¥ be a field and let F be the algebraic closure of F (see
Definition 1.8 of Chapter 3). A hyperelliptic curve C of genus g over F (g > 1)
is an equation of the form

C:v+hwv=fw in  Flu,v], (1)

where h(u) € F[u] is a polynomial of degree at most g, f(u) € F[u] is a monic
polynomial of degree 2g + 1, and there are no solutions (u,v) € F x F which
simultaneously satisfy the equation v? + h(u)v = f(u) and the partial derivative
equations 2v + h{u) = 0 and h'(u)v — f'(u) = 0.

A singular point on C is a solution (u, v) € FxTF which simultaneously satisfies
the equation v? + h(u)v = f(u) and the partial derivative equations 2v + h(u) = 0
and h/(u)v — f'(u) = 0. Definition 1.1 thus says that a hyperelliptic curve does not
have any singular points.

For the remainder of this paper it is assumed that the field F and the curve C
have been fixed.

Lemma 1.1. Let C be a hyperelliptic curve over F defined by equation (1).

1) If h(u) =0, then char(F) # 2.

2) If char(F) # 2, then the change of variables v — u, v — (v — h(u)/2)
transforms C'to the form v? = f(u) where deg, f =2g+ 1.

3) Let C be an equation of the form (1) with h(u) = 0 and char(F) # 2. Then C
is a hyperelliptic curve if and only if f(u) has no repeated roots in F.

Proof.

1) Suppose that h(u) = 0 and char(IF) = 2. Then the partial derivative equations
reduce to f'(u) = 0. Note that deg, f'(u) = 2g. Let z € F be a root of the
equation f'(u) =0, and let y € T be a root of the equation v> = f(z). Then
the point (x,y) is a singular point on C. Statement 1) now follows.
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2) Under this change of variables, the equation (1) is transformed to
(v — h(u)/2)* + h(u)(v — h(w)/2) = f(u) ,
which simplifies to v? = f(u) + h(u)?/4; note that deg, (f + h*/4) =2g + 1.

3) A singular point (z,y) on C must satisfy y?> = f(z), 2y = 0, and f'(z) = 0.
Hence y = 0 and « is a repeated root of the polynomial f(u). O

Definition 1.2. Let K be an extension field of F. The set of K-rational points on
C, denoted C(K), is the set of all points P = (x,y) € K x K that satisfy the
equation (1) of the curve C, together with a special point at infinity* denoted oo.
The set of points C(F) will simply be denoted by C. The points in C other than
oo are called finite points.

Example 1.1. The illustrations on the next page show two examples of hyperelliptic
curves over the field of real numbers. Each curve has genus ¢ =2 and h(u) = 0.

Definition 1.3. Let P = (z,y) be a finite point on a hyperelliptic curve C. The
opposite of P is the point P = (z, —y — h(z)). (Note that P is indeed on C.) We
also define the opposite of co to be 50 = oo itself. If a finite point P satisfies
P = P, then the point is said to be special; otherwise, the point is said to be
ordinary.

Example 1.2. Consider the curve C' : v +uv =’ + 5u* + 6u® + u + 3 over the
finite field F,. Here, h(u) = u, f(u) = v’ + 5u* + 6u? + u + 3 and g = 2. It can
be verified that C has no singular points (other than oo), and hence C is indeed a
hyperelliptic curve. The F;-rational points on C' are

C(lF7) = {o0,(1,1),(1,5),(2,2),(2,3),(5,3),(5,6),(6,9)} .
The point (6,4) is a special point.

) O v =v+u* +4u +4u? + 3u+3 = (u+ 1)(u? + 1)(u? + 3). The graph of
C) in the real plane is shown below.

—
\

* The point at infinity lies in the projective plane P*(F). It is the only projective point
lying on the line at infinity that satisfies the homogenized hyperelliptic curve equation. If
g > 2, then oo is a singular (projective) point; this is allowed, since oo ¢ F x F.
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2) Gy : v?=u® —5u +4u = u(u — D)(u+ 1)(u — 2)(u +2). The graph of C, in
the real plane is shown below.

4R\
N/

A
v/

Example 1.3. Consider the finite field Fps = Fp[z]/(z> + 2 + 1), and let o be a
root of the primitive polynomial x> + 2 + 1 in F,s. The powers of « are listed in
Table 1.

n a™ n a’ n a™

0 1 11 a?+a+1l 22 at+a?+1
1 o 12 B+ +a 23 P+atta+l
2 o? 13 ot +ad+a? 24 o*+dl+t+a
3 o’ 14 o+l +a?+1 25 ot +ad+1
4 ot 15 a*+dP+a?+a+1 26 at+at+a+l
5 a?+1 16 At +ad+a+l 27 Pra+l
6 o+ a 17 ot ra+l 28 A+t +a
7 o+ 18 a+1 29 o +1

8 aP+al+1 19 o+« 30 ot +a

9 od*+al+a 20 a? +a? 31 1

10 ot +1 21 a*+ad

Table 1. Powers of « in the finite field Fys = Fo[z]/(z° + 2% + 1)

Consider the curve C : v + (u? + u)v = u’ + u’ + 1 of genus g = 2 over the

finite field Fps. Here, h(u) = u? +u and f(u) = u® +u3 + 1. It can be verified that
C has no singular points (other than co), and hence C is indeed a hyperelliptic
curve. The finite points in C(Fys), the set of F,s-rational points on C, are:

©,1) (LY (@,e) (@) (@, (@, %)
(0(9, a27) ((19, a30) (alo’ 0[23) (aIO’ a30) (01‘4, 058) (0114, 0[19)
(a15, O) (a15, aS) (Otlg, a23) (a18, a29) (a19’ 062) (a19’ aZS)
(0420, alS) (0120, a29) (Ot23, 0) (023, a4) (a25, a) (a25’ al4)
@7,0) (@7, ad) (o®,0)) @3 (®,0 (o,
(a30, 0) (a30’ a16)

Of these, the points (0, 1) and (1, 1) are special.
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§ 2. Polynomial and Rational Functions

This section introduces basic properties of polynomials and rational functions that
arise when they are viewed as functions on a hyperelliptic curve.

Definition 2.1. The coordinate ring of C over T, denoted F[C], is the quotient
ring
FIC] = Flu, v]/(v* + h(ww — f(w) ,

where (v? +h(u)v — f(u)) denotes the ideal in F[u, v] generated by the polynomial
v? + h(uw)v — f(u).(See Example 4.1 in Chapter 3 for the definition of “quotient
ring”.) Similarly, the coordinate ring of C' over I is defined as

FI(C] = Flu, v]/(* + hu)v — f(u)) .
An element of F[C] is called a polynomial function on C.

Lemma 2.1. The polynomial r(u,v) = v? + h(uy — f(u) is irreducible over T,
and hence F[C] is an integral domain.

Proof. If r(u, v) were reducible over F, it would factor as (v — a(u))(v — b(uw))
for some a,b € F[u]. But then deg,(a - b) = deg, f =29+ 1 and deg,(a +b) =
deg, h < g, which is impossible. O

Observe that for each polynomial function G(u,v) € F[C], we can repeat-
edly replace any occurrence of v? by f(u) — h(u)v, so as to eventually obtain a
representation

G(u,v) = a(u) — b(uyv , where a(u),b(u) € Flu] .
It is easy to see that the representation of G(u,v) in this form is unique.

Definition 2.2. Let G(u,v) = a(u) — b(u)v be a polynbmial function _in F[C].
The conjugate of G(u,v) is defined to be the polynomial function G(u,v) =
a(u) + b(u)(h(u) + v).

Definition 2.3 Let G(u,v) = a(u) — b(u)v be a polynomial function in F[C]. The
norm of G is the polynomial function N(G) = GG.

The norm function will be useful in transforming questions about polynomial
functions in two variables into easier questions about polynomials in a single
variable.

Lemma 2.2. Let G, H € F[C] be polynomial functions.
1) N(G) is a polynomial in Flu).

2) N(G)= N(G).

3) N(GH)= N(G)N(H).
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Proof. Let G = a — bv and H = ¢ — dv, where a,b,¢,d € Flul.*
1) Now, G =a+b(h+v) and

N@G)=G-G=(a—bv)a+bh+v))=a?+abh — b f € Flu] .
2) The conjugate of G is
G=@+bh)+(—b)h+v)=a—bv=G .

Hence N(G) =G G = GG = N(G).
3) GH = (ac+ bdf) — (bc + ad + bdh)v, and its conjugate is
GH = (ac+ bdf) + (bc + ad + bdh)(h + v)

= ac+ bdf + bch + adh + bdh? + bev + adv + bdhv
= ac+ be(h +v) + ad(h + v) + bd(h? + hv + f)
= ac + be(h +v) + ad(h + v) + bd(h? + 2hv + v?)
= (a + b(h + v))(c+d(h+v))
=GH.

Hence N(GH)=GHGH =GHGH = GGHH = N(G)N(H). O

Definition 2.4. The function field F(C) of C over F is the field of fractions of
F[C]. Similarly, the function field F(C) of C over F is the field of fractions of
F[C]. The elements of F(C) are called rational functions on C.

Note that F[C] is a subring of F(C), i.e., every polynomial function is also a
rational function.

Definition 2.5. Let R € F(C), and let P € C, P # oco. Then R is said to be
defined at P if there exist polynomial functions G, H € F[C] such that R = G/H
and H(P) #0; if no such G, H € F[C] exist, then R is not defined at P. If R is
defined at P, the value of R at P is defined to be R(P) = G(P)/H(P).

It is easy to see that the value R(P) is well-defined, i.e., it does not depend
on the choice of G and H. The following definition introduces the notion of the
degree of a polynomial function.

Peﬁnition 2.6. Let G(u,v) = a(u) — b(u)v be a nonzero polynomial function in
F[C]. The degree of G is defined to be

deg(G) = max{2deg,(a), 29+ 1 +2deg,(b)} .
Lemma 2.3. Let G, H € F[C].
1) deg(G) = deg, (N(G)).

* If not explicitly stated otherwise, the variable in all polynomials will henceforth be
assumed to be u.
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2) deg(GH) =deg(G) +deg(H).
3) deg(G) = deg(G).

Proof.

1) Let G = a(u) — b(uw)v. The norm of G is N(G) = a® + abh — b*f. Let d; =
deg,(a(uw)) and d; = deg,(b(u)). By the definition of a hyperelliptic curve,
deg,, (h(w)) < g and deg, (f(u)) = 2g + 1. There are two cases to consider:

Case 1: If 2d; > 2g+1+2d, then 2d; > 2g+2+2d,, and hence dy > g+ 1+ ds.
Hence

degu(az) =2di >2di+g+1+d; > di +dy +g > deg,(abh) .
Case 2: If 2d; < 2g+ 1 +2d; then 2d; < 2g + 2d;, and hence d; < g + d;. Thus,
deg, (abh) < dy +dy + g < 2g+2dy < 2g+2dy + 1 = deg, (V*f) .
It follows that
deg, (N(G)) = max(2d;,2g + 1 + 2d,) = deg(G) .
2) We have
deg(GH) =deg, (N(GH)), byl
=deg, (N(G)N(H)) , by part 3) of Lemma 2.2

= deg, (N(G)) + deg (N (H))
= deg(G) +deg(H) .

3) Since N(G) = N(G), we have deg(G) = deg,,(N(G)) = deg, (N(G)) = deg(G).
O

Definition 2.7. Let R = G/H € F(C) be a rational function.

1) If deg(G) < deg(H) then the value of R at oo is defined to be R(c0) = 0.

2) If deg(G) > deg(H) then R is not defined at co.

3) If deg(G) = deg(H) then R(co) is defined to be the ratio of the leading coef-
ficients (with respect to the deg function) of G and H.

§ 3. Zeros and Poles

This section introduces the notion of a uniformizing parameter, and the orders of
zeros and poles of rational functions.

Definition 3.1. Let R € F(C) be a nonzero rational function, and let P € C. If
R(P) =0 then R is said to have a zero at P. If R is not defined at P then R is
said to have a pole at P, in which case we write R(P) = cc.

Lemma 3.1. Let G € F[C] be a nonzero polynomial function, and let P € C. If
G(P) =0, then G(P) =0.
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Proof Let G = a(u) — b(u)v and P = (z,y). Then G = a(u) + bu)@ + h(w)),
= (z, —y — h(z)), and G(P) = a(z) + b@)(—y — h(z) + k() = a(z) — yb(z) =
G(P) 0.0

The next three lemmas are used in the proof of Theorem 3.1, which establishes
the existence of uniformizing parameters.

Lemma 3.2. Let P = (z,y) be a point on C. Suppose that a nonzero polynomial
function G = a(u) — b(u)v € IF[Clhas a zero at P, and suppose that x is not a
root of both a(u) and b(u). Then G(P) =0 if and only if P is a special point.

Proof. If P is a special point, then G(P) = 0 by Lemma 3.1. Conversely, suppose
that P is an ordinary point, i.e., y # (—y — h(z)). If G(P) = 0 then we have:

a(x) —bx)y=0
a(z) + b(x)(h(x)+y)=0 .

Subtracting the two equations, we obtain b(z) = 0, and hence a(z) = 0, which
contradicts the hypothesis that z is not a root of both a(u) and b(u). Hence if
G(P) =0, it follows that P is special. O

Lemma 3.3. Let P = (z,y) be an ordinary point on C, and let G = a(u) —b(u)v €
F[C] be a nonzero polynomial function. Suppose that G(P) = 0 and x is not a
root of both a(u) and W(u). Then G can be written in the form (u — x)°S, where
s is the highest power of (u — x) that divides N(G), and S € F(C) has neither a
zero nor a pole at P.

Proof. We can write
G _ NG a2+abh—b2f
G G a+bh+v)

Let N(G) = (v — z)°d(u), where s is the highest power of (u — z) that divides
N(G) (so d(u) € F[u] and d(z) # 0). By Lemma 3.2, G(P) # 0. Let S = d(u)/G.
Then G = (u — z)°S and S(P) # 0,00. O

G=G-

Lemma 3.4. Let P = (z,y) be a special point on C. Then (u — z) can be written
in the form (v — y)* - S(u, v), where S(u,v) € F(C) has neither a zero nor a pole
at P.

Proof. Let H = (v—y)? and S = (u—x)/H, so that (u—z) = H - S. We will show
that S(P) # 0,00. Since P is a special point, 2y + h(z) = 0. Consequently, since
P is not a singular point, we have h'(z)y — f'(x) # 0. Also, f(z) = > + h(z)y =
¥* +(—2y)(y) = —y*. Now,

H(u,v) = (v —y)* =v* = 2yv + % = f(uw) — h(uy — 2yv + ¢

1 (fw+y’ h(u) + 2y
S(u,v)—( u—x >—v( u—z > ' @

Hence
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Notice that the right hand side of (2) is indeed a polynomial function. Let s(u) =
H(u,y), and observe that s(x) = 0. Moreover, s'(u) = f/'(u) — h'(w)y, whence
s'(x) # 0. Thus (u — z) divides s(u), but (u — z)*> does not divide s(u). It follows
that the right hand side of (2) is nonzero at P, and hence that S(P) # 0, 0o, as
required. O

Theorem 3.1. Let P € C. Then there exists a function U € F(C) with U(P) =0
such that the following property holds: for each nonzero polynomial function G €
F[C), there exist an integer d and a function S € F(C) such that S(P) # 0,00
and G = U4S. Furthermore, the number d does not depend on the choice of U.
The function U is called a uniformizing parameter for P.

Proof. Let G(u, v) € F[C] be a nonzero polynomial function. If P is a finite point,
suppose that G(P) = 0; if P = oo, suppose that G(P) = oo. (If G(P) # 0,00,
then we can writt G = U°G where U is any polynomial in F[C] satisfying
U(P) = 0.) We prove the theorem by finding a uniformizing parameter for each
of the following cases: 1) P = 0o; 2) P is an ordinary point; and 3) P is a special
point.

1) We show that a uniformizing parameter for the point P = oo is U = u9/v.

First note that U(o0) = 0 since deg(u9) < deg(v). Next, write

wI\?% / v\d
¢= (*) (=) ¢

where d = —deg(G). Let S = (v/u9)?G. Since deg(v) — deg(u9) =2g+1 —
2g = 1 and d = —deg(G), it follows that deg(u™9%G) = deg(v~¢). Hence
S(o0) # 0, 00.

2) Assume now that P = (x,y) is an ordinary point. We show that a uniformizing
parameter for P is U = (u—x); observe that U(P) = 0. Write G = a(u)—b(u)v.
Let (u— z)" be the highest power of (u — x) which divides both a(u) and b(w),

and write
G(u,v) = (u — x)"(ap(u) — bo(u)v) .

By Lemma 3.3, we can write (ag(u) — bo(u)v) = (u — x)°S for some integer
s > 0 and some S € F(C) such that S(P) # 0,00. Hence G = (u — x)™**S
satisfies the conclusion of the theorem with d =17+ s.

3) Assume now that P = (z,y) is a special point. We show that a uniformizing
parameter for P is U = (v — y); observe that U(P) = 0. By replacing any
powers of u greater than 2g with the equation of the curve, we can write

G(u,v) = ungzg(v) + uzg_lbzg_l(v) + -+ ub(v) + bo(v) ,

where each b;(v) € F[v]. Replacing all occurrences of u by ((u — z) + z) and
expanding, we obtain

G(u,v) = (u = 2)byg(v) + (u — )7 byg_1(v) + -+ - + (U — 2)b1(v) + bo(v)

= (u — )B(u, v) + bo(v) ,
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where each b;(v) € F[v], and B(u, v) € F[C]. Now G(P) = 0 implies by(y) =
0, and so we can write by(v) = (v — y)c(v) for some ¢ € Flv]. By the proof of
Lemma 3.4 (see equation (2)), we can write (u —z) = (v — y)?*/A(u, v), where
A(u,v) € F[C] and A(P) # 0, co. Hence

Glu,v) = (0 ~ ) %m@)
_(w—y)
T A, )
def (V—¥)
= A(u,v)Gl(u’v)'

Now if G1(P) # 0, then we are done, since we can take S = G;/A. On the
other hand, if g 1(P) =0, then ¢(y) = 0 and we can write c(v) = (v — y)c1(v)
for some ¢; € F[v]. Hence

_ _ 2 B(U,U)
G=(w~—y) [A(u,v) +C1(v)}
_w-y’

A(u,v)

gef (v — y)?
T A(u,v)

[B(u,v) + Alu, )1 (V)]

Gz(u, 1}) .

Again, if G,(P) # 0, then we are done. Otherwise, the whole process can be
repeated. To see that the process terminates, suppose that we have pulled out
k factors of v — y. There are two cases to consider.

a) If k is even, say k = 2[, we can write

(w—yp*
A(u, v)t

where D € F[C]. Hence, A'G = (v — 9)*D = (u — z)*A'D, whence
G = (u—2)' D. Taking norms of both sides, we have N(G) = (u—xz)* N(D).
Hence k < deg, (N(G)).

b) If k is odd, say k =20 + 1, we can write

G= D(u,v)

(U _ y)2l+l

- A(u, v)l+1

where D € F[C]. Hence, A*'G = (v — y)**'D = (u — 2)'Al(v — y)D,
whence AG = (u — 2)!(v — y)D. Taking norms of both sides, we have
N(AG) = (u — )" N — y)N(D). Hence 2l < deg, (N(AGR)), and so
k < deg,(N(AG)).
In either case, k is bounded by deg, (IN(AG)), and so the process must termi-
nate.

D(u,v)

To see that d is independent of the choice of U, suppose that U; is another
uniformizing parameter for P. Since U(P) = U;(P) = 0, we can write U = UA
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and U; = U'B, where a > 1, b > 1, A/B € F(C), A(P) # 0,00, B(P) #
0,00. Thus U = (U’B)*A = U%B®A. Dividing both sides by U, we obtain
Ue—1Be A = 1. If we substitute P in both sides of this equation, we see that
ab—1=0. Hence a = b= 1. Thus G = US = U(A?S), where A%S has neither
a zero nor a pole at P. O

The notion of a uniformizing parameter is next used to define the order of
a polynomial function at a point. An alternative definition from [Koblitz 1989],
which is more convenient to use for computational purposes, is given in Definition
3.3. Lemma 3.6 establishes that these two definitions are in fact equivalent.

Definition 3.2. Let G € F[C] be a nonzero polynomial function, and let P € C.
Let U € F(C) be a uniformizing parameter for P, and write G = U?S where
S e F(C), S(P) # 0, 00. The order of G at P is defined to be ordp(G) = d.

Lemma 3.5. Let G, G, € F[C] be nonzero polynomial functions, and let P € C.

Let Ordp(Gl) =T Ordp(Gz) =T

1) ordp(G1G3) = ordp(Gh) + ord p(G).

2) If 1 # 7y, then ordp(Gy + G2) = min(ry, 7). If ry = 12 and G4 # —G», then
ordp(G1 + G3) > 1.

Proof. Let U be a uniformizing parameter for P. By Definition 3.2, we can write
G, =Un"S; and Gy = U™S,, where S}, S, € F(C), S1(P) # 0,00, S2(P) # 0, 0.
Without loss of generality, suppose that r; > 7.

D GG, = Um*2(8:8,), from which it follows that ordp(G1G>) =1 + 12-

2) Gi+G,=UnU""8) +8,). If r{ > 1y, then (U285 )(P) =0, S2(P) #
0, 00, and so ordp(G) + Ga) = ra. If 7 =13, then (S; + $2)(P) # oo (although it
may be the case that (S} + S2)(P) = 0), and so ordp(G| + G2) > 2. O

We now give an alternate definition of the order of a polynomial function at a
point.

Definition 3.3. Let G = a(u) — b(w)v € F[C] be a nonzero polynomial function,

and let P € C. The order of G at P, denoted ordp(G), is defined as follows:

1) If P = (z,y) is a finite point, then let r be the highest power of (u — x)
that divides both a(u) and b(w), and write G(u, v) = (u — x)" (ag(u) — bo(u)v).
If ag(z) — bo(x)y # 0, then let s = 0; otherwise, let s be the highest power
of (u — ) that divides N(ag(u) — bo(u)v) = a3 + aghoh — b f. If P is an
ordinary point, then define ordp(G) = 7 +s. If P is a special point, then define
ordp(G) =2r +s.

2) If P = oo, then

ordp(G) = —max{2deg,(a), 2g +1+2deg,(b)} .

Lemma 3.6. Definitions 3.2 and 3.3 are equivalent. That is, if the order function
of Definition 3.3 is denoted by ord, then ordp(G) = ordp(G) for all P € C and
all nonzero G € F[C].
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Proof. If P = oo, the lemma follows directly from the proof of part 1) of Theorem
3.1. For the case when P is an ordinary point, the lemma follows directly from
Lemma 3.3 and the proof of part 2) of Theorem 3.1.

Suppose now that P = (z,y) is a special point, and let G = a — bv. Let 7 be
the highest power of (u — ) which divides both a(u) and b(x), and write

G = (u— 2)"(ao(w) — bo(wv) £ (u — 2)" H(u,v) .
Let ordp(H) = s. Then, by Lemma 3.4,
ordp(G) = ordp((u — z)") +ordp(H) = 2r + s .
Now since v — y is a uniformizing parameter for P, we can write
H(u,v)=(v—y)°Ai/A, , where A, 4, €F[C], Ai(P)#0, AxP)#0 .
Multiplying both sides by A, and taking norms, we have
N(A)NH) = (y* + h(u)y ~ fFW)°N(A)) .

Now N(A;)z) # 0, since A;(P) # 0 and P is special (Lemma 3.1). Similarly,
N(Az)(z) # 0. Also, u = z is a root of the polynomial y?+h(w)y — f(u). Moreover,
u = z is not a double root of y* + h(u)y — f(u), since k' (z)y — f'(z) #0. It
follows that (u — x)*® is the highest power of (u — x) that divides N(H). Hence,
ordp(G) = 2r + s = ordp(G). O

Lemma 3.7 is a generalization of Lemma 3.1.

Lemma 3.7. Let G GLF[C] be a nonzero polynomial function, and let P € C.
Then ordp(G) = ordlg(G).

Proof. There are two cases to consider.

1) Suppose P = oo; then P = co. By Definition 2.6 and part 2) of Definition
3.3, ordp(G) = — deg(G) and ord5(G) = ordp(G) = — deg(G). By part 3) of
Lemma 2.3, deg(G) = deg(G). Hence, ordp(G) = ord>(G).

2) Suppose now that P = (z,y) is a finite point. Let G = a(u) — b(u)v = (u —
z)" H(u,v), where 7 is the highest power of (u — z) that divides both a(u) and
b(u) and H(u,v) = ap(u) — bo(u)v. If H(z,y) # 0, then let s = 0; otherwise,
let s be the highest power of (u — x) that divides N(H). Now G = (u —N.r)’”ﬁ,
where H = (ag + boh) + bov. Recall that H(P) = 0 if and only if H(P) = 0.
Since (u— x) does not divide both ag+boh and by (since otherwise, (u — x)|ao),
and s is the highest power of (u — z) that divides N(H) = N(H), it follows
from Definition 3.3 that ord;(@) =ordp(G). O

Theorem 3.2. Let G € F[C] be a nonzero polynomial function. Then G has a finite
number of zeros and poles. Moreover, pec 0rdp(G) = 0.

Proof. Let n = deg(G); then deg,(N(G)) = n. We can write
N(G)=GG = (u—z)u—z) - (u—2,) ,
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where z; € F, and the x; are not necessarily distinct. The only pole of G is at P =
00, and orde.(G) = —n. If x; is the u-coordinate of an ordinary point P = (z;, ¥;)
on C, then ordp(u—x;) = 1 and ordg(u —x;) = 1, and (u — x;) has no other zeros.
If z; is the u-coordinate of a special point P = (x;,y;) on C, then ordp(u — z;) =
2, and (u - z;) has no other zeros. Hence, N(G), and consequently also G,
has a finite number of zeros and poles, and moreover » PeC\{oo} ordp(N(@Q)) =

2n. But, by Lemma 3.7, 3 pe o 1o} O1dP(G) = - pec (oo} ordp(G), and hence
Zpec\{oo} ordp(G) = n. We conclude that ), ordp(G) = 0. O

Definition 34. Let R = G/H € F(C) be a nonzero rational function, and let
P e C. The order of R at P is defined to be ordp(R) = ordp(G) — ord p(H).

It can readily be verified that ordp(R) does not depend on the choice of G
and H, and that Lemma 3.5 and Theorem 3.2 are also true for nonzero rational
functions.

§ 4. Divisors

This section presents the basic properties of divisors and introduces the jacobian
of a hyperelliptic curve.

Definition 4.1. A divisor D is a formal sum of points on C'

D=Zmpp, mpeZ,

where only a finite number of the integers mp are nonzero. The degree of D,
denoted deg D, is the integer ), mp. The order of D at P is the integer mp;
we write ordp(D) = mp.

The set of all divisors, denoted ID, forms an additive group under the addition

le:
e ZmpP+anP= Z(mp'f-np)P.

PeC PeC PeC
The set of all divisors of degree 0, denoted D°, is a subgroup of D.

Definition 4.2. Let D, = }_,.-mpP and Dy = ) pcnpP be two divisors.
The greatest common divisor of D and D, is defined to be

gc.d(Dy,Dy) =Y min(mp,np)P — (Z min(mp,’np)> 0 .
pPeC PeC
(Note that g.c.d.(D;, D,) € D°)

Definition 4.3. Let R € F(C) be a nonzero rational function. The divisor of R is

div(R)= Y (ordpR)P .
PeC
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Note that if R = G/H then div(R) = div(G) — div(H). Theorem 3.2 shows
that the divisor of a rational function is indeed a finite formal sum and has degree
0.

Example 4.1. If P = (x,y) is an ordinary point on C, then div(u—z) = P+P—2c0.
If P = (x,y) is a special point on C, then div(u — ) = 2P — 200.

Lemma 4.1. Let G € F[_C’] be a nonzero polynomial function, and let div(G) =
Y-pccmpP. Then div(G) = }_ .- mpP.

Proof. The result follows directly from Lemma 3.7. O

If R, R, € F(C) are nonzero rational functions, then it follows from part 1)
of Lemma 3.5 that div(R Ry) = div(R;) + div(Ry).

Definition 4.4. A divisor D € D° is called a principal divisor if D = div(R) for
some nonzero rational function R € F(C). The set of all principal divisors, denoted
PP, is a subgroup of I’. The quotient group J = D° /P is called the jacobian of the
curve C. If Dy, D, € D then we write D; ~ D, if D; — D, € P; D, and D,
are said to be equivalent divisors.

Definition 4.5. Let D = >, mpP be a divisor. The support of D is the set
supp(D) ={P € C | mp # 0}.

Definition 4.6. A semi-reduced divisor is a divisor of the form D = Y m;P; —
(3~ m;)oo, where each m; > 0 and the P;’s are finite points such that when
P; € supp(D) one has P; ¢ supp(D), unless P; = P;, in which case m; = 1.

Lemma 4.2. For each divisor D € D° there exists a semi-reduced divisor D, € D°
such that D ~ Dj.

Proof. Let D = } . mpP. Let (C}, () be a partition of the set of ordinary

points on C such that 1) P € C if and only if Pe Cy; and 2) if P € C then
mp > mg. Let Cp be the set of special points on C. Then we can write

D= mpP+» mpP+ Y mpP—moo.
PcC PeCy PECy
Consider the following divisor
Di=D- Y mpdivu—z)— Y. [%} div(u — z) .
P=(z,y)eC: P=(z,y)€Cy
Then Dy ~ D. Finally, by Example 4.1, we have
m
D, = Z (mp —mg)P+ Z <mp -2 [—QE]) P —mjo0
PEC PeCy

for some integer m; > 0, and hence D is a semi-reduced divisor. O
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§ 5. Representing Semi-Reduced Divisors

This section describes a polynomial representation for semi-reduced divisors of
the jacobian. It leads to an efficient algorithm for adding elements of the jacobian
(see §7).

Lemma 5.1. Let P = (x,y) be an ordinary point on C, and let R € F(C) be a
rational function that does not have a pole at P. Then for any k > 0, there are
unique elements cy, cy, ..., c, € F and Ry, € F(C) such that R = Zf=0 c;i(u—xz)'+
(u — 2)**' Ry, where Ry, does not have a pole at P.

Proof. There is a unique ¢y € F, namely ¢y = R(z,y), such that P is a zero of
R—¢y. Since (u—z) is a uniformizing parameter for P, we can write R—cy = (u—
z)R; for some (unique) R; € F(C) with ordp(R;) > 0. Hence R = cy+(u—x)R).
The lemma now follows by induction. O

In the next lemma, when we write “nlod (u— x)k”, we mean modulo the ideal
generated by (u — z)* in the subring of F(C) consisting of rational functions that
do not have a pole at P. Thus, the conclusion in Lemma 5.1 can be restated:

R= Z;lo ci(u — 2)F (mod (u — z)**).

Lemma 5.2. Let P = (x,y) be an ordinary point on C. Then for each k > 1,
there exists a unique polynomial by(u) € Flu] such that

1) deg, by <k;

2) bi(x) =y, and

3) bi(u) + b (w)h(u) = f(u) (mod(u — )F).

Proof. We apply Lemma 5.1 to R(u,v) = v. Let v = Zi.:)l ci(u — o) + (u —
x)*Ry,_, where ¢; € F and R;_; € F(C). Define by(u) = Zf;)] c(u — x)t
From the proof of Lemma 5.1, we know that ¢y = y, and hence bi(z) = y.
Finally, since 2 + h(ww = f(w), if we reduce both sides modulo (u — )k we
obtain by(u)? + br(u)h(u) = f(u) (mod(u — )¥). Uniqueness is easily proved by
induction on k. O

The following theorem shows how a semi-reduced divisor can be represented
as the g.c.d. of the divisors of two polynomial functions.

Theorem 5.1. Let D = Y m; P, — (3 m;)o0o be a semi-reduced divisor, where
P; = (zi,y;). Let a(u) = [[(u — x;)™. There exists a unique polynomial b(u)
satisfying: 1) deg,, b < deg, a; 2) b(z;) = y; for all i for which m; # 0; and 3)
a(u) divides (b(u)? + b(u)h(u) — f(w)). Then D = g.c.d.(div(a(uw)), div(b(u) — v)).

Notation: g.c.d.(div(a(w)),div(b(u) — v)) will usually be abbreviated to
div(a(u), b(u) — v) or, more simply, to div(a, b).

Proof. Let C; be the set of ordinary points in supp(D), and let Cy be the set of
special points in supp(D). Let C; = {P : P € C}. Then we can write
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D= Z Pi+ Z mi-Pi_moov

P;eCy P;cC

where m;, m are positive integers.

We first prove that there exists a unique polynomial b(u) which satisfies the
conditions of the theorem. By Lemma 5.2, for each P, € C; there exists a unique
polynomial b;(u) € F[u] satisfying 1) deg, b; < m;; 2) bi(z;) = yi; and 3) (u —
;)™ b%(u) + bi(u)h(u) — f(u). It can easily be verified that for each P; € C,
b;(u) = y; is the unique polynomial satisfying 1) deg, b; < 1; 2) bi(x;) = y;;
and 3) (u — xi)|bf(u) + b;(u)h(u) — f(u). By the Chinese Remainder Theorem for
polynomials (see Exercise 3 in §3 of Chapter 3), there is a unique polynomial
b(u) € Flu], deg, b < Y m;, such that

b(u) = b;(u) (mod(u — x;)™*) for all 7 .

It can now be verified that b(u) satisfies conditions 1), 2) and 3) of the theorem.
Next,

div(a(u)) = div (H(u — xi)m’) = Z 2F; + Z m; P, + Z miP;, — (x)oo .
P,eCy P,eC, P;eC)
In addition,

divib(w) —v)= Y tiPi+ Y siPi+ > miP; = (¥)oo

P;eCy PeCy P, eC\(CouCUCU{o0})

where each s; > m; since (u — z;)™ divides N(b — v) = b* + hb — f. Now if
P = (z,y) € Cy, then (v — ) divides b%>+bh — f. The derivative of this polynomial
evaluated at u = x is
2b(z)b (z) + b’ (2)h(z) + b(x)R/ (x) — f'(x)
=b'(2)Q2y + hx)) + (W' @)y — f(x)
=h'(x)y — f'(x), since 2y+h(x)=0
#0 .

Thus, u = z is a simple root of N(b — v) = b?> +bh — f, and hence ¢; = 1 for all i.
Therefore, :

g.c.d.(a(u), b(u) —v) = Z P+ Z m;P; —moo=D ,
P;eCy P;eC

as required. O

Note that the zero divisor is represented as div(l,0). The next result follows
from the proof of Theorem 5.1.

Lemma 5.3. Let a(u), b(u) € Flu] be such that deg, b < deg, a. If a|(b2 +bh— f),
then div(a, b) is semi-reduced.
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§ 6. Reduced Divisors

This section defines the notion of a reduced divisor and proves that each coset in
the quotient group J = D° /PP has exactly one reduced divisor. We can therefore
identify each element of J with its reduced divisor.

Definition 6.1. Let D = > m;P; — (3. m;)oo be a semi-reduced divisor. If
> m; < g (g is the genus of C) then D is called a reduced divisor.

Definition 6.2. Let D = >, mpP be a divisor. The norm of D is defined to

be
IDI= ) |mp|.

PeC\{oo}

Note that given a divisor D € D, the operation described in the proof of
Lemma 4.2 produces a semi-reduced divisor D; such that Dy ~ D and |D;| < | D).

Lemma 6.1. Let R be a nonzero rational function in T(C). If R has no finite
poles, then R is a polynomial function.

Proof. Let R = G/H, where G, H are nonzero polynomial functions in F[C1.

Then R = % . % = GF/N(H), and so we can write R = (a — bv)/c, where

a,b,c € Flu], c# 0. Let € F be a root of c. Let P = (z,y) € C where y € F,
and let d > 1 be the highest power of (u — z) that divides c.
If P is ordinary, then ordp(c) = ordg(c) = d. Since R has no finite poles,

ordp(a — bv) > d and ordlg(a — bv) > d. Now since P and P are both zeros
of a — bu, we have a(zx) = 0 and b(z) = 0. It follows that ordp(a) > d and
ordp(b) > d. Hence (u — x)? is a common divisor of a and b, and it can be
canceled with the factor (u — z)? of c.

Suppose now that P is special. Then ordp(c) = 2d. Since R has no finite poles,
ordp(a — bv) > 2d. Then, as in part 3) of the proof of Theorem 3.1, we can write

_(w-y*D

a—bv 1d ,

where A and D are nonzero polynomial functions in F[C], and A satisfies (v—y)® =
(u— z)A. Hence a — bv = (u — z)2D. Again, the factor (u — )¢ of a — bv can be
canceled with the factor (u — x)¢ of c.

This can be repeated for all roots of c; it follows that R is a polynomial
function. O

Theorem 6.1. For each divisor D € D° there exists a unique reduced divisor D,
such that D ~ D.

Proof. Existence. Let D’ be a semi-reduced divisor such that D’ ~ D and |D’| <
| D| (see the proof of Lemma 4.2). If | D’| < g, then D’ is reduced and we are done.
Otherwise, let Py, P, ..., Py be finite points in supp(D’). The points P; are not
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necessarily distinct, but a point P cannot occur in this list more than ordp(D’)
times. Let div(a(u), b(u)) be the representation of the divisor

P+P+-- -+ Py —(g+ oo

given by Theorem 5.1. Since deg,(b) < g, we have deg(b(u) — v) = 2¢g + 1, and
hence

diV(b(u)—v)=P1+P2+--~+Pg+1+Q1+~-~+Qg—(29+1)oo

for some finite points Q1,Q>,. .., Q. Subtracting this divisor from D’ gives a
divisor D", where D" ~ D' ~ D and |D"| < |D’|. We can now produce another
semi-reduced divisor D"’ ~ D" such that |D"’| < |D”|. After doing this a finite
number of times, we obtain a semi-reduced divisor D; with |D;| < g, and we are
done.

Algorithm 2 in §7 describes an efficient algorithm which, given a semi-reduced
divisor D = div(a, b), finds a reduced divisor D; such that D ~ Dy; the algorithm
only uses a and b.

Uniqueness. Suppose that D, and D, are two reduced divisors with D; ~ D,
Dy # D,. Let Ds be a semi-reduced divisor with D3 ~ Dy — D, obtained as in
the proof of Lemma 4.2. Since D; # D,, there is a point P such that ordp(D;) #
ord p(D;). Suppose, without loss of generality, that ordp(D1) = m; > 1, and either
1) ordp(D;) = 0 and ord~15(D2) =0, or 2) ordp(D,) = my with 1 < my, < my,
or 3) ord;(D;;_) =my with 1 < my < m,. (If P is special, then 3) cannot occur.)
In case 1), ordp(D3) = my > 1. In case 2), ordp(D3) = (m; — my) > 1. In case
3), ordp(D3) = (my +my) > 1. In all cases, ordp(D3) > 1, and so Dj # 0. Also,
|Ds| < |Dy — Dy| < |Dy| +|D;] <€ 2g. Let G be a nonzero rational function
in F(C) such that div(G) = Ds; since D; ~ Ds, and D3 ~ D; — D,, we know
that D5 is principal and hence such a function G exists. By Lemma 6.1, since
G has no finite poles, it must be a polynomial function. Then G = a(u) — b(u)v
for some a,b € F[u]. Since deg(v) = 2g + 1 and deg(G) = | D3| < 2g, we must
have b(u) = 0. Suppose that deg,(a(u)) > 1, and let z € F be a root of a(uw).
Let P = (z,y) be a point on C. Now, if P is ordinary, then both P and P are
zeros of G, contradicting the fact that D; is semi-reduced. If P is special, then it
must also be a zero of G of order at least 2, again contradicting the fact that D;
is semi-reduced. Thus, deg, (a(u)) =0 and so D3 =0, a contradiction. O

§7. Adding Reduced Divisors

Let C be a hyperelliptic curve of genus g defined over a finite field F, and let J

be the jacobian of C. Let P = (z,y) € C, and let ¢ be an automorphism of F

over IF. Then P"d=ef(x", y?) is also a point on C.

Definition 7.1. A divisor D = ) mpP is said to be defined over F if
D"défz mpP? is equal to D for all automorphisms o of F over F.
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A principal divisor is defined over I if and only if it is the divisor of a rational
function that has coefficients in F. The set J(IF) of all divisor classes in J that
have a representative that is defined over I is a subgroup of J. Each element of
J(F) has a unique representation as a reduced divisor div(a, b), where a, b € Flu],
deg, a < g, deg, b < deg,, a; and hence J(F) is in fact a finite abelian group. This
section presents an efficient algorithm for adding elements in this group.

Let D; = div(ay,b) and D, = div(ay,b;) be two reduced divisors defined
over IF (that is, a, az, by, by € Flu]). Algorithm 1 finds a semi-reduced divisor
D = div(a, b) with a,b € F[u], such that D ~ D; + D,. Algorithm 2 reduces
D to an equivalent reduced divisor D’. Notation: b mod a denotes the remainder
polynomial when b is divided by a.

Algorithms 1 and 2 were presented in [Koblitz 1989]. They generalize ear-
lier algorithms in [Cantor 1987], in which it was assumed that h(u) = 0 and
char(F) # 2.

Algorithm 1

INPUT: Semi-reduced divisors D; = div(a;, b;) and D, = div(a;, b,), both defined

over F.
OUTPUT: A semi-reduced divisor D = div(a,b) defined over F such that

D~ D] + DQ.

1) Use the Euclidean algorithm (see §3 of Chapter 3) to find polynomials d, e,
ey € Fu] where d; = g.c.d.(a1,a;) and d; = eja; + e2a;.

2) Use the Euclidean algorithm to find polynomials d, ¢y, ¢; € F[u] where d =
g.c.d.(dy,by +by + h) and d = ¢1d; + co(by + b2 + h).

3) Let s; = cieq, 82 = 1€, and s3 = ¢, so that

d= S1a1 + 8202 + 83(b] + b2 + h) . (3)

4) Set

a=ayay/d €]

and
s101by + 520201 + 53(by b2 + f)

= d m
Theorem 7.1. Let Dy = div(ay, b1) and D, = div(ay, by) be semi-reduced divisors.
Let a and b be defined as in equations (4) and (5). Then D = div(a, b) is a semi-
reduced divisor and D ~ Dy + D,.

b od a . (&)

Proof. We first verify that b is a polynomial. Using equation (3), we can write

81010y + 820201 + 83(b1by + f)
d
_ ba(d — 570y — 53(b1 + by + h)) + 8202b1 + 53(biba + f)
- d
s2a2(by — by) — s3(b3 + boh — f)
y )

=b2+




174 Appendix. An Elementary Introduction to Hyperelliptic Curves

Since d|ay and a,|(b3 + byh — f), b is indeed a polynomial.
Let b = (s1a1b2 + s2a2b1 + s3(biba + f))/d + sa, where s € F[u]. Now

_ 51a1b2 + 52a2b1 + S3(b1b2 + f) —dv

b—wv 7 + sa
31a1b2 + Szazbl + S3(b]b2 + f) — 8101V — 824V — 83(b1 + b2 + h)’U
_ y +sa
_ 5101(by = v) + 5205(by — V) + 53(bs — V)(b2 — v) +sa ©)

d

From (6) it is not hard to see that a|b? +bh — f. Namely, b*+bh — f is obtained
by multiplying the left side of (6) by its conjugate: (b — v)(b+v+h) = b*> +bh — f.
Thus, to see that a|b® + bh — f it suffices to show that a;a; divides the product of
(31a1 (b — V) +52a2(by —v)+53(b1 —v)(by —v)) with its conjugate; and this follows
because a1|b?+b1h— f = (b —v)(by +v+h) and ay|b3 +byh— f = (by —v)(by+v+h).
Lemma 5.3 now implies that div(a, b) is a semi-reduced divisor.

We now prove that D ~ D; + D,. There are two cases to consider.
1) Let P = (x,y) be an ordinary point. There are two subcases to consider.

a) Suppose that ordp(Dy) = my, ord;;(Dl) = 0, ordp(D,) = my, and
ord};(Dz) = 0, where m; > 0, my > 0. Now ordp(a;) = my, ordp(ay) =
my, ordp(by — v) > mq, and ordp(by; — v) > my. If m; =0 or my =0 (or
both) then ordp(d;) = 0, whence ordp(d) = 0 and ordp(a) = m; + m,. If
my > 1 and my > 1, then, since (b + by + h)(z) = 2y + h(z) # 0, we have
ordp(d) = 0 and ordp(a) = m; + my. From equation (6) it follows that

ordp(b — v) > min{m; + my, ma + my,my + My} =My +m; .

Hence, ordp(D) = my + mo.

b) Suppose that ordp(D;) = m; and ord}~,(D2) = myp, where m; > my > 1.
We have ordp(ay) = my, ordp(az) = my, ordp(d;) = m,, ordp(b; —
v) > my, ordp(by — v) = 0, and ord;(bz — v) > my. The last inequality
implies that ordp(b; + h + v) > m;, and hence ordp(b; + by + h) > m;, or
(by + by + h) = 0. It follows that ordp(d) = m; and ordp(a) = m; — ms.
From equation (6) it follows that

ordp(b — v) > min{m,; +0,my + my,m; +0} —mp =m; —m, .

Hence, ordp(D) = m; — ms.
2) Let P = (z,y) be a special point. There are two subcases to consider.

a) Suppose that ordp(D;) = 1 and ordp(D;) = 1. Then ordp(a;) = 2,
ordp(az) = 2, and ordp(d;) = 2. Now (b + by + h)(x) = 2y + h(z) = 0,
whence either ordp(b; + b, + h) > 2 or b + b, + h = 0. It follows that
ordp(d) = 2 and ordp(a) = 0. Hence, ordp(D) = 0.

b) Suppose that ordp(D;) = 1 and ordp(D;) = 0. Then ordp(a;) = 2,
ordp(ay) = 0, whence ordp(d;) = ordp(d) = 0 and ordp(a) = 2. Since
ordp(b; — v) = 1, it follows from equation (6) that ordp(b — v) > 1. It can
be inferred from equation (6) that ordp(b — v) > 2 only if ordp(sya; +
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s3(by — v)) > 1. If this is the case, then ordp(syay + s3(by + h +v)) > 1,
and hence ordp(sa; + s3(by + by + h)) > 1 (or s2a; + s3(by + by + h) = 0).
It now follows from equation (3) that ordp(d) > 1, a contradiction. Hence
ordp(b — v) = 1, whence ordp(D)=1. O

Example 7.1. Consider the hyperelliptic curve C : v + (u? + w)v = v° + u® + 1
of genus g = 2 over the finite field Fys (see Example 1.3). P = (a*°,0) is an
ordinary point in C(F,s), and the opposite of P is P = (&*°, a'®). Q; = (0,1) and
Q> = (1, 1) are special points in C(F,s). The following are examples of computing
the semi-reduced divisor D = div(a, b) = D; + D,, for sample reduced divisors D,
and D, (see Algorithm 1).

1)

2)

3)

Let D =P+@Q,—200and D, = }3+Q2 — 200 be two reduced divisors. Then
D, = div(ai, b1), where a; = u(u + o), by = au + 1, and D, = div(ay, by),
where a; = (u+ 1)(u + &), by = aPu + a2

1) di =gcd(a,a)=u+a®; d =a +a,.

2) d=gecd(d;,bi+by+h)=u+a*;d=1-d; +0-(by +by + h).

3y d=ar+a,+0-(by +by+h).

4) Seta=ajay/d® =u(u+1)=1u?+u, and

1-a1b2+1-a2b1+0-(blbz+f)
= d m

b od a

=1 (mod a) .
Check:
div(a) =2Q; +2Q; — 4

3
div(b——v)=Q1+Q2+ZR——500 , where P;#Qq,Q

i=1

div(a, b) = Q] + Qg — 200 .

Let D; = P+Q —200 and D, = Q1+ Q2 —200. Then D; = div(ay, b1), where
a; = u(u+a’%), b; = ou+1, and D, = div(ay, by), where a; = u(u+1), b, = 1.
1) dy =gcdlay,a)=u;d = ala; +ala,.

2) d=g.C.d.(d1,b1 +by+h)=u; d=1-u+0-(by+by+h).

3) d= a14a1 + 0114(7,2 +0- (b1 +by + h).

4) a=w+aw+1); b= au+a'® (mod a). Check:

div(a) = 2Q; + P + P — 400
3
divp—v)=P+Q+Y_ Pi—500, where Pi# P P,Q,
i=1

div(a,b) = P+ @, — 200 .

Let D; = P+@Qy — 200 and D; = P+ )y —200. Then D = div(ay, b1), where
a; = u(u+a), by = au+1, and D, = div(ay, by), where a; = (u+ o) (u+1),

b, = aMu+al3.
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1) dy=gcd(a,a)=@w+a);d =1-a,+1a,.

2) d= g.C.d.(dl, by +by+ h,) =1.

3) d=(Pu+aba; +@Pu+a)ay +al® - (b + by +h).

4) a=uw+ D+ b=a"w®+a®u? + a*u+ 1 (mod a). Check:

div(a) = 2P + 2P +2Q; +2Q, — 800
2
div(b—v) =2P+ Q1 +Qa+ Y P, — 600, where Pi# P,P,Q1,Q,

i=1

div(a,b) =2P + Q1 + Q2 — 40 .

Algorithm 2

INPUT: A semi-reduced divisor D = div(a, b) defined over F.
OUTPUT: The (unique) reduced divisor D’ = div(a’, b’) such that D’ ~ D.

1)

2)
3)
4)

Set
a =(f —bh—b)/a

and

b=(—h—b)moda’ .
If deg,, a’ > g then set a «— a/, b «— b’ and go to step 1.
Let c be the leading coefficient of a’, and set a’ + c~'a’.

Output(a’,b’).

Theorem 7.2. Let D = div(a, b) be a semi-reduced divisor. Then the divisor D' =
div(a’,b') returned by Algorithm 2 is reduced, and D' ~ D.

Proof. Let ¢’ = (f — bh — b?)/a and b’ = (—h — b) mod a’. We show that

1)
2)
3)

deg,(a’) < deg, (a);
D' =div(a’, V') is semi-reduced; and
D~D.

The theorem then follows by repeated application of the reduction process (step 1
of Algorithm 2).

1y

2)

Let m = deg, a, n = deg, b, where m > n and m > g+ 1. Then deg, a =
max(2g +1,2n) —m. If m > g+ 1, then max(2g + 1,2n) < 2(m — 1), whence
deg, o’ < m—2 <deg,a. If m=g+1, then max(2g+1,2n) = 2g+1, whence
deg, a’ = g < deg, a.

Now f — bh — b? = aa’. Reducing both sides modulo a’, we obtain

f+@® +hh— @O +h)? =0 (mod a') ,
which simplifies to
f—bh—(@®) =0 @modd) .

Hence a'|[(f — b'h — (b')?). 1t follows from Lemma 5.3 that div(a’, ) is semi-
reduced.
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3) Let Co = {P € supp(D) : P is special}, C) = {P € supp(D) : P is ordinary},
and C, = {P: P € (1}, so that

D=3 P+ ), miP;—(x)0 .
P;eCy P;eCy
Then, as in the proof of Theorem 5.1, we can write
dive)= Y 2P+ > miPi+ Y m; P; — ()00

P,eCy P, eC P,eC

and
div(b —v) = Z P+ Z n; P; + Z 013i+ Z i P — (%)o0o
P,eCy P,eCy P;eC P,eCs

where n; > m;, Cs is a set of points in C\(CoUC, UCrU {o0}), s; > 1, and

s; = 1 if P; is special. Since b* + bh — f = N(b — v), it follows from Lemma
4.1 that

div(b® + bh — f)
= Z 2P + Z n; P + Z niP; + Z 5P + Z siISZ-—(*)oo,
P,eCy P;eC P;eCy P;eCs P,eCs
and hence
div(a’) = div(b* + bh — f) — div(a)
= Z 6B+ Z t:P; + Z 8P + Z siP; — ()00
PieC] PieC] Pi€Cs PieCs

where t; =n; —m; and C] = {P; € C; : n; > m;}. Now b/ = —h — b+ sa’
for some s € Flu]. If P; = (z;,y;) € C; U Cs, then b'(z;) = —h(x;) — b(z;) +
s(x;)a’(x;) = —h(x;) — y;. Then, as in the proof of Theorem 5.1, it follows
that

div(t/ — v)
= Z OF; + Z riP; + Z 0F; + Z w;i P + Z z; Py — (¥)oo
Piecl’ PiECI/ P,eCh P;eChy P,eCy

where r; > t;, w; > s;, w; = 1 if P; € C5 is special, and Cy is a set of points
in C\(Cj U C5 U {oo}). Hence,

divid,b)= S tPi+ Y 8P — (000

PecCy P;eCs
~ = Z tiP— Y siPi+(x)00
P,-GC,’ P,eCs
=D —div(b—v) ,

whence D ~ D'. O
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Note that all of the computations in Algorithms 1 and 2 take place in the field
[F itself (and not in any proper extensions of IF). In Algorithm 1, if deg, a; < g
and deg, a; < g, then deg,a < 2g. In this case, Algorithm 2 requires at most
1+ [g/2] iterations of step 1.

Example 7.2. Consider the hyperelliptic curve C : v? + (u? + uy = v’ + u® + 1
of genus g = 2 over the finite field FF,s (see Examples 1.3 and 7.1). Consider the
semi-reduced divisor D = (0,1) + (1, 1) + (¢, @'®) — 300. Then D = div(a, b),
where

a(u) = u(u + D(u + as) =4’ +o?u? + ’u

and
bw)=a " +a"u+1 .

Algorithm 2 yields
ad@)=u?+aPu+a?

b(u) = a®u+a? .

Hence, D ~ div(a’,¥') = (8, a7) + (¢*°,0) — 200.

Exercises

1. Verify that the curves C' in Examples 1.2 and 1.3 have no singular points (except
for 00).

2. Let R € F(C) be a non-zero rational function, and let P € C. Prove that
ordp(R) does not depend on the representation of R as a ratio of polynomial
functions (see Definition 3.4).

3. Prove Lemma 5.3.

4. Let C be the curve in Example 1.2. Find the divisor of the polynomial function
G(u,v) = v + uv + 6u* + 6u> + u? + 6u.

5. Let C be the curve in Example 1.2. Find the polynomial representation for the
semi-reduced divisor D = 2(2,2) + 3(5,3) + (1, 1) + (6, 4).

6. Let C be the curve in Example 1.2. Use Algorithm 1 to compute D; =
div(as, b3) = D1+D,, where D; = div(u?+6, 2u+6) and D, = div(u?+4u+2, 4u+1).
Check your work by computing these divisors explicitly.

7. Let C be the curve in Example 1.2. Consider the semi-reduced divisor D =
div(w’ +2ub +3u3 + 6u® +4u+5, 5ub + 5u° + 6u* + 4u3 + 5u? +4). Use Algorithm 2
to find the reduced divisor equivalent to D.





