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Abstract

The report begins with an introduction to the theory of complex manifolds. Then a proof of
Dolbeault theorem, analogous to that of de Rham theorem, has been presented. Finally, the
utility of Dolbeault-Cech isomorphism is illustrated by proving that every analytic
hypersurface in C™ can be described as the zero-locus of an entire function.
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Introduction

In 1876, Karl Weierstrass asked the following three questions regarding complex valued holo-
morphic and meromorphic functions defined on an open subset U of C |20, Chapter 2|:

W1. Does there exist a holomorphic function with prescribed zeros?
W2. Is every meromorphic function on a quotient of two holomorphic functions?
W3. Does there exist a meromorphic function with prescribed poles and their principal part?

The answer to all these questions is yes. The first two questions were answered by Weierstrass
himself in 1876, and the third question was answered by Gosta Mittag-Leffler during 1876-1882.
The answer to the first and second question follows from the Weierstrass factorization theorem.
Moreover, the affirmative answer to the second question is a corollary to the first one [3, Theorem
VII.5.15, Corollary VII.5.20|. The answer to the third question is known as the Mittag-Leffler
theorem, and the Weierstrass factorization theorem can be deduced from it 3, Theorem VIII.3.2,
Exercise VIIIL.3.3].

W)
wi)

Figure 1: The relation between Weierstrass’ questions identified by Mittag-Leffler.

The close bond between these three questions motivated other mathematicians to ask these
question for complex valued holomorphic and meromorphic functions defined on open sets in
C". In 1883, Henri Poincaré generalized W2 by proving that every meromorphic function on C?
is a quotient of two holomorphic functions on C? [15, Chapter 6] [2, §2]. However, there wasn’t
much progress made until 1895, when Pierre Cousin proved in his Ph.D. thesis that W1, W2 and
W3 for product domains X = Uy x Us x ---U,, C C" are consequences of a single fundamental
theorem |2, §3.1].

’ Fundamental theorem }:ﬂ W3 ‘

’ Auxiliary theorem ‘

(W

W

Figure 2: The relation between Weierstrass’ questions for product domains identified by Cousin.



Therefore, Cousin was successful in bringing together the three problems of Weierstrass to
make one coherent family. Moreover, the methods of Poincaré and Cousin exhibited what would
later be called the “from local to global” problem form. However, in 1913, Thomas Hakon
Gronwall and William Fogg Osgood found a counter example to W2, i.e. in the product of two
ring-shaped domains there is a meromorphic function that cannot be written as the quotient
of two holomorphic functions. Since W2 was an easy consequence of W1, they concluded that
there was some flaw” in the proof of auxiliary theorem, which was the logarithmic variant of
Cousin’s fundamental theorem |2, §3.3]. Later, in 1934, Henri Cartan published a three-page
note to show that the three problems had not significantly changed since Cousin, and gave the
following labels |2, §3.4]:

Cousin I: Name given to Cousin’s fundamental theorem. Also known as the additive problem.

Cousin II: Name given to Cousin’s auxiliary theorem. Also known as the multiplicative prob-
lem.

Poincaré problem: Name given to the problem about the quotient representation of mero-
morphic functions.

Kyoshi Oka made a breakthrough by first solving Cousin I for bounded domains of holomor-
phy in 1937 and then an year later establishing that Cousin II for domains of holomorphy is a
problem of purely topological nature. That is, he proved that for domains of holomorphy, the
solvability of Cousin II depends only on a topological property of the zero-locus |2, §3.4.2]. To
illustrate the independence of Cousin II, he also gave an example of product domain (since every

product domain is a domain of holomorphy), in which ‘ Cousin I‘ =+ ‘ Cousin II‘ [13, p. 250].

If the zero-locus is topologically “nice”

Figure 3: The relation between Cousin problems for domains of holomorphy identified by Oka.

In 1944, Cartan generalized the Cousin problems by recasting them in terms of ideals® [2,
§4]. In particular, this theory is the new setting enabled the use of powerful abstract methods
such as Hilbert’s Nullstellensatz available in algebraic geometry [10, Proposition 1.1.29].

We saw in previous report that during 1945-1951 the concept of sheaf and sheaf cohomology
was developed [12, pp. 2-3]. Fortunately, during these developments, several important questions
left pending in Cartan’s 1944 paper were also answered [2, §5]. From 1949 to 1953, Cartan
organized various seminars which were devoted to the study of fibre-spaces, homotopy theory,
cohomology theories and analytic functions in several variables. During the last three talks, the
cohomology of coherent sheaves on Stein spaces was developed and Cartan proved two results
concerning a coherent sheaf F on a Stein manifold X which were analogous to Cousin problems
(called Cartan A and Cartan B) |2, §5.5]. For more details, refer to the books by Gunning and
Rossi [9], Kaup and Kaup [11], Fritzsche and Grauert [6], Maurin [15|, Krantz [13] and Taylor
[19].

In 1952, Cartan’s student Jean-Pierre Serre? gave the cohomological formulation of the con-
ditions for solving the Cousin problems [2, p. 62]:

2Cousin thought he had established ‘ Fundamental theorem ‘ - ‘ Auxiliary theorem |for any product domain,

but he had proved it only for those product domains in which at most one of the components is not necessarily
simply connected.

3This was actually the second half of a single work. The first half was published in 1940, but the Second
World War caused the delay in the publication of the other half.

4In 1953, he also proved that Poincaré’s problem is solvable for Stein manifold, i.e. on a Stein manifold any
meromorphic function is the quotient of two holomorphic functions.



Let X be a complex analytic variety”, O be the sheaf of holomorphic complex valued
functions and M be the sheaf of meromorphic complex valued functions on X. Then
Cousin I is solvable for X if and only if PIl(X, 0) — i’ (X, M) is one to one and

onto, and Cousin II is solvable for X if and only if ﬂl(X, 0*) — HI(X,M*) is
one to one and onto. In particular, for Cousin I to be solvable, it is sufficient that

I:II(X, O) = 0 and for Cousin II to be solvable, it is sufficient that i’ (X,0%) =0.

Pierre Dolbeault, another student of Cartan, in 1953 introduced the d-cohomology® of the
differential forms defined on complex analytic manifolds |7, §9.1.1]. He proved that this holo-
morphic analogue of de Rham cohomology defined on real manifolds is isomorphic to the sheaf
cohomology of the sheaf of holomorphic differential forms [4]. Therefore, Dolbeault’s theorem
is a complex analogue of de Rham’s theorem’ [12, Theorem 3.1|. Using the Dolbeault-Cech

isomorphism we get that I:Il((C", O) = 0 (Theorem 2.8). Combining this with the purely topo-
logical fact that i (C™,Z) = 0 (Corollary 2.2), and using the exponential sheaf sequence we can

conclude that Hl((C”, O*) =0 (Lemma 2.3). Hence proving that both the Cousin problems are
solvable for C" (8, pp. 46-47|.

This report consists of two chapters. In chapter 1 we will discuss various concepts related to
complex differential forms and complex manifolds needed to define Dolbeault cohomology. We
will also develop the tools like O-Poincaré lemma, which will be used later to establish important
sheaf theoretic results about the complex differential forms. In chapter 2 we will first illustrate
the local to global principle by discussing the solution of Cousin problems for C. Then we will
prove Dolbeault theorem and use it to solve Cousin problem for analytic hypersurface in C”.

Apart from the two chapters, we have also included three appendices. In Appendix A, to
supplement the discussions in the first chapter, we have stated a few facts from linear algebra.
In Appendix B we have discussed the function theory of several complex variables, which will
be used in both the chapters. In Appendix C some fundamental results about smooth partition
of unity, which will play an important role in various arguments presented in the report, have
been stated.

For example, complex manifold.

SNow called Dolbeault cohomology.

"However, note that, unlike de Rham cohomology, Dolbeault cohomology is not a topological invariant because
it depends closely on the complex structure.



Chapter 1

Dolbeault cohomology

1.1 Differential forms on C"

This section generalizes the concepts discussed in previous report [12, §1.1, 1.3], following the
discussion from [10, §1.3] and |24, §L.3].

1.1.1 Tangent space

Definition 1.1 (Real tangent space). Let U C C™ be an open subset. In particular, we can
consider U C R?", to be a smooth manifold of dimension 2n. Then for w € U we define the real
tangent space of U at the point w as the real vector space of R-linear derivations on the ring of
real-valued smooth functions in a neighborhood of w, i.e.

TwrU ={Xy : CF(U) = R | Xu(fg) = Xu(f)g(w) + f(w)Xuw(g)}

Remark 1.1. If we write the standard coordinates on C" as z; = x; + 1y;, then a canonical
basis of T3, rU is given by the tangent vectors
w}

9
8.%'1

Clearly, dimg (73, rU) = 2n as seen in the case of smooth manifolds.

0

" Oz,

9
w O

9
" Oyn,

I 9
w w

Definition 1.2 (Complexified tangent space). Let U C C™ be an open subset. Then we define
the complezified tangent space of U at the point w to be the complexification' of real tangent

space of U at w
Twy(cU = Tw,RU ®r C

Remark 1.2. We can also use the canonical basis of real tangent space to define its complexi-

fication [17, p. 379]. We can view T, cU as the complex vector space of C-linear derivations in

the ring of complex-valued smooth functions® in a neighborhood of w, i.e. T, w,cU also has the
0

same basis
9 9
ory ’ OYn w

Hence, as expected, we have dimg (T3, rU) = dimc(Ty,cU).

0

" Oz,

9
w7 oy

) )
w w

'For the definition, see Definition A.2.
2That is, they posses partial derivatives of all orders with respect to the 2n real coordinates in C".



Definition 1.3 (Complex structure for T, gU). Each real tangent space Tp, xU admits a natural
complex structure® defined on the basis as

J: Tw,RU — TwJRU

90,9

a$j w 6yj w
0 0
il Ol

Remark 1.3. We will regard this J as a vector bundle endomorphism of the smooth vector
bundle TrU over U.

Proposition 1.1. The complexified tangent bundle TcU = TrU ®r C decomposes as a direct
sum of complex vector bundles

TcU = (TrU)Y° @ (TRU)M
such that the C-linear extension J = J ® 1¢ satisfies
j|(TRU)110 =1q- ]chU and j|(TIR<U)O’1 = —1- ]lT(cU

Proof. Fix a point w € U, and substitute V = T, rU and V¢ = T}, cU in the proof of Proposi-
tion A.7. L]

Remark 1.4. As seen in the proof of Proposition A.7, we can write
0 1/ 0 0 1/ 0 0
o= = il (LA
dj 2 (0%' ' (3%)) "3 (3% o <5%‘>>

a_1<a_w<a)>+1<am<a>)
dy; 2 \ 9y, dy; 2 \ 9y; dy;

1 0 ) 0 1 0 ) 0 1,0
) (aa:j W (ax)) '3 (ayj W (ay)) € (Trl))

1/0 . [0 1/0 .. [0 01
z(%*”(%))’z(ayﬁ”(ay))“TR”

Next, use the definition of J to get:
9 _1(9 9\ 1(0 0
a$j N 2 8.7,'j 8yj 2 8.Tj 8yj

o0 _i(0 0N (0 ;0
8y]’ N 2 8.7)]' 8yj 2 8;1:j 6yj

Definition 1.4 (Complex partial derivative). Based on the discussion above, we define the

B L L
azj o 2 833]‘ ayj o

where

and

operators:

forj=1,...,n.

3For definition, see Definition A.3.



Remark 1.5. Hence we can say that {%

(T rU)" and { 2

B2 ‘w, cen % ‘w} is a basis for the complex vector space (TwRU)O’l. Therefore,
the following forms a basis of Ty, cU

{o: J

Proposition 1.2. Let f : U — V be a holomorphic map between open subsets U C C" and
V C C". The C-linear extension of the pushforward map* f. : Ty, rU — Trw) RV respects the

above decomposition, i.e. f. (TwrU)Y0) C (TwrV)Y and e (TwrU)Y) C (T V)"

0

‘w, e Da w} is a basis for the complex vector space

0

,--.’7
w 0zp

9
’LU’ 821

0

geeey AT
w 0%,

Proof. Follows directly from the Remark B.5. O

1.1.2 Cotangent space

Definition 1.5 (Real cotangent space). Let U C C™ be an open subset. In particular, we can
consider U C R?", to be a smooth manifold of dimension 2n. Then for w € U we define the real
cotangent space of U at the point w as dual space of the real vector space Ty, rU, i.e.

TJ)’RU = HomR (Tw,RU, ]R)

Remark 1.6. If we write the standard coordinates on C" as z; = x; + 1y;, then a canonical
basis of T, pU is given by the cotangent vectors

{dxl‘w’ o ’dx”‘w’dyl‘w’ T ’dyn‘w}
Clearly, dimg(T] wRU ) = 2n as seen in the case of smooth manifolds.

Definition 1.6 (Complexified cotangent space). Let U C C™ be an open subset. Then we
defined the complexified cotangent space of U at the point w to be the complexification of real

cotangent space
T:),CU - T’:),RU ®R C

Remark 1.7. We can also use the canonical basis of real cotangent space to define its complex-
ification [17, p. 379]. We can view T} ~U as the complex vector space with the basis

{dxl‘w’ o ’dxn’w’dy:l’uﬂ o ’dyn’w}
Hence, as expected, we have dimg (7}, gU) = dimc(7}, cU).

Remark 1.8. As in Proposition A.8, we get the complex structure 7 on T}, U from the complex
structure J on T;, kU. We will regard this J as a vector bundle endomorphism of the smooth
vector bundle TRU over U.

Proposition 1.3. The complexified cotangent bundle T U = TgU ®@r C decomposes as a direct
sum of complex vector bundles

TEU = (TrU)Y @ (T3U)*!
such that the C-linear extension J = J & 1¢ satisfies
j|(TH’£U)170 =i- ]lTé‘U and j|(TH§U)0’1 = —1- ]lTé‘U

Proof. Fix a point w € U, and substitute V = T, gU and V¢ = T}, cU in the proof of Proposi-
tion A.8. OJ

It was defined in the the previous report [12, Definition 1.5].



Remark 1.9. From Corollary A.2, we have T); U = (T;; RU)C = (T

obtain another basis for T} U by defining the dual basis of (T rU)'0 and (T, rU)%!. Observe
that:

cU)*. Hence we can

1/0 .0 , 1 if k=
: — -2 (day + i dys) =
2<axj Zayj>(x’€ i dys) {0 itk

1
< 0 —i8> (dxg —idyx) =0

5 875] 8yj
and
1/ 0 . .
1/ 0 0 1 ifk=y
2<axj Zayj>( @i — i dyi) {o itk

Definition 1.7 (Complex differential). Based on the discussion above, we define the differentials:
dzj :=dz; +idy; and dz;:=dz; —idy;
forj=1,...,n.

Remark 1.10. Hence we can say that {dz1|w, .. .,dzn’w} is a basis for the complex vector
space (T RU)H0 and {dEl ol ,dEn‘w} is a basis for the complex vector space (T rU)%L.
Therefore, the following forms a basis of T7;, U

{dzl

o dz|,dz| Az, )

w?”

1.1.3 Differential forms

Definition 1.8 (Differential (p, ¢)-form). Let U C C™ be an open subset. Over U one has the

complex vector bundle® of rank (Z) (Z) defined as

N30 = N (@0)°) e \' (T50))

whose fiber is A7 T, rU. The smooth sections® of this vector bundle are called the differential
forms of type (p, q) on U. The space of all smooth differential forms of type (p, q) on U is denoted
by QP4(U).

Remark 1.11. Any (p, g¢)-form w € QP4(U) can be written uniquely as

w= Y fapdza Adzg
|C¥|:p,‘6|:q

where o = (a1,...,ap) and 8 = (B1,...,5,) are multi-indices with 1 < o, B, < n; dzq =
dzq; A ... ANdzga, and dzg = dzp, A ... Adzg,; and fap is a complex-valued smooth function on
U, ie. fop € C®(U). In particular, Q°(U) = C>=(U).

5That is, in the definition of smooth vector bundle, replace R by C. This will be discussed in detail later, see

Remark 1.27.
SFor definition, see [12, Definition 1.38].




Remark 1.12. Let Q&(U) be the space of sections of vector bundle N T, ¢U. Any element
w € NL(U) can thus be written in a unique manner in the form

W= ijdzj—i-kad?k
=1 k=1

Moreover, if w € QL(U) and n € Q%(U) then w An = (—1)"n Aw € QE(U).
Remark 1.13. By Remark A.12 we have
k )
NTve @ N'mv = aokw) 2 @ o)
pt+q=k p+q=Fk
Thus we have natural projection operators A TEU — NP TRU and QE(U) — QP4(U), denoted
by 1174 for p + g = k.
1.1.4 Exterior derivative

Definition 1.9 (Differential of a (p, ¢)-form). Let U C C" be an open subset, and d : Q&(U) —
Q(’[“:H(U ) be the complex linear extension of the usual exterior differential”. Then

0: OPUU) — QPT(U) and 9 : QPUU) — QPITHU)
are defined as 9 := [IP*190d and 9 := 14! o d.
Remark 1.14. For any f € Q%(U) = C*(U) one has

df_;amjdazj—k;ayjd d +Z dz]_8f+8f

Since {dZ;} are linearly independent, by Theorem B.2, f is holomorphic if and only if af = 0.
Lemma 1.1. For the differential operators 0 and 0 one has:
1.d=0+0
2. 9°=02=0 and 00 = —90
3. They satisfy the Leibniz’s rule, i.e.
IwAn) =0wAn—+ (—1)PTw A dn
wAn) =0wAn+ (=1)PT9w A dn
forw e QPUU) and n € Q*(U).
Proof. We will use the properties of d studied earlier®. .

1. This follows from the local description of  and 9. Givenw = > ap fap dzandzg € QPI(U),
we have

(%J:ZZ éf;]ﬁdzj/\dza/\dz/g

Ow = 2": Z afaﬁ dz; Ndzo AdZg

"For definition, see [12, Definition 1.17].
8In the previous report, see [12, Theorem IX, Theorem XXVI].

10



2. Recall that d?> = 0 since the second order partial derivatives commute. Since d = 9 + 0,
we have

d*>=dod
=dod+dod
=000 +000+000+000
=9 +00+ 090+ 0*

Moreover, each operator projects to a different summand of Q@+q+2(U ), we obtain
*=00+00=0*=0
Therefore, 9> = 02 = 0 and 00 = —00.
3. Recall that for w € Q2F(U) and n € Q57 (U) we have
d(wAn) = dw A+ (=1)PHw A dy € QEFIHT L ()
Since 0 := [IP*7+1.4+5 o d, taking the (p + 7 + 1, ¢ + s)-parts on both sides one obtains
O(wAn) =0wAn+ (—1)P 9w A dn
Similarly, taking the (p + 7, q + s + 1)-parts one obtains

AwAn) =0wAn+ (—=1)PTw A dn

O]

Remark 1.15. As noted in Remark A.13, Qfé(U ) does not reflect the complex structure J,
whereas its decomposition into subspaces QP4(U) does.

1.2 O-closed and exact forms on C"

In this section the proof of -Poincaré lemma will be discussed, following [9, §1.D] and [19, §1.4,
10.1].

Definition 1.10 (d-closed forms). Let U C C" be an open subset. Then a differential form
w € QP4(U) is called d-closed if dw = 0.

Remark 1.16. If U is an open set in C”, let ZP9(U) denote the set of all d-closed (p, q)-forms
on U. The sum of two such (p, q)-forms is another d-closed (p, q)-form, and so is the product
of a d-closed (p, q)-form by a scalar. Hence ZP4(U) is the vector sub-space of QP4(U). Also,
from Theorem B.2 it follows that ZP0(U) is the space of (p,0)-forms whose coefficients are
complex-valued holomorphic functions in U. In particular, note that Z%°%(U) = O(U), the space
of complex-valued functions holomorphic in U.

Definition 1.11 (d-exact forms). Let U C C™ be an open subset. Then a differential form
w € QPI(U), for ¢ > 0, is called d-exact if w = dn for some differential form 7 € QP41 (U).

Remark 1.17. If U is an open set in C”, let BP4(U) denote the set of all -exact (p, q)-forms
on U. The sum of two such (p, ¢)-forms is another d-exact (p, q)-form, and so is the product of
a d-exact (p,q)-form by a scalar. Hence BP4(U) is the vector sub-space of QP4(U). Moreover,
the trivial form w = 0 is the only (p,0)-form which is d-exact for any value of p = 0,1,...,n.
That is, BP?(U) consists only of zero.

11



Theorem 1.1. Every 0-exact form is 0-closed.

Proof. Let U be an open set in C* and w € BP4(U) such that w = dn for some n € QP2 1(U).
From Lemma 1.1 we know that dw = 9(dn) = 0 hence w € ZP4(U) for all ¢ > 1. For ¢ = 0, the
statement is trivially true. O

Remark 1.18. This theorem implies that BP4(U) C ZP4(U) for all ¢ > 1. However, the
converse doesn’t always hold. For example, if U = C?\ {0}, then the (0, 1)-form

8<Z2> when 2z # 0

2172
—8( 2) when z9 # 0
291

where (21, 22) € U and r? = |2}| + |23, is O-closed but not d-exact [9, pp. 30-31].

w =

1.2.1 Cauchy integral formula

Proposition 1.4 (Generalized Cauchy integral formula). Let U be a region’ in C bounded by
a simple closed rectifiable curve'” ~, and f be complex-valued smooth function in some open

neighborhood V. of U. Then for any point z € U,
1 dw w) dw A dw
_%i/f(w)w 2m// -z
v

Proof. For any point z € U select a disc A(z;r) with closure contained in U. Let ~, be the
boundary of the A(z;r), a circle of radius r centered at 2. Furthermore, let U, = U \ A(z;7)
and observe that this is an open region bounded by v — ~,.

Now note that as a function of w, for a fixed z,

om0 (1) gy = 22 )

ow w-—z ow

A region is an open connected subset of the complex plane [3, p. 40].
10A rectifiable curve is a curve having finite length. In other words, the measure (for example, arc length or
distance) between any two points of this curve is finite. For more details, see [3, p. 62].
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whenever the functions involved are well defined''. Therefore, by the Stokes theorem'? in the

[P S = [ alrws) = frgs e

Note that the integral of (w — 2)~! dw A dw exists on a bounded region, as seen by integrating
it using polar coordinates centered at z. That is, substituting w = z + Re' and

(1.1)

dw A dw = (dz +idy) A (dz —idy)
= —2idz Ady
= —2i(cos dR — Rsinfdf) A (sinf@dR + Rcosfde)
=2iRdO ANdR

for w =x 4+ iy, x = Rcosf, and y = Rsinf. We get

//M”zzi//e—“’dedfz
w —z

T T

Therefore, as  — 0, the surface integral over U, converges to the surface integral over U

lim// w) dw A dw // w) dw A dw (1.2)
r—0 —Zz

Moreover, since 7, is defined by w = z + re with 0 <t < 27, we have

dw 21 27

lim [ f(w) = lim f(z+ re')idt =if (z) / dt = 2mif(z) (1.3)

r—0 w—z r—0 Ji—go =0
Yr

Letting r — 0 in (1.1), and using (1.2) and (1.3) we get

//8f ) dw A dw /f 7—27mf()
gm/f ST

Hence completing the proof. O

Remark 1.19. If f is holomorphic then Sj)”) = 0 and we get the familiar Cauchy integral
formula |3, Theorem IV.5.4]:

9= [ 10

1Note the abuse of notations. Here f (w) is a function of w and W which are linearly independent “variables”.
The better notation would have been f(w,w) just like we have f(x,%) in R?. Hence 0/0W treats w as a constant.
Moreover, the differential is well defined whenever w # z, which will hold when we apply the Stokes theorem.

12This is the standard Stokes theorem expressed in the complex notation [13, Theorem 1.1.1]: Let U C C" be
a bounded open set with rectifiable boundary and w € QP9 (U) with p+ q = 2n. Then

/ w:/dw:/6w+5w
1% U U
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Corollary 1.1. Let U be a region in C bounded by a simple closed rectifiable curve vy, and f be
complez-valued smooth function in some open neighborhood V of U. Then for any point z € U,

1 Of (w) dw A dw
£) = 5 [ F) -2 %MU A

Y

Proof. Note that as a function of w, for a fixed z,

Of (w) dw A dw _ 0 (f(w)) dw/\dw:d(f(w)wdw>

ow w—-7z ow \w—72 —Z

whenever the functions involved are well defined. Now repeat the steps performed in the proof
of previous result. O

Proposition 1.5. Let U be an open subset of C bounded by a simple closed rectifiable curve 7,
and f be complez-valued smooth function in an open neighborhood V of U. Then there exists a
complex-valued smooth function g € C*°(U) such that

9g(z)
0z
Proof. For any point z € U select a disc A(z;r) with closure contained in U. Let 4, be the

boundary of the A(z;r), a circle of radius r centered at z. Furthermore, let U, = U \ A(z;7)
and observe that this is an open region bounded by v — ;.

= f(z)

Now note that as a function of w, for a fixed z,
dw dw
+

dl — 22 =4d( — log(iT — %)) =
og|w — z[* = d(log(w — 2) +log(@ — 7)) = ——— + ——

whenever the functions involved are well defined'®. Therefore, by the Stokes theorem in the
plane we get

/f )log |w — z|* dw — /f log|w—z|2dw—//d w)log |w — z|* dw)
/ 3f og |lw — z|2dw/\dw+//f dwndw

(1.4)

3Note that 9/0w and /0w treat W and w as constants, respectively. Also recall that we can define the
logarithm in every simply connected open set not containing 0 [3, Corollary IV.6.17]. In every of these open sets we
can compute the differentials. It turns out that on the overlaps these differentials agree because different branches
of the logarithm differ locally by a constant which is killed by taking a derivative [3, Corollary II1.2.21]. Therefore,
even though logarithm is not a globally defined function, its derivative is defined and smooth everywhere in C\{0}.
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Observe that, as r — 0, the surface integral over U, converges to the surface integral over U

lim//8f(w>log\w—z\de/\dw://af(w)log]w—zlzdw/\dw (1.5)
ow ow
. U

r—0

and

}E}%//f dw/\dw //f dw/\dw (1.6)

Moreover, since 7, is defined by w = z + re* with 0 <t < 27, we have

2m
lim [ f(w)log|w — z|*> dw = lim f(z+ reit) (—2r)(log r)ie i dt
r—0 r—0 Ji—0o
Yr
2 y >
< }13[1) - ‘f (z +re") (—2r)(logr)ie dt’ )

2w
< lim 2Mr(logr) / dt
t

r—0 =0

=47M limrlogr =0
r—0

where M = sup,; |f(2)| and |ie™®| = 1. Letting » — 0 in (1.4), and using (1.5), (1.6) and
(1.7) we get

/f )log |w — z|* dw = //8f log |w — z\de/\duH-//f dw/\dw (1.8)

Next, we apply the operator /0% to each integral in (1.8). We can use Leibniz’s differentiation
under the integral sign' for the integrals where the integrand obtained after differentiation is
still integrable. Hence we have

_ |2 I
i/f (w)toghu — = am = [ PO ZZE () g —/f(w)fdiu—

2
//8f log |w — z|? dw/\dw—//abg|w 2 0f (w) dw A dw =
0z ow

Hence by applying 0/0z to (1.8), we get:

—/f(w)dw // dg/:(iw 82//f dw/\dw
//f M /f // d“’Adw — orif(z) (Corollary 1.1)

Therefore, we have

) dw A dw

o2) = 5 [[ 1) R — 99 _

271 w— z 0z
U

Y The proof of this result is an application of Dominated Convergence Theorem [5, Theorem 2.27].
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Observe that from (1.8) it follows that g € C1(U) since

g(z) = — [ f(w)log|w — z|* dw — — log |w — z|* dw A dw
/ 4/ ow

211

and the differential equation shows that dg/0z € C*°(U). In particular, g € C*°(U), as desired.
O

Corollary 1.2. Let V be an open neighborhood of the closure of a disc A C A Cc 'V C C. For
feC>(V), the function
1
o= g [ 29
2mi w—z
A

satisfies 0g(z)/0z = f(z) for z € A.

Corollary 1.3. Let f € C®(V) on an open set V of C. Then, locally'® on this open set, there
exists a complex-valued smooth function g such that 0g/0z = f.

Corollary 1.4. If f € C*°(V), for an open set V. C C containing a compact set K, then there
exists an open set U, with K CU CV, and a g € C*(U), such that 0g/0z = f in U.

Remark 1.20. We can prove the above three corollaries directly: Huybrechts [10, Proposition
1.3.7] and Kaup and Kaup [11, Lemma 61.6] prove Corollary 1.2 using Lemma C.2, Proposi-
tion B.4 and Stokes theorem; Voisin [21, Theorem 1.28] proves Corollary 1.3 by assuming that
f has a compact support since we want to prove a local statement and using Stokes theorem;
and Taylor [19, Proposition 1.4.2] proves Corollary 1.4 by using Lemma C.2 and the generalized
Cauchy integral formula. The proof discussed here is by Gunning and Rossi [9, Lemma 1.D.2].

Theorem 1.2. IfU is any open subset of C and f € C*°(U), then there exists g € C*°(U) such
that 0g/0z = f.

Proof. From Lemma C.1 we know that there exists a sequence {K,} of compact subsets of U
such that

1. K, C int(K,41) for each n;

2. U int(K,) =U,; and
neN

3. each bounded component of the complement of K, meets the complement of U.

First we will prove by induction that there exists a sequence of complex-valued smooth
functions {g,} satistying dg,,/0Z = f on an open neighborhood of K, such that

1
lgn(2) — gn-1(2)| < ST forall z€ K,_yifn>1

For the base case we get g1 by Corollary 1.4. Next, as the induction hypothesis, assume
that there exist complex-valued smooth functions {gi,...,gm} satisfying the desired conditions.
We again apply Corollary 1.4 to get a function A which is smooth in an open neighborhood
of Ky,+1 and satisfies Oh/0z = f on this neighborhood. Since K, C int(K,,+1), on an open
neighborhood of K,,, we have

a(h — gm)
0z

5Here “locally” means that for any point z € V there is some open neighborhood U of z where 0g/0% = f.

=0
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So, by Theorem B.2, h — g,, is holomorphic on this neighborhood of K,,. By Runge’s theorem
[3, Theorem VIII.1.7|, we can choose a rational function r, with poles in C\ U, such that

1
|h(z) — gm(2) —r(2)] < o for all z € Ky,

If we set , then 0¢p,+1/0Z = f on an open neighborhood on K, and

1
|gm+1(2) — gm(2)| < o for all z € Ky,

By induction, a sequence {g,} with the required properties exists.

Next, we note that'® the sequence {g,} of complex-valued smooth functions converges uni-
formly on each compact set K, to a function g defined on U. Moreover, g, — g, is holomorphic
on an open neighborhood of K, for each n > m. Thus for each fixed m, {g, — g} is a sequence
of complex-valued holomorphic functions on an open neighborhood of K, which is uniformly
convergent on K,,,. Therefore, by Morera’s theorem |3, Exercise IV.5.8|, the limit function g— g,
is holomorphic on int(k,,). Hence, ¢ is smooth on int(K,). Since this is true for each m and
U,,, int(K,) = U, we conclude that g is a complex-valued smooth function on the whole of U.
Clearly, 0g/0z = f in U. O

Remark 1.21. In particular, if U is simply connected and f : U — C is holomorphic, then f
has a primitive in U |3, Corollary IV.6.16].
1.2.2 0O-Poincaré lemma

Lemma 1.2. Let A C C" be a compact polydisc'”, and w € QP9(V') for some open neighborhood
V oof A. If ¢ > 0 and Ow = 0, then there is n € QP47 Y(A) such that w = On.

Proof. Consider the following explicit representation of w € QP*4(V')

w= Y fapdza AdZg
lel=p,|8]=q

Let £ be the least integer such that the expression for w involves no conjugate differential dz;

with j > /; i.e. w can be written in terms of the conjugate differentials dzy,...,dZ, and the
differentials dzy,...,dz,. We will proceed by induction on £.
For the base case there is nothing to prove since for £ = 0 we have w = 0 because by

hypothesis ¢ > 0. Next, as the induction hypothesis, assume that for 0 < ¢ < k, every 0-closed
(p, g¢)-form in an open neighborhood of A is J-exact on A. In general, for the induction step,
we write

w=dzy N0 +&

where 6 and ¢ involve only the conjugate differentials dzy,...,dZ,_;. Since w is O-closed, we
have
0= 0w = 0(dz) A 0) + O¢
= (0(dzg) A O+ (—1)°H1dz), A D9) + O¢
— (—dzy A D6) + O

'®Recall the following three facts from real analysis: (1). If a sequence (z,)ne; in R™ satisfies Y, -, [Tnt1 —
Tn| < 00, then it is Cauchy.; (2). A sequence {f,} converges uniformly if and only if {f,} is uniformly Cauchy;
(3). A sequence of functions {f,} from a set A to a metric space X is said to be uniformly Cauchy if for all
€ > 0, there exists N > 0 such that for all a € A we have |fn(a) — fm(a)| < € whenever m,n > N.

"For its definition see Definition B.1.
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It follows, by Theorem B.2, that the coefficients of the forms 6 and £ are holomorphic in

Zk41,- -+, 2n since the partial derivatives 0/0Zky1,...,0/0%Z, for any such coefficient are all
zero. Consider the following explicit representation of
0= > gapdza AdZg
|or|=p
Bie{l,...k—1}

Observe that any coefficient g,g of 6 is a complex-valued smooth function of the variable z; in
an open neighborhood of Ay, where the original polydisc has the product decomposition'®

A=A x--- XAy,

where Aj is a disc in C. The function g, is also a complex-valued smooth function of 21, ..., 21
and a holomorphic function of zx11, ..., 2, in the corresponding domains. By Corollary 1.2 there
exists a function h,g which is smooth in z, € Ay:

1 2Ly ey RhelyWy 2Ly ey 2 _
haB(Z):haﬁ(Zl,...,Zn):m//gaﬁ( ! ol bt n) dw A dw
Ay

w — 2

such that
Ohap
8— = ga,B
%k
Note that hqg is also' smooth in z1,...,2,_1 and holomorphic in zgi1,...,2, in the same

regions as g, is. Replacing each coefficient g, in the differential form 6 by such a function h,g
yields a new (p, ¢ — 1)-form

o= Y hapdza AdZs
loel=p
Bie{l,..k—1}

which by this construction satisfies the equation
0o =dz N0 + P

for some differential form p involving only the conjugate differentials dzy,...,dZy_1. Now con-
sider the differential form
v=w—-0oc=(—p

Note that v is a d-closed form since
v = dw — 520 =0

and it involves only the conjugate differentials dzy,...,dz_1 since £ and p do. The induction
hypothesis implies that v is J-exact on A, i.e. v = 9\ for some A € QP9 1(A). Hence, for

we have w = Jn, completing the proof. O

Corollary 1.5. Let w be a (p, q)-form such that Ow = 0 and q > 0, then it is locally’” expressible
as On for some (p,q — 1)-form 7.

1811 this argument it is important that A is a Cartesian product of some compact sets A1, ..., A, in C, since
it enables us to apply Corollary 1.4 in each variable separately, while treating the other variables as parameters
[19, p. 241].

From the proof of Proposition 1.5 it is clear that the function g constructed in holomorphic or smooth in any
additional parameters in which f is holomorphic or smooth [9, Lemma 1.D.2].

20Suppose V is an open set C* and w € QP'9(U) such that ¢ > 0 and dw = 0, and for any point z € U, then in
some open neighborhood U of z such that w = 9y for some n € QP4~H(U).
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Proof. The open polydiscs form a basis for the product topology on C™. Therefore, this result
follows from the previous one. O

Theorem 1.3 (9-Poincaré lemma). Let A be an open polydisc in the space C", not necessarily
having a compact closure, and w € QP4(A). If ¢ > 0 and Ow = 0, then there is n € QPa—1(A)
such that w = On.

Proof. Let {A;} be a sequence of open polydiscs in C™ which have same center as A and satisfy
the following conditions:

1.

2.

Aj C Ajiq; and

A=A,
J

We will divide the proof into two cases:

Case 1.

Case 2.

Ifg>1.

We will inductively construct a sequence of (p, g — 1)-forms {n;} such that

(a) nj € QP4~1(V;) for some open neighborhood V; of A;;
(b) Onj = w on Aj; and
(C) nj‘A-_ =1j-1 ifj > 1.

Jj—1

For the base case we get 71 € QP9~1(V1) by Lemma 1.2. Next, as the induction hypothesis,
assume that there exist (p,q — 1)-forms {ny,...,n;} satisfying the desired conditions. We
again apply Lemma 1.2 to get a (p,q — 1)-form 6§ on an open neighborhood V of Ay q
such that 99 = w on this neighborhood. Since Ay C Aj;1, on an open neighborhood of
A}, we have

(0 —nk) =0

So, @ — n. is a d-closed (p,q — 1)-form with ¢ — 1 > 0. By yet another application of
Lemma 1.2 there exits a (p,q — 2)-form £ on an open neighborhood U of A}, such that
0& = 6 —ny, on this neighborhood. From Lemma C.2 we know that there exits a real-valued
smooth function F' in C” such that

(a) 0 < F(z) <1forall ze C"

(b) F(z) =1 for z € Ay; and

(¢c) F(2) =0for z€ C"\ U.

Hence we have F¢ € QP972(C"). Then we get the (p,q — 1)-form |[ng,1 = 0 — O(F¢E)
defined on the open neighborhood V' of Ay 1, which satisfies the desired conditions:

Oy =w on Ay and 77k+1‘Ak =0 — 0 =,
As a result of the above construction there is € QP9~!(A) such that 7 A, = 15 and
J

On = w, which concludes the proof of this case.

If¢g=1.

First we will inductively construct a sequence of (p,0)-forms {7;} such that

(a) nj € QP4~L(V;) for some open neighborhood V; of Aj;
(b) Onj = w on Aj; and
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(c) Ifn; = Zféj) dzy for a = (a1,...,0;) and dzq = dza, A -+ Adza,, then

, . 1 _
fo(f)(z) — fo(ffl)(z) < =1 forall « and z € Aj_1if j > 1
For the base case we get 71 € Q”971(V) by Lemma 1.2. Next, as the induction hypothesis,
assume that there exist (p, 0)-forms {n1, ..., n} satisfying the desired conditions. We again
apply Lemma 1.2 to get a (p,0)-form 6 on an open neighborhood V of Ay, such that
00 = w on this neighborhood. Let the following be the explicit representation of 0

9:Zgadza

Then on an open neighborhood of A}, all the coefficients of the form 6 —n;, are holomorphic
by Remark 1.16 since d(6 — n) = 0. Observe that each coefficient has a power series
expansion centered at the common center of all the polydiscs and converging uniformly in
A},. Hence choosing suitable partial sums, we find polynomial terms r,(z) such that

1 _
< — forall « and z € Ay

ga(z) - fo(zk)(z) - Toz(z) ok

Let & be the (p,0)-form with the polynomials r, as coefficients
&= Z o dzg
(6%

Note that ¢ = 0 since the coefficients are holomorphic. Then we get the (p,0)-form

defined on the open neighborhood V of Ay, which satisfies the desired
conditions:

_ 1 _
OMps1 =won Apyy and | fFFD(2) — fék)(z)’ <ok for all a and z € Ay

Next, fix one a. Then we note that?! the sequence { 5? )} of smooth functions converges

uniformly on each A; to a function f, defined on A. Moreover, o(f ) fék) is holomorphic
on an open neighborhood of Ay, for each j > k since d(n; — ni) = 0. Thus for each fixed
k, { féj ) f&k)} is a sequence of holomorphic functions on an open neighborhood of Ay,
which is uniformly convergent on Ag. Therefore, by Morera’s theorem [3, Exercise IV.5.8],

the limit function f, — fék) is holomorphic on Ag. Hence, f, is smooth on Ag. Since
this is true for each k and |J, Ay = A, we conclude that f, is a complex-valued smooth
function on the whole of A.

Finally we define the (p,0)-form
n= ;fadza = jlggonj
Note that for a fixed k we have

n—np = lim (n; — )
j—o0

*!Recall the following three facts from real analysis: (1). If a sequence (z,)nz; in R” satisfies 3° o [znt1 —
Tn| < 00, then it is Cauchy.; (2). A sequence {f,} converges uniformly if and only if {f,} is uniformly Cauchy;
(3). A sequence of functions {f,} from a set A to a metric space X is said to be uniformly Cauchy if for all
€ > 0, there exists N > 0 such that for all a € A we have |f,(a) — fm(a)| < € whenever m,n > N.
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Since 7; — 1y have coefficients holomorphic in Ay, it follows that in Ay, for
some holomorphic form o given by

O = Z (fa - fék)) dzq

0%
Hence 0n = On;, = w in each Ay, which completes the proof.
O

Remark 1.22. If we consider w = fdz € Q%! (U) for some open set U C C, then Theorem 1.2
gives us the “0-Poincaré lemma in one variable.” However, due to the lack of purely topological
or intrinsic analytical description of the domains in C" for n > 2 on which approximation
theorems (like Runge’s theorem) hold, we confine ourselves to the simple case of polydiscs |9,

§LF).

Remark 1.23. Unlike the Poincaré lemma we proved in the previous report [12, Theorem 1.2],
we cannot give a simple topological condition on the domain which will ensure that the d-closed
forms are also O-exact. This is because the failure of Riemann mapping theorem in C™ for n > 2
implies that there is no canonical topologically trivial domain in C" for n > 2, as there is in C
(namely, the disc) [13, §0.3.2].

1.3 Differential forms on complex manifolds

In this section some basic definitions and facts from [10, §2.1, 2.2 and 2.6], [24, §1.2, 1.3], |21,
§2.1, 2.2, 2.3] and [6, §IV.1] will be stated.

Definition 1.12 (Complex manifold). A complex manifold M of dimension n is a second count-
able Hausdorff space together with a holomorphic structure on it. A holomorphic structure % is
the collection of charts {(Uy, ¢a)}aca where U, is an open set of M and ¢, is a homeomorphism
of U, onto an open set of C" such that

1. the open sets {Uy}aca cover M.
2. for every pair of indices a, f € A with U, N Ug # ) the homeomorphisms
Pa 0 b5 1 ¢5(Ua NUs) = $a(Ua NUp),
ppo byt i pa(Ua NUg) — ¢5(Uy NUp)
are holomorphic maps®? between open subsets of C™.

3. the family % is maximal in the sense that it contains all possible pairs (U, ¢ ) satisfying
the properties 1. and 2.

Example 1.1. Following two complex manifolds will be used throughout this report:

1. The complex space C" is a complex manifold with single chart (C™, 1¢n), where 1¢n is
the identity map. In other words, (C", 1cn) = (C", 21,...,2,) where z1,..., 2, are the
standard coordinates on C".

2. Any open subset V' of a complex manifold M is also a smooth manifold. If {(Uy, ¢a)} is
an atlas for M, then {(U, NV, ¢o|u,nv)} is an atlas for V, where ¢o |y, nv : Uo NV — C"
denotes the restriction of ¢, to the subset U, NV.

22For the definition of several complex variables holomorphic mapping, see Definition B.S.
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Remark 1.24. Every complex manifold M is paracompact 6, §IV.1].

Definition 1.13 (Holomorphic function on a manifold). Let M be a complex manifold of
dimension n. A function f : M — C is said to be a holomorphic function at a point w in M if
there is a chart (U, ¢) about w in M such that f o ¢~!, a function defined on the open subset
#(U) of C", is holomorphic?® at ¢(w). The function f is said to be holomorphic in M if it is
holomorphic at every point of M.

(U, w) —2— (C, $(w))

I

(C, f(w))

Definition 1.14 (Holomorphic map between complex manifolds). Let M and N be complex
manifolds of dimension m and n, respectively. A continuous map F' : M — N is said to be
holomorphic at a point w of M if there are charts (V) about F(w) in N and (U, ¢) about w
in M such that the composition 1) o F .o ¢~!, a map from the open subset ¢(F~1(V)NU) of C™
to C", is holomorphic at ¢(w).

oFogp1
oFog

(C™, p(w)) (C", ¢(F(w)))

The continuous map F : M — N is said to be holomorphic if it is holomorphic at every point
in M.

Definition 1.15 (Biholomorphic manifolds). Two complex manifolds M and N are called bi-
holomorphic if there exists a holomorphic homeomorphism?* f: X — Y.

Theorem 1.4. If (U, ¢) is a chart on a complex manifold M of dimension n, then U is biholo-
morphic to ¢(U) C C™.

Remark 1.25. If (U, ¢) is a chart of a manifold, i.e. ¢ : U — C", then let 7; = z; o ¢ be the
4% component of ¢ and write ¢ = (ry,...,r,) and (U,¢) = (U,71,...,r,). Thus, for w € U,
(ri(w),...,rp(w)) is a point in C™. The functions ry,...,r, are called coordinates or local

coordinates on U.

1.3.1 Complex differential forms

Definition 1.16 (Complex vector bundle). A complex vector bundle of rank k over a smooth
manifold M is a smooth manifold F equipped with a smooth surjective map « : E — M such
that for an open cover {U,} of M, there is a local trivialization diffeomorphism

To 1 T Y(Uy) = Uy x CF

satisfying the following conditions:

23For the definition of complex-valued holomorphic function, see Definition B.3.
24Note that the inverse of a holomorphic homeomorphism is holomorphic by Proposition B.5.
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1. the following diagram commutes

71 (U,) To U, x CF

Ua

where p; is the projection onto the first factor,

2. the composite maps
Ta © TB_I D TR (7T_1(Ua NUg)) = Ta (7T_1(Ua NUg))
are C-linear for each w € U, N Ug.

Remark 1.26. For a fixed w € U, N Ug, the linear transformation
<Ta07’6_1> {w} x CF = {w} x C*
w

must respect the projection onto the first factor, by the first condition above, and is thus
described by a complex k X k-matrix, whose coefficients are smooth functions of w. These
matrices are called transition matrices. In particular, the map 7,3 = 7o © 5 s given by

Tap(w,v) = (W, 0as(w)v)  Yw € Uy NUsz,v € C*

and is completely determined by the map 0,5 : Uy NUg — GL(k,C), called the transition map.
Since 7,4 is smooth, so is 0,5. From now on, we will assume that the transition maps can in
fact be used to define a vector bundle. For proof, see [25, §9] and [24, §I.2].

Definition 1.17 (Fiber of a complex vector bundle). If 7 : E — M is a complex vector bundle
and w € M, then E,, = 7~ !(w) is called the fiber of E at the point w. It is canonically a vector
space, with structure given by any of the trivializations of E in the neighborhood of w.

Remark 1.27. A complex vector bundle is a smooth vector bundle whose fibers are complex
vector spaces and the transition maps are complex linear [12, Definition 1.36].

Definition 1.18 (Almost complex structure). An almost complex structure on a smooth mani-
fold M is a vector bundle endomorphism J of (real) tangent bundle Tr M, such that J? = —17, s,
i.e. for allw € M, the linear map Jy, : Tyy g M — T, g M is a linear complex structure for T, g M .

Remark 1.28. Equivalently, the almost complex structure is the structure of a complex vector
bundle on T M |21, Definition 2.11]. Also, if an almost complex structure exists, then the real
dimension of M is even [10, Definition 2.6.1]. However, not every smooth manifold of even
dimension admits an almost complex structure [10, Remark 2.6.3].

Definition 1.19 (Almost complex manifold). An almost complex manifold is a smooth manifold
together with an almost complex structure.

Proposition 1.6. Let M be an almost compler manifold. Then there exists a direct sum de-
composition of the complexified tangent bundle TcM = Tr M Qr C into complex vector bundles

TeM = (Te M) @& (Tp M)
such that the C-linear extension J = J ® ¢ satisfies

J|(TRM)1’0 =i Iy and j|(T1RM)OJ =—t-lrm
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Proposition 1.7. Let M be an almost complex manifold. Then the dual of complexified tangent
bundle TEM = Tg M @gr C decomposes as a direct sum of complex vector bundles

TEM = (TEM)M & (T50)™
such that the C-linear extension j = J ® l¢ satisfies

Remark 1.29. Asin Proposition A.8, we get the almost complex structure J on Ty rM from the
almost complex structure J on T3, g M. We will regard this J as a vector bundle endomorphism
of the smooth vector bundle Tg M over M.

Definition 1.20 (Differential (p, ¢)-form). Let M be an almost complex manifold. Over M we
define the complex vector bundle of rank (Z) (Z)

N 1enr = N (1)) @e N ((T5M)%)

whose fiber is A”? 77 z M. The smooth sections of this vector bundle are called the differential
forms of type (p,q) on M. The space of all smooth differential forms of type (p,q) on M is
denoted by QP9(M).

Remark 1.30. Let Q& (M) be the space of sections of vector bundle N TEM. By Remark A.12
we have

N1z @ Ny —okan= @ oram)
p+q=k pt+q=k

Thus we have natural projection operators A" TeM — NMYTEM and QE(M) — QP(M),
denoted by I17¢ for p + ¢ = k.

Definition 1.21 (Differential of a (p,q)-form). Let M be an almost complex manifold, and
d: QM) — Q{EH(M ) be the complex linear extension of the usual exterior differential®®.
Then

Q:QPUM) — QFFY(M) and 9 : QPIY(M) — QPITH(M)

are defined as 9 := [IP*1% o d and 9 := 179+ o d.

Lemma 1.3. For an almost complex manifold M, the differential operators 0 and 0 satisfy the
Leibniz’s rule, i.e.
IwAn) =0wAn+ (—1)P 9w A dn
A(wAn) =0wAn+ (—=1)PTw A dn
forw € QPYM) and n € Q"5(M).

Proof. We will use the properties of d studied earlier?®. Recall that for w € Q%é+q(M ) and
n € QEF (M) we have

dlwAn) =dwAn+ (=1)PTw Ady € Q%J”HHSH(U)
Since 9 := TP +14%5 5 d, taking the (p + 7+ 1,q + s)-parts on both sides one obtains
OwAn) =0wAn+ (=1)P 9w A dn
Similarly, taking the (p + r,q + s + 1)-parts one obtains
A(wAnN) =0wAn+ (=1)PTw A dn

Hence completing the proof. ]

2 Tor definition, see [12, Definition 1.44].
25In the previous report, see [12, Theorem IX, Theorem XXVI].
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Definition 1.22 (Integrable almost complex structure). An almost complex structure J on M
is called integrable if dw = Ow + Ow for all w € QE(M).

Remark 1.31. By Lemma 1.1 we know that the almost complex structures on the open sets
in C™ are integrable. For more details about this definition, see |10, Proposition 2.6.15|, [24, p.
34] and [21, Theorem 2.24].

Definition 1.23 (Complex manifold). A complex manifold M of dimension n is a smooth
manifold of dimension 2n equipped with a holomorphic structure, i.e. if M is covered by open
sets U, which are diffeomorphic via maps called ¢, to open sets in C”, in such a way that the
transition diffeomorphisms

$a 085" : 05(Ua NUp) = ¢a(Ua N Up)
are holomorphic.

Proposition 1.8. A complex manifold M induces an almost complex structure on its underlying
smooth manifold.

Proof. This follows from Definition A.4 and Remark A.5. For details, see |24, Proposition
1.3.4]. O

Theorem 1.5. The induced almost complex structure on a complex manifold is integrable.

Proof. This follows by looking at the local coordinates as in Lemma 1.1. For details, see [24,
Theorem 1.3.7]. O

Corollary 1.6. If M is a complex manifold, then 2 =0.

Definition 1.24 (Pullback of a k-form). Let F : M — N be a holomorphic map between
complex manifolds. Then the C-linear extension of the pullback map defined on the underlying
smooth manifolds [12, Definition 1.45]

F*: QE(N) — Qk(M)
is called the pullback of a complex k-form
Remark 1.32. Pullback of the identity map is an identity map, i.e. (1p)* = ]lQ(zE(M).

Proposition 1.9. If F : M — N and G : N — N’ are holomorphic maps between complex
manifolds, then (G o F)* = F* o G*.

QE(N') —F—— QL(N)

QE(M)

Proposition 1.10. Let F': M — N be a holomorphic map between complex manifolds. If w is
a differential form on N, then F*(dw) = d(F*w), i.e. the following diagram commutes

QL(N) —4— k(W)



Theorem 1.6. Let F' : M — N be a holomorphic map between complex manifolds. Then
the pullback of differential forms F* : QE(N) — Q&(M) induces natural C-linear maps F* :
OPA(N) — QP9(M). These maps are compatible with 0 and 0.

Proof. If F is holomorphic then F* is compatible with the decomposition [10, Proposition 2.6.10]
QLN = @ o)
p+q=Fk

In particular, F* (QP4(N)) C QP4(M) and IIPT149 o F* = F* o IIPT14. Thus, for w € QP94(M)
we have

9(F* () = TIPFH(d (F7* (w) = IPFH (F* (d (w)) = F* (IIPFH (d (w)) = F* (9 (w))

where, as usual, we are abusing the notations d and d. Analogously, we can show that 9o F'* =
F*o00. O
1.3.2 Holomorphic differential forms

Definition 1.25 (Holomorphic vector bundle). A holomorphic vector bundle of rank k is a triple
(E, M, ) consisting of a pair of complex manifolds F and M, and a holomorphic surjective map
m: I — M satisfying the following conditions

1. for each w € M, the inverse image E,, = 7~ !(w) is an k-dimensional vector space over C,

2. for each w € M, there is an open neighborhood U of w and a biholomorphic map 7 :
7~ HU) — U x CF such that

(a) the following diagram commutes

where pp is the projection onto the first factor,
(b) for each v € U, the induced map 7, : 771 (v) — C¥, defined by 7,(2) = (v,7(2)), is a

C-linear isomorphism.

Remark 1.33. We can also define it the way we defined the complex vector bundle in Re-
mark 1.26. That is, we have biholomorphic local trivializations

To 1 T, H(Uy) = Uq x CF
such that the transition maps o453 = Uy N Ug — GL(k,C) are holomorphic.

Definition 1.26 (Pullback of holomorphic vector bundle). Let f: M — N be a holomorphic
map between complex manifolds and let £ be a holomorphic vector bundle on N given by
transition maps o, corresponding to an open cover {Uy}. Then the pullback f*E of E is the
holomorphic vector bundle over M that is given by the transition maps o,z o f corresponding
to an open cover {f~1 (U,)}.

Definition 1.27 (Holomorphic tangent bundle). Let M be a complex manifold of dimension
n which is covered by open sets U, biholomorphic, via maps called ¢, to open sets V, of C".
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Then the holomorphic tangent bundle T M of M is a holomorphic vector bundle of rank n with
the transition maps o, given by

¢
oL

Tap(w) = Jac(dap)(w) = | —=

w] 1<<n
155<n

is the Jacobian matrix at the point w (see Definition B.10).
Remark 1.34. In this definition, if we replace the complex manifold with the smooth manifold,
and the holomorphic Jacobian matrix with the real Jacobian matrix, we will get the definition of

smooth tangent bundle |21, §2.1.2]. This definition is equivalent to the one used in the previous
report, where it was defined using derivations [12, Defintion 1.31].

Theorem 1.7. If M is a complex manifold, then (Tr M)*° is naturally isomorphic (as a complex
vector bundle) to the holomorphic tangent bundle T M.

Proof. Let U,V C C™ be open subsets and f : U — V be a biholomorphic map. Then by
Proposition 1.2 we get the linear isomorphism

fo: TurU) @ (TomU)™ = (TruyrV) "™ @ (Truy V)™
Also, from Remark B.10 we know that
o [ae(fw) 0
F = "0
Let {(Ua, ¢a)} be a holomorphic atlas of M, ie. U, is biholomorphic to ¢o(Us) = Vo C
C™. Then (gi);l)* ((TRUQ)I’(]) >~ (TpV,)'?. With respect to the canonical trivialization the

induced isomorphisms <T¢ B(w)vRV/B> = (T%(w)’RVa) L0 are given by the transition maps of T M

[10, Definition 2.2.14, Proposition 2.6.4(ii)]. Therefore, both (Tg M) and TM are naturally
isomorphic. O

Remark 1.35. We call the bundles (Tg M)'° and (Tg M)'° the holomorphic and antiholomor-
phic tangent bundle of the complex manifold M.

Definition 1.28 (Holomorphic cotangent bundle). The holomorphic cotangent bundle T*M is
the dual of 7M. That is, for all w € M we have 7 M = Homc(7,M,C).

Definition 1.29 (Holomorphic p-forms). Over M we consider the holomorphic vector bundle
N T*M whose fiber is \” T,* M. The holomorphic sections?” of this vector bundle are called the
holomorphic p-forms on M. The space of all holomorphic p-forms on M is denoted by OP(M).

Remark 1.36. We note that holomorphic 0-forms on M are the holomorphic complex-valued
functions on M, i.e. O°(M) = O(M). Asin Remark 1.25, let (U, 71, ...,7,) be a coordinate chart
of M. Then the differentials {dry,...,dr,} are 1-forms on U. At each point w € U, the 1-forms
{d’ﬁ‘w, . ,drn|w} form a basis of A (7;*M) = T*M, dual to the basis {8/r1|w, . ..,0/0rn|w}
for the tangent space T, M. Hence, a 1-form on U is a linear combination w = Y " fadrq
where f,, are complex-valued holomorphic functions on U. In general?®, any holomorphic p-form
w € OP(M) can be written uniquely as

w = Z fadra
|a|=p

where a = (a1, ..., qp) are multi-indices with 1 < a; <n, dro, = drg; A... Adrg, and f, is a
complex-valued holomorphic function on U, i.e. f, € O(U).

2"Replace “smooth” by “holomorphic” in [12, Definition 1.38].
2%In the case of M = C™ the expression was much more straightforward because T,,M = C" (vector space
isomorphism) and we could replace r; by z;.
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1.4 O-closed and exact forms on complex manifolds

In this section some basic definitions and facts from [8, p. 25|, [21, §2.3.3|, [10, §2.6] and [13,
§6.3] will be stated.

Definition 1.30 (d-closed forms). Let M be a complex manifold. Then a differential form
w € QP4(M) is called O-closed if dw = 0.

Remark 1.37. Given a complex manifold M, denote the set of all d-closed (p, q)-forms on M by
ZPA(M). The sum of two such (p, q)-forms is another d-closed (p, ¢)-form, and so is the product
of a d-closed (p, q)-form by a scalar. Hence ZP4(M) is the vector sub-space of QP¢(M). Also, if
we write the elements of ZP°(M) is terms of local coordinates, then from Theorem B.2 it follows
that it is the space of (p,0)-forms whose coefficients are complex-valued holomorphic functions
in M, ie. OP(M)= ZPO(M) by Remark 1.36. In particular, note that Z%°(M) = O(M), the
space of complex-valued functions holomorphic in M.

Definition 1.31 (9-exact forms). Let M be a complex manifold. Then a differential form
w € QPI(M), for g > 0, is called d-exact if w = dn for some differential form n € QP4~1(M).

Remark 1.38. Given a complex manifold M, denote the set of all d-exact (p, ¢)-forms on M by
BP4(M). The sum of two such (p, ¢)-forms is another 9-exact (p, ¢)-form, and so is the product of
a O-exact (p, q)-form by a scalar. Hence BP4(M) is the vector sub-space of Q79(M). Moreover,
the trivial form w = 0 is the only (p,0)-form which is d-exact for any value of p = 0,1,...,n.
That is, B”?(M) consists only of zero.

Theorem 1.8. On a complex manifold M, every 0-exact form is O-closed.

Proof. Let M be a complex manifold and w € BP*(M) such that w = dn for some € QP4~L(M).

From Corollary 1.6 we know that dw = 9(dn) = 0 hence w € ZP4(M) for all ¢ > 1. For g = 0,
the statement is trivially true. O

Lemma 1.4. Let F': M — N be a holomorphic map of complex mariifolds, then the pullback
map F* sends 0-closed forms to 0-closed forms, and 0-exact forms to 0-exact forms.

Proof. Suppose w is O-closed. From Theorem 1.6 we know that F* commutes with 0
OF*'w=F"0w=0
Hence, F*w is also O-closed. Next suppose = 0n is O-exact. Then
F*0 = F*0n = 0F*n
Hence, F*0 is O-exact. O

1.4.1 Dolbeault cohomology

Definition 1.32 (Dolbeault cohomology of a complex manifold). The (p,q)* Dolbeault coho-
mology group®” of a complex manifold M is the quotient group
ZPa(M)
HPY M) = ——r—t
0 ( ) Bp,q( M )
Remark 1.39. Hence, the Dolbeault cohomology of a complex manifold measures the extent
to which 0-closed forms are not d-exact on that manifold.

2Tt is also a vector space over C.
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Proposition 1.11. If M is a complex manifold then its Dolbeault cohomology group in degree
(p,0) is the group of holomorphic p-forms on M.

Proof. Since there are no non-zero d-exact (0, p)-forms
p,0 — zp0 — P
H; (M) = ZP°(M) =OP(M)
O

Remark 1.40. Though the definitions of de Rham and Dolbeault cohomology are similar, they
measure different things. The de Rham cohomology is a topological invariant, whereas the
Dolbeault cohomology measures the holomorphic complexity?.

Proposition 1.12. On a complex manifold M of dimension n, the Dolbeault cohomology
Hg’q(M) vanishes for ¢ > n.

Proof. 1t follows from the fact that if ¢ > n then N"Y(TEM) = 0. Hence for ¢ > n, the only
(p, q)-form on M is the zero form. O

1.4.2 O-Poincaré lemma for complex manifolds

Definition 1.33 (Pullback map in cohomology). Let F' : M — N be a holomorphic map of
complex manifolds, then its pullback F* induces®' a linear map of quotient spaces, denoted by
F#
g Z0IN) | ZPI(M)
prq(N prq(M)
[w] = [F* ()]

=

This is a map in cohomology F7# : HZ(N) — HE?(M) called the pullback map in cohomology.
Remark 1.41. From Remark 1.32 and Proposition 1.9 it follows that:

1. If 15, : M — M is the identity map, then ]l]ﬁz : Hg’q(M) — Hg’q(M) is also the identity
map.

2. If F: M — N and G : N — N’ are holomorphic maps, then (G o F)# = F# o G#.

Proposition 1.13 (Invariance of Dolbeault cohomology for biholomorphic manifolds). Let F :
M — N be a biholomorphic map of manifolds, then the pullback map in cohomology F# :
ng(N) — Hg’q(M) is an isomorphism.

Proof. Since F is a biholomorphic map, F~!: N — M is also a holomorphic map of manifolds.
Therefore, using Remark 1.41 we have

Loy = 1%, = (F Lo F)# = F# o (FY)#
This implies that (F~1)# is the inverse of F'#, i.e. F'# is an isomorphism. O

Theorem 1.9 (0-Poincaré lemma for complex manifolds). Let M be a complex manifold, then
ior all w € M there exists an open neighborhood U such that every 0-closed (p, q)-form on U is
0-exact for ¢ > 1.

Proof. Let (U, ¢) be a chart on the complex manifold M of dimension n such that w € U. By
Theorem 1.4 we know that the coordinate map ¢ : U — ¢(U) C C™ is biholomorphic. We choose
U such that ¢(U) is an open polydisc in C"*. Then by Theorem 1.3 every 0-closed (p, q)-form
on ¢(U) is exact for ¢ > 1, i.e. HZ($(U)) = 0 for ¢ > 1. Now we can use Proposition 1.13

to conclude that Hg’q(U) = 0 for ¢ > 1, i.e. every O-closed (p,q)-form on U is d-exact for
q>1. O

3%Donu Arapura, “de Rham vs Dolbeault Cohomology”, https://mathoverflow.net/q/95432, 28 April 2012.
31Follows from Lemma 1.4.
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Chapter 2

Cousin problems

2.1 Cousin problems for C

In this section some basic definitions and facts from [19, §1.6], [14, §13.1], [13, §0.3.4] and |3,
§VIL.5, VIIIL.3] will be stated.

2.1.1 Mittag-Leffler theorem

Consider the following problem:

Let U be an open subset of C and {a;} be a sequence of distinct points in U such
that {ax} has no limit points in U. For each integer k& > 1 consider the rational

function
Sk(z) = I
k( ) Z (Z — ak)J
J=1
where my, is some positive integer and Ay, ..., Ay, are arbitrary complex coeffi-

cients. Is there a meromorphic function f on U whose poles are exactly the points
{ax} and such that the singular part! of f at z = ay, is Sy(2)?

The answer to this problem is yes and was solved by Gosta Mittag-Lefler during 1876-1884,
building on the work of his mentor Karl Weierstrass [20]. Here we will discuss a proof which
will illustrate the general method for solving the Cousin problems.

Theorem 2.1 (Single variable Cousin I). Let U C C be an open set with an open covering
{Ua}. Suppose that for each Uy, Ug with nonempty intersection there is a holomorphic function
gap € O(Uy NUg) satisfying

1. gap + 9sa = 0 for each pair (o, B);
2. gap + 98y + 9ya = 0 on Uy, NUg NU,, for each triple (o, 3,7).

Then there exist fo € O(Uy) for each a such that gog = fg — fo on Uy N Ug whenever the
intersection is nonempty.

Proof. As in Theorem C.1, let {Vj} be a locally finite refinement of {U, } and {t¢x} be a smooth
partition of unity of U subordinate to the open cover {V}} . Then for a fixed k, 15 has a compact

Let f has a pole of order m at z = a such that f has the Laurent series expansion in an open neighborhood
V of a give by

_ An Am—1 Ay
f(z)_(Z_a)mjt...Jr(Z_a)mf1 ...+(Z_a)+g(z)
where g is analytic in V and A,, # 0. Then ZTzl % is called singular part or principal part of f at z = a.
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support contained in Vi C U, ). We can then define the smooth functions {h.} in the open
sets {Uq} by
“ 0 if z€ Uy \ (Vi NUL)

Since 1)y, vanishes in an open neighborhood of U\ Vi, ¥ will also vanish in an open neighborhood
of Uy \ (Us N V). Therefore, the function | hro = Yrgr(k)a | is @ smooth function Uy, and for

each o we have the smooth function

ha = hpa onUs,
k
Then, on U, N Ug, using the properties of {gag} we get
hg — ha = Z (hig — hka) Z@bk Ir(k)B — Ir(k)a)
= Zwk ~9pr(k) — Ir(kya) = O Uk (9ap) = Gap
k

since ), 1, = 1. This gives us a smooth solution {h,} to the first Cousin problem.
Next, since gng is holomorphic, by Theorem B.2 we have

Oha  Ohy
g = g on Ua N Uﬁ
Hence there exists a function h € C°°(U) such that
h = %h; on U, for each « (2.1)
Also, from Theorem 1.2 we get f € C°°(U) such that
of
—=h 2.2
0z (2:2)

Comparing (2.1) and (2.2) we get that
fa =ha — f € O(U,) for each o
Since fz— fa = gap, the set { fo} is the required holomorphic solution to the Cousin problem. [

Theorem 2.2 (Mittag-Leffler theorem). Let U be an open subset of C and {ar} be a sequence
of distinct points in U such that {ay} has no limit points in U. For each integer k > 1 consider

the rational function
mg

A
k( ) Z (Z — ak)]
j=1
where my, 1is some positive integer and Ay, ..., Ay, are arbitrary complex coefficients. Then

there is a meromorphic function f on U whose poles are exactly the points {ax} and such that
the singular part of f at z = ay is Si(z).

Proof. Choose an open cover {U,} of U with the property that each U, contains at most one
point of {ax}. Assign a meromorphic function h, on U, for each « such that hy, = S if U,
contains ag, otherwise f, = 0. We can then define the Cousin data for the cover {U,} by setting

Jap = hﬂ —ho on U,NUg (2.3)

Note that for each U,,Us with nonempty intersection g,3 € O(U, N Up) since there doesn’t
exist any pole ay € Uy, N Ug. Moreover, {gqg} satisfies the conditions
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1. gag + 9o = 0 for each pair («, 3);
2. goap + 98y + gya = 0 on U, N Ug N U, for each triple (a, 3,7).

Therefore, by Theorem 2.1, there exist f, € O(U,) for each « such that
9ap = fp = Ja onUaNUp (2.4)
Comparing (2.3) and (2.4) we get that
hg —he = fs— fo onUsNUs
for each pair (o, 8). Hence, we can define a meromorphic function f on U such that
f(2) = ha(z) — fa(z) for z € U,

for each «. Since subtracting a holomorphic function f, from h, doesn’t affect the poles and
singular parts, f is the desired meromorphic function on U whose poles are exactly the points
{ax} and the singular part at z = ay, is Sk. O
2.1.2 Weierstrass theorem

Consider the following problem:

Let U be an open subset of C and {ax} be a sequence of distinct points in U such
that {ar} has no limit points in U. Given a sequence of integers {my}, is there a
function f which is holomorphic on U such that the only zeros of f are the points
ap, with multiplicity my?

The answer to this problem is yes and was solved by Karl Weierstrass in 1876. Though this
problem was solved before Mittag-Leffler theorem, we will deduce it from Cousin I following [14,
Theorem 13.1.6].

Lemma 2.1. Let U C C be simply connected open set and f : U — C be a holomorphic and
non-vanishing function. Then there is a holomorphic function g on U such that exp(g) = f.

Proof. This is a standard result in single variable complex analysis, see [3, Theorem VIII1.2.2(g)]
or [14, Lemma 13.1.5]. O

Theorem 2.3 (Single variable Cousin II). Let U C C be an open set with an open covering {U, }.
Suppose that for each Uy, Ug with nonempty intersection there is a non-vanishing holomorphic
function gop € O*(Uy N Ug) satisfying

1. gag - 9pa =1 for each pair (o, B);
2. Gap - 98y - Gya = 1 on Ua N U N U, for each triple (a, B, 7).

Then there ezist fo € O*(Uy) for each a such that gop = ;—i on Uy,NUg whenever the intersection
15 nonempty.

Proof. Let {V;} be a refinement of {U,} such that for each j, V; is an open ball and V; C U, ;).
Next, we define hjy : V; N Vi — C by hjr(2) = gr(jyr(k)(2)- Then {hj} is a set of holomorphic
functions satisfying

1. hji - hij = 1 for each pair (j,k);

2. hjk - hie - hej = 1 on V; NV, NV, for each triple (4, k, £).
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Step 1: There exist u; € O*(V}) for each j such that hj, = ug/uj on V; N Vy, whenever the
intersection is nonempty.

Since each open ball V; is simply connected, by Lemma 2.1, there exists izjk e O(V;NVy)
such that hj, = exp(hjx). Then {hj} satisfies the condition of Cousin I data for the covering
{V;}, and by Theorem 2.1 there exist @i; € O(V;) for each j such that hj, = i@ — @, on V; NV},
whenever the intersection is nonempty. Then the set {u;} for u; = exp(@;) is the required
holomorphic solution to the Cousin problem.

Step 2: There exist fo € O*(Uy) for each a such that gog = fg/fa on Uy N Ug whenever
the intersection is nonempty.

Note that, for z € U, N V; NV}, we have

u
(k'g'r(k)agar(j)> (Z) =

w1 )(z)
Ug Gr(4)r(k)

Therefore, we have uggr(k)a(2) = Ujgr(jja(2) on Uy N'V; N V. Since this is true for any pair
(J, k), for any a we define non-vanishing holomorphic function f, € O*(U,) such that

fa(2) = ujgr(j)a(z) for z € Ua N Vi

Finally, {fo} is the required holomorphic solution to the Cousin problem since

fs Uj9r(;)8 1
()= ———(2) = ————(2) = 9gap(2) forzeU,NUgNV;
fa Ui 9r(§)a 9pr(5)9r(j)a ’
where j is arbitrary. O

Theorem 2.4 (Weierstrass theorem). Let U be an open subset of C and {ar} be a sequence of
distinct points in U such that {ar} has no limit points in U. Given a sequence of integers {my},
there is a function f which is holomorphic on U such that the only zeros of f are the points ay
with multiplicity my,.

Proof. Choose an open cover {U,} of U with the property that each U, contains at most one
point of {a}. Assign a holomorphic function h, on U, for each « such that h, = (z — ag)™* if
U, contains ag, otherwise h, = 1. We can then define the Cousin data for the cover {U,} by
setting

h
Gap = h—'g on Uy, NUg (2.5)

Note that for each U,,Us with nonempty intersection go5 € O*(U, N Upg) since there doesn’t
exist any zero ay € U, N Ug, and {gng} satisfies the conditions

1. gap - 9o = 1 for each pair (o, B);
2. gas 98y 9ya = 1 on Ua N U N U, for each triple (a, 53,7).

Therefore, by Theorem 2.3, there exist f, € O*(Uy) for each « such that

gapB = ﬁ on Uy, N Uﬁ (26)
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Comparing (2.5) and (2.6) we get that

h
i = ;i on Uy, NUpg
for each pair («, 8). Hence, we can define a holomorphic function f on U such that
ha(z)
f(z) = for z € U,
(2) I

for each . Since dividing h, by a non-vanishing holomorphic function f, doesn’t affect the
zeros of h, and their multiplicities, f is the desired holomorphic function on U whose only zeros
are the points a; with multiplicity my. O

Corollary 2.1. Let U C C be any open set. Let Y C U be a discrete set. Then there is a
holomorphic function f on all of U such that Y = {z € U : f(z) = 0}.

2.2 Cousin problems for C"

In this section some basic definitions and facts from [13, §6.1] and [9, §L.E] will be stated.

2.2.1 Cousin I

Consider the following problem:

Let U C C™ be an open set with an open covering {U,}. Suppose that for each
Uq, Ug with nonempty intersection there is a holomorphic function gog € O(UsNUp)
satisfying

1. gap + gsa = 0 for each pair (o, f);
2. gag + 98y + gya = 0 on U, N Ug N U, for each triple («, 3, 7).

Then does there exist f, € O(U,) for each a such that gos = fg — fo on Uy NUp
whenever the intersection is nonempty?

The answer to this problem is yes when U is a polydisc. Moreover, in general, this is true when U
is a domain of holomorphy?, for details see [13, Proposition 6.1.8]. In fact, the solution to Cousin
I is exactly same as the single variable case since in the theory of single variable holomorphic
functions, every open set is a domain of holomorphy.

Theorem 2.5 (Cousin I for a polydisc). Let A C C™ be an open polydisc with an open covering
{Uq}. Suppose that for each Uy, Ug with nonempty intersection there is a holomorphic function
gap € O(Us NUg) satisfying

1. 9o + 9Ba = 0 fO’I" each paiT’ (057/8);
2. 9ap T 98y + Gya = 0 on Uy N Uﬁ N UV for each triple (a’ ﬁ’f)/).

Then there exist fo € O(Uy) for each o such that gog = fg — fa on Uy N Ug whenever the
intersection is nonempty.

2An open set U C C" is called a domain of holomorphy is there doesn’t exist non-empty open sets Uy, Us with
U connected, Uz ¢ Uy, Uy C U2 NU, such that for every holomorphic function f on U there is a holomorphic
function f2 on Uz such that h = ha on Us, see [13, §0.3.1] and [19, §2.5].
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Proof. As in Theorem C.1, let {Vj} be a locally finite refinement of {U,} and {t¢} be a smooth
partition of unity of A subordinate to the open cover {V}} . Then for a fixed k, 1% has a compact
support contained in Vi, C U, ). We can then define the smooth functions {hka} in the open

sets {Uy} by

B (2) = Vi (z )gr(k (2) ifzeVpNU,
kalZ 0 if ze U, \ (Vi NUy)

Since vy, vanishes in an open neighborhood of A\ V}, 1y, will also vanish in an open neighborhood
of Uy \ (Us N V). Therefore, the function | hro = Yrgr(k)e | is @ smooth function Uy, and for

each o we have the smooth function
hg = Z hie on U,
k
Then, on U, N Ug, using the properties of {gag} we get
h,B —ho = Z (hk,B - hka Z (e gr(k 8 gr(k)a)

—Z@bk —96r(k) — Ir(k)a Z% 9aB) = 9ap

since ), 1, = 1. This gives us a smooth solution {h,} to the first Cousin problem.

Next, for each set U, consider the differential form w, € dh, € Q%(U,). In each intersection
U, NUg we note that w, = g(hﬁ + gap) = wg, since g3 are holomorphic functions. Hence there
exists a global differential form w € QP7(A) such that

w = Oh, on U, for each a (2.7)
Also, since 0w = 0, from Theorem 1.3 we get f € Q09(A) = C*°(A) such that
Of = w (2.8)
Comparing (2.7) and (2.8) we get that
fa =ha — f € O(U,) for each «

Since f3— fa = gap, the set { fo} is the required holomorphic solution to the Cousin problem. [

2.2.2 Cousin II
Consider the following problem:

Let U C C™ be an open set with an open covering {U,}. Suppose that for each
Ua,Ug with nonempty intersection there is a non-vanishing holomorphic function
gap € O*(Uy N Up) satistying

1. gap - 9o = 1 for each pair (o, B);
2. GaB " 98y - Gya = 1 on U, N Uz N U, for each triple («, 3,7).

Then does there exist f, € O*(U,) for each o such that g, = ;—i on U, NUg

whenever the intersection is nonempty?

The answer to this problem is yes when U is a polydisc. However, in general, this is not true
when U is any domain of holomorphy. Unlike the single variable case, Cousin I doesn’t imply
Cousin II for n > 2. For the counterexample given by Kiyoshi Oka, see [13, pp. 250-253].
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Lemma 2.2. Let U C C" be simply connected open set and f : U — C be a holomorphic and
non-vanishing function. Then there is a holomorphic function g on U such that exp(g) = f.

Proof. Since this is a topological fact, we are able to generalize the proof of Lemma 2.1. For
details, see [14, Lemma 13.1.5] and [13, Lemma 6.1.10]. O

Theorem 2.6 (Cousin II for a polydisc). Let A C C™ be an open polydisc with an open cov-
ering {Ua}. Suppose that for each Uy, Ug with nonempty intersection there is a non-vanishing
holomorphic function gos € O*(Uy N Up) satisfying

1. gag - 9pa =1 for each pair (o, B);

2. GaB 98y Gya =1 on Uy NUg NU, for each triple (o, 3,7).
Then there ezist fo € O*(Uy) for each o such that gop = ;—Z on Uy,NUg whenever the intersection
18 nonempty.

3

Instead of proving this theorem”, we will directly prove the generalization of Corollary 2.1

in the next section.

2.3 Cousin problem for analytic hypersurface in C"

Consider the following problem:

Is any analytic subvariety Y of a complex manifold M the zero-locus of some global
holomorphic functions defined on M?

The answer to this problem is yes when Y is a hypersurface and M is C™.

2.3.1 Analytic subvariety of a complex manifold

In this subsection some definitions and properties from [10, §2.1, 2.3| and [6, §1.8, IV.1]| will be
discussed.

Definition 2.1 (Analytic subvariety). Let M be a n-dimensional complex manifold. An analytic
subvariety of M is a closed subset Y C M such that for every point w € Y there exists an open
neighborhood w € U € M and fi,..., fn, € O(U) with

UNnY ={z€U: fij(z)=0for j=1,...,m}

Remark 2.1. A more natural definition of an analytic subvariety of M is that it is a subset
Y C M such that for every point w € M there exists an open neighborhood w € U C M and
fiy-ooy fm € O(U) with

UNnY ={z€U: fj(z)=0for j=1,...,m}

This definition is equivalent to the earlier one because we can prove that w € M \ Y if and only
if Y is a closed subset of M [6, p. 36].

Definition 2.2 (Analytic hypersurface). An analytic subvariety Y of M is called analytic hy-
persurface if we can always take m = 1, i.e. for every point w € Y there exists an open
neighborhood w € U € M and f € O(U) with

UNnY ={z€U: f(z) =0}

3For an outline of the proof, see [9, pp. 33-36]. Here, unlike the single variable case, we also need to show
the existence of non-vanishing continuous solution before proving the existence of non-vanishing smooth solution.
For details, see [13, Proposition 6.1.11(Part I)|.
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Remark 2.2. In general, analytic subvariety cannot be given by global equations. For example,
if M is compact and connected, there are no non-constant holomorphic functions on M. For
an example in which the ambient manifold M is not compact, consider the complex manifold
M := U; U U,y with

1
Ui = {(21,22) cC?. |21] < 5 and |zo| < 1}
9 1
Uy =4 (21,22) € C*: |z < 1 and 5 < |za] < 1

Next, consider the closed subset! Y = {(z1,22) € Us: 21 = 22} C M. Note that U; and Us
give an open covering of M with Y C Us, i.e. for all p € Y we can use Uy since Y N Us =
{(#1,22) € Uz : f(z1,22) = 21 — 20 = 0} where f € O(Us). Therefore, Y is an analytic hypersur-
face of M.

Claim: There does not exist g € O(M) such that Y = {(z1,22) € M : g(z1,22) = 0}.

On the contrary, let there exist ¢ € O(M) such that g vanishes exactly on Y. Note that
M C A(0;1). Hence, by Theorem B.4, there exists G € O(A(0;1)) such that G|y = g. In
particular, for z; = 2z = 2z, G(z,2) = h(z) is a single variable holomorphic functions which
vanishes for % < |z| < 1in M. Since zero function is the only single variable holomorphic
function with uncountably many zeros, h(z) vanishes for 0 < |z| < 1 in A(0;1), i.e. G|y =g
vanishes on Z = {(z1,21) € M : z1 = z2} D Y. Contradiction.

Izl 1zl
A A

ya

0.5 Fosmmoooooos ' 0.5

I N
o I .
0.5 1 Al 0.5 1 Al
The region corresponding to M The regions corresponding to U; and Us.
1zl 1zl

0.5 05| Ameeeeee--e- '

> |z,|

0.5 1 0.5 1

The analytic subvariety Y of X The vanishing set Z of G in M

4Recall that for a continuous function the inverse image of a closed set is closed. In particular, the set of zeros
of a continuous function is closed.
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2.3.2 Sheaf theory and Cech cohomology

In this subsection we will revisit the results from sheaf theory and Cech cohomology that were
discussed in the previous report [12, Chapter 2].

Example 2.1 (Sheaves on complex manifold). Recall that if one has a presheaf of functions (or
forms) on a topological space M which is defined by some local property, then the presheaf is
also a sheaf [12, Example 2.4|. In particular, if M is a complex manifold then:

e O is the sheaf of holomorphic functions on M such that for every open subset U of M
we have the additive abelian group O(U) of holomorphic functions on U along with the
natural restriction maps as the group homomorphisms for the nested open subsets.

e ( is the sheaf of non-vanishing holomorphic functions on M such that for every open subset
U of M we have the multiplicative abelian group O*(U) of non-vanishing holomorphic
functions on U along with the natural restriction maps as the group homomorphisms for
the nested open subsets.

e (P17 ig the sheaf of complex (p, g)-forms on M such that for every open subset U of M we
have the additive abelian group QP4(U) of smooth (p, ¢)-forms on U (smooth sections of a
exterior power of a vector bundle, i.e. smooth maps of manifolds) along with the natural
restriction maps as the group homomorphisms for the nested open subsets.

e OF is the sheaf of holomorphic p-forms on M such that for every open subset U of M we
have the additive abelian group OP(U) of holomorphic p-forms on U (holomorphic sections
of an exterior power of holomorphic cotangent bundle, i.e. holomorphic maps of manifolds)
along with the natural restriction maps as the group homomorphisms for the nested open
subsets.

Example 2.2 (Sheaf maps). Recall that a sheaf map is collection of group homomorphisms
which commute with the restriction maps. Then for a complex manifold M we have:

e The exponential map exp : O — OF defined by the collection of group homorphisms
{expy : O(U) — O*(U)}ucm where expy(f) = exp(f) is defined via charts. This is a
sheaf map since for U C V C M, expy and expy, commute with the restriction maps.

e Since the exterior derivative is a local operator, it commutes with restriction [12, Remark
1.29]. Therefore, d : Q(’f: — Qfé“ is a map of sheaves [12, Example 2.6]. In particular,
0 : QP9 — QPTLA g a sheaf map between the sheaf of complex differential forms on a
complex manifold M.

Example 2.3 (Kernel sheaf). For a complex manifold M we have the sheaf of closed (p, ¢)-forms
on M given by ker(d) = ZP? corresponding to the sheaf map J : QP4 — QP4+ In particular,
2P0 = OP is the sheaf of holomorphic p-forms on M.

Example 2.4 (Exact sequence of sheaves). For a complex manifold M we have:

e The short exact sequence, called exponential sheaf sequence

exp

o 0

O Z(Qﬂ'i O

Note that the sheaf map exp is surjective by Lemma 2.2, since locally M is biholomorphic
to an open set in C™ and for every point w € C™ we can find a simply connected open
neighborhood U such that every f € O*(U) can be written as exp(g) = f for some
g e o).
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e The exact sequence of sheaves of differential forms

0 OP « Qro 9y qpl 9, ogp2 9

where the exactness follows from Theorem 1.8, Theorem 1.9, and Remark 1.37.

Remark 2.3 (Long exact sequence of Cech cohomology). By Remark 1.24 we know that complex
manifolds are paracompact. Hence we can use Serre’s theorem [12, Theorem 2.1| to get the long
exact sequence of Cech chohomology corresponding to a short exact sequence of sheaves of a
complex manifold.

e The exponential sheaf sequence on M will induce the following long exact sequence of
cohomology

— H(M,0) — H'(M,0%) 25 77 (M,2) — 77 (M,0) — .

e Using Example 2.3 and Example 2.4 we get the following short exact sequence of sheaves
on a complex manifold M

0 — s zpl o yqpt 0 Zpttl

for every ¢ > 0. This induces the following long exact sequence of cohomology
C— THY(M, QP — HY(M, 2Py A 7 (v, ze0) — At oty —

for each /.

Remark 2.4 (Fine sheaves). Note that, for p, £ > 0, QP! are smooth sections of vector bundles
and hence are fine sheaves. Therefore we can use [12, Theorem 2.2| to get HY(M, QP*) = 0 for
all £ > 1.

Theorem 2.7 (Homotopy invariance of Cech cohomology). Let M and N be two smooth man-
ifolds, and assume that f: M — N is a homotopy equivalence. If G is a constant sheaf on N,
then H'(M, f~'G) = HY(N,G) for all ¢ > 0. In other words, the Cech cohomology of locally
constant sheaves on smooth manifolds is a homotopy invariant.

Proof. In the previous report [12, Theorem 2.1, 2.2|, we proved that Cech cohomology of a
manifold is isomorphic to its sheaf cohomology [22, §5.18, 5.33]. Moreover, it is a well known
fact that sheaf cohomology of locally constant sheaves is a homotopy invariant [23, §10.2, 11.3].
Therefore, sheaf cohomology of locally constant sheaves is a homotopy invariant [18, §6.3]. [

Corollary 2.2. If a smooth manifold M 1is contractible and G is a constant sheaf on M, then
1°(M,G) = G(M) and H*(M,G) = 0 for ¢ > 0.

Proof. Since M ~ {x}, form some point * € M, we know that g (M,G) = i ({=}, ['Q) for
all k > 0. We also know that 1" (M,G) = G(M) [12, Proposition 2.6]. Therefore, we just need

to show that " ({*},G) = 0 for any constant sheaf G. Fortunately, when we calculate Cech
cohomology of a point we don’t need to take direct limit because the system is trivial, i.e. there
is only one covering with only one open subset:

i (). ) = Z2UALILG) _ kerd s ({1, G) €T ({1, G))
T BI({1G) m{s: ¢ ({{),Q) = CU({{+)}.Q)}
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Note that C/({{x}},G) = {f|f : {*} = G is a constant map}. Hence for ¢ > 0 we have
Z9({{x}},G) = {Cq({{*}}aa) if ¢ is odd

{f|f = 0 where 0 is the identity element of G} if ¢ is even

and
. {f|f = 0 where 0 is the identity element of G} if ¢ — 1 is odd
BI{{{*}},GQ) = { ¢ . .
C'({{+}},G) if g — 1 is even
Therefore, Z9({{*}},G) = B1({{*}},G) for all ¢ > 0. Hence completing the proof. O

Remark 2.5. In the previous report we proved de Rham-Cech isomorphism, which says that

~Y

if M is a smooth manifold then for each k > 0 there exists a group isomorphism H¥. (M) =

ﬂk(M ,R) [12, Theorem 3.1]. By the above theorem we can conclude that de Rham cohomology
is in fact a homotopy invariant.

2.3.3 Dolbeault isomorphism

In this subsection we will prove Dolbeault’s theorem, following [13, §6.3] and [8, p. 45]. This
is a complex analogue of de Rham’s theorem |12, Theorem 3.1], and asserts that the Dolbeault
cohomology is isomorphic to the Cech cohomology of the sheaf of holomorphic differential forms.

Theorem 2.8. Let M be a complexr manifold. Then for each p,q > 0 there exists a group
isomorphism

HE(M) = H' (M, O)
Proof. For g =0, from Proposition 1.11 and [12, Lemma 2.4|, we know that both Hg’O(M) and
HO(M , OP) are isomorphic to the group of holomorphic p-forms on M. That is

p70 ~Y VO
HPO(M) = 1 (M, OF)

Now let’s restrict our attention to ¢ > 1. From Example 2.4 we know that the d-Poincaré
lemma implies the existence of the following long exact sequence of sheaves of differential forms

0 s OP opro _9 copl 9  qop2 0 , .

Then, as noted in Remark 2.3, we have a family of short exact sequence of sheaves

0 o, JRS— oL SN { S J—)

00— zpl e yqpl 0, 202 g

0 Zpl ey qpt 9, Zptil

which will induce the respective long exact sequences of Cech cohomology
o AY(M, QPO —— TY(M, 2Py A A (v, or) —— A, ar0) —

- — HY (M, Py —— HY(M, ZP2) _A FIq+1(M, zZrly IV{qH(M, aply — .

e T, QP — TY(M, 2Py A 10T v 2e) — 1T (L oty — -
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Now let’s study one of these long exact sequence of Cech cohomology. By [12, Lemma 2.4]
we have H(M,QP¢) = QP4(M) and T’ (M, 2P0) = 2P4(M). Also by Remark 2.4 we have
I:Iq(M, QPY) =0 for all ¢ > 1 and ¢ > 0. Hence for any ¢ > 0 we get the exact sequence

0 — ZPUM) s QPLM) —25 Zpt (V) 2 TY(M, 2P0 —— 0 — [ (M, 2t

|a

0 (M, 2P4) <A T12(M, 2P «— 0 «— I (M, 2P0)

Now consider the following part of the above sequence

00— ZPUM) —— QPAUM) —2 zZpti(0) 2 1M, 2P0 —— 0
Since this sequence is exact, the map A : ZPHL(M) — I:II(M, ZP4) is a surjective group
homomorphism and im{d : QP*(M) — ZP**+1(M)} = ker(A). Hence by the first isomorphism
theorem we get
Zp’“'l(M)
ker(A)

Since im{d : QPY(M) — ZPHY(M)} = im{0 : QPH(M) — QPHL(M)} = BPAHL(M), we get

Il

' (v, 2rh) for all £> 0

' (M, 20 = HY T (M) for all €20 (2.9)

Note that ZP0 = OP, hence from (2.9) we get

' (M, 07) = 52 (M)

Next we consider the remaining parts of the long exact sequence, i.e. for ¢ > 1 and ¢ > 0 we
have

0 —— HYM, zpt+ly A5 79 (A, 200 —— 0
The group homomorphism A is an isomorphism since this is an exact sequence of abelian groups
1 (A, 2P = 09, 2P forallg>1,0> 0 (2.10)

Again substituting ZP% = OP and restricting our attention to ¢ > 2, we apply (2.10) recursively
to get

Then using (2.9) we get

H'(M,0P) = HEY(M)| for all ¢ > 2

Hence completing the proof. O
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2.3.4 Solution of the problem

We can now solve the Cousin problem, following the solution outlined in [8, p. 47].
Lemma 2.3. H(C"*, O*) = 0 for ¢ > 0.

Proof. Consider the long exact sequence associated to the exponential sheaf sequence on C™
. — BY(C,0) — HY(C",0%) & BT (Cn,z) — BT (e 0) — -

By the d-Poincaré lemma (Theorem 1.3), we get Hg’q((C”) = 0 for all p > 0 and ¢ > 0.

Then using Dolbeault isomorphism (Theorem 2.8) for p = 0, we get H(C",®) = 0 for ¢ > 0.
Moreover, since C" is contractible, we can use Corollary 2.2 to get Hq((C”,Z) =0 for ¢ > 0.
Substituting these in the sequence and using exactness, we conclude that Hq((C”, O*) = 0 for
qg>0. O

Theorem 2.9. Any analytic hypersurface in C" is the zero locus of an entire function f : C" —

C.

Proof. Let H be the analytic hypersurface in C”, then H C C™ such that for every point w € C"
there exists an open neighborhood w € U C C" and f € O(U) with

UNH={z€U:h(z) =0}

By Theorem B.7 we know that O, is a unique factorization domain. Therefore, if h is a
representative element of the equivalence classes in O,,, then h = hq - - - by, for some irreducible
representative functions in O,,. Hence we can choose h such that it is not divisible by the square
of any non-unit® in O,,.

Next, choose an open cover U = {U,} of C" and functions h, € O(Uy,) such that

UsNH={z€U:hqy(z) =0}

where h,, is not divisible by the square of any non-unit. We can then define the Cousin data for
the cover U = {U,} by setting

h
Gop = i on Uy NUg (2.11)

Note that for each U,,Us with nonempty intersection gos € O*(U, N Up) since® h, and hg
vanish at the same points in U, N Ug, and {gag} satisfies the conditions

1. gag - 9o = 1 for each pair (o, B);
2. GaB - 9By - Gya = 1 on U, N Uz N U, for each triple (a, 3, 7).

Therefore, (go5) € Z(U, O*). But since I:II((C”, O*) = 0 by Lemma 2.3, after some refinement
of U if necessary’, there exists a cochain (f,) € CO(U , O*) such that

Gap = 5(fa) = :;:’8 on Uy N U,B (212)

«

SRecall that the non-vanishing functions at w € C™ are the unit elements in O,,.

5We can prove this by contradiction. On the contrary assume that there exists z € UaNUp such that ha(2) = 0
but hg(z) # 0. Then z € Uy, N H but z ¢ Ug N H. Which contradicts our assumption that z € Uy N Ug.

If we need a refinement V of U, then just start whole argument with the open cover V instead of I.
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Comparing (2.11) and (2.12) we get that

h
i = ;i on Uy, NUpg
for each pair («, 8). Hence, we can define a global holomorphic function f on C™ such that
ha(2)
f(z) = for z € U,
(2) I

for each . Since dividing h, by a non-vanishing holomorphic function f, doesn’t affect the
vanishing set of h,, f is the desired holomorphic function on C™ whose vanishing set is H. [
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Future work

In the Remark 1.26 and Remark 1.33 we noted that transition maps can be used to define vector
bundles. Following is the more precise statement:

Theorem 1. If M be a smooth manifold and 7 : E — M is a complea® vector bundle of rank
k. Then there exists an open cover {Uy} of M and a collection of smooth transition maps

{oap : UaNUg — GL(k,C)} such that
1. Oaa — Ik
2. OaB 08y Oya = I}

where I}, is a k x k identity matriz. This collection {gnp} is called transition data. Conversely,
gwen an open cover {Uy} of M and a collection of smooth maps {oap : Uy N Ug — GL(k,C)}
satisfying the above two conditions, there exists a complex rank k vector bundle «’ : E' — M
whose transition data is given by {oa5}. Moreover, these two processes are well-defined and are
inverses of each other when applied to the set of equivalence classes of vector bundles’ and the
set of equivalence classes of transition data'’.

Now, if we use this result to define vector bundles using transition data, then we get the
following [24, Lemma III.4.4]:

Theorem 2. There is one-to-one correspondence between the equivalence classes of holomorphic

line bundles on a complex manifold M and the elements of the cohomology group FIl(M, 0*)
where OF is the sheaf of non-vanishing holomorphic functions.

Also, by considering the underlying complex vector bundle of rank 1, we get:

Theorem 3. There is one-to-one correspondence between the equivalence classes of complex line
bundles on a smooth manifold M and the elements of the cohomology group I:II(M, E*) where E*
is the sheaf of non-vanishing smooth functions.

We can generalize this result by generalizing the definition of Cech cohomology. In the
previous report we defined Cech cohomology for a sheaf of abelian groups [12, Definition 2.15].
Note that we can’t define Cech cohomology in a similar way if F is a sheaf of non-abelian groups,
since ¢ o 0 # 0 if the sheaf is not abelian. However, we have the following general definition of
the zeroth and first Cech cohomolgy [16, Remark 5.5(2)]:

(a). H'(X,F) := F(X)

8Same argument is valid for smooth and holomorphic vector bundles. For the case of smooth vector bundles,
replace C by R, and for the case of holomorphic vector bundles consider holomorphic transition maps and
holomorphic isomorphism of vector bundles.

9Two vector bundles over M are said to be equivalent if they are isomorphic as vector bundles over M.

""Two sets of transition data {oas} and {0z} are said to be equivalent if there exists a collection of smooth
functions {pa : Us — GL(k,C)} such that a;ﬁ = o " Oap -pgl for all «, 3.
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(b). ﬂl(X JF) = lignﬁl(bl , J) where the direct limit is indexed over all the open covers of X
u

with order relation induced by refinement, i.e. U < V if V is a refinement of U, and
Hl(u, F) is a pointed set'! defined as

i, F) = ker{s: C' (U, F) - C2(L{,}')}/N

(gag) ~ (hag) & 3(fa) € CO(U,f) such that fo * gog = hag * fz on Uy N Up

with * being the group operation. Therefore, ﬂl(X ,F) is a group if and only if F is an
abelian sheaf.

Using this new definition we get the following more general correspondence between vector
bundles and Cech cohomology |25, §24]:

Theorem 4. Let M be a smooth manifold, then

(a). there is one-to-one correspondence between the equivalence classes of rank k smooth vector

bundles over M and the elements of the first cohomology set ﬂl(M,O(k)) where O(k) is
the sheaf of smooth functions to the Lie group O(k) of orthogonal matrices.

(b). there is one-to-one correspondence between the equivalence classes of rank k complex vector

bundles over M and the elements of the first cohomology set I:II(M, U(k)) where U(k) is
the sheaf of smooth functions to the Lie group U(k) of unitary matrices.

Clearly this is a generalization of the previous result, since for k = 1 we get ﬁl(M yU1)) =
' (M, SY) = H' (M, £Y).

Definition (Picard group). The set of isomorphic classes of line bundles on a manifold M form
a group under the tensor product'? operation, where the inverse of a line bundle is its dual
bundle'®. This group of isomorphism classes of holomorphic line bundles on M is called the
Picard group of M, denoted by Pic(M).

In fact, the one-to-one correspondence that we get in Theorem 2 is a group isomorphism, i.e.
Pic(M) = fll(M ,O%) [8, p. 133|. This enables us to define the first Chern class of holomorphic
line bundles as follows |10, Definition 2.2.13|:

Definition (First Chern class of holomorphic line bundle). The exponential sheaf sequence on

a complex manifold M
exp

0 y L <2 O , OF

~
ja)

gives a long exact sequence in cohomology
7d 4 A ppatl a1
-— H'(M,0) — H'(M,0*) — H ' (M,2) — H" (M,0) — ---

Therefore, we have the connecting homomorphism

AT (M,0%) —» T (M, Z)
[L] ~ c1(L)

where ¢ (L) is called the first Chern class of the holomorphic line bundle L on M.

"For details regarding its construction, refer to the lecture notes by Zinger [25, §24].

21 7. L — M and «' : L’ — M are smooth line bundles, then their tensor product, L ® L’ is defined such
that (L ® L")y = L ® Ly, for all w € M |25, §13].

131f 7 : L — M is a smooth line bundles of rank k, the dual bundle of L* is a line bundle L* — M such that
(L")w = L}, = Homg(Lw, R) for all w € M. For complex and holomorphic line bundles, replace R by C [25, §12].

45



The immediate consequences of this definition are [8, p. 139]:
(L@ L)y=ci (L) +ci (L)) and ¢ (L") = —c1(L)

Note that, in the previous report we only proved the existence of connecting homomorphism A
[12, Theorem 2.1]. However, to be able to calculate the first Chern class of a holomorphic line
bundle we must know the exact definition of A, which turns out to be a challenging task [24, p.
104].

Similarly, the one-to-one correspondence that we get in Theorem 3 is a group isomorphism.
This enables us to define the first Chern class of complex line bundles as follows |24, p. 105]:

Definition (First Chern class of complex line bundle). The exponential sheaf sequence on a

smooth manifold M
exp

0 AL y & 0

gives a long exact sequence in cohomology
L BY(M,E) — BY(M, &%) A5 AT (M, z) — AT (M E) — -
Therefore, we have the connecting homomorphism
AT (M, &) - T (M, 2)
(L] = (L)
where ¢; (L) is called the first Chern class of the complex line bundle L on M.

Since £ is a fine sheaf, by [12, Theorem 2.2], I:Ik(M,E) = 0 for k£ > 0. Therefore, the con-
necting homomorphism A : Hl(M ,EF) — ICIQ(M ,Z) is a group isomorphism, and the equivalence
classes of complex line bundles are determined by their first Chern class in fIQ(M ,Z) [8, p. 140].

Theorem 5. There is a natural group isomorphism between the equivalence classes of complex

line bundles on a smooth manifold M and the elements of the cohomology group ﬁQ(M, Z). That
is, a complex line bundle is determined upto smooth vector bundle isomorphism by its first Chern
class.

In the previous report we proved that H¥, (M) I:Ik(M, R) for k > 0 [12, Theorem 3.1]. Also

note that there is a natural homomorphism j : I:IQ(M L) — I:IQ(M ,R) induced by the inclusion

of constant sheaves Z < R. Combining these with the fact that I:II(M, &) = I’ (M,Z), we can
compute the Chern classes of complex line bundles using differential forms |24, Theorem III.4.5]|.

¢1 : {isomorphism classes of complex line bundles over M} — H3p(M)
(L] = (L)

Since a complex vector bundle L of rank 1 over a smooth manifold M can be thought of as
a smooth vector bundle L of rank 2 over M, we can use the following result for computing the
first Chern class of a complex line bundle [1, pp. 71-73]:

Theorem 6. Let w: L — M be an oriented smooth oriented rank 2 vector bundle over M, and
{Ua} be a coordinate open cover of M that trivializes E. If {o4p : Uy NUg — SO(2)} are the
transition functions'® of L and {n,} is a parition of unity of M subordinate to {U,}, then

1

a(L) 21

Z d (nydlog(oya)) on Uy for each o
S

where oap are thought of as complex valued functions by identifying SO(2) with S* via

[gfsg _C(S)isnee] = ¢ and c1(L) is a closed form representing a cohomology class in H2.(M).

14The structure group of every smooth rank k vector bundle = : E — M can be reduced to the orthogonal
group O(k) using Gram-Schmidt process. This is also a key step of the proof of Theorem 4(a). Moreover, if the
vector bundle is orientable then the structure group can be further reduced to SO(k) [1, Proposition 6.4].
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Appendix A

Algebra

A.1 Complexification of vector space

In this section some definitions and facts from [17, Chapter 14| will be stated.

Definition A.1 (Tensor product of vector spaces). Let U and V' be vector spaces over a field F'.
The tensor product U ® V' is a vector space over F' equipped with a bilinear map f: U XV —
U ®p V such that for each bilinear map from U x V to any vector space W over F there is a
unique linear map h : U ® V' — W making the following diagram commute.

UxV — s UepVv

I
I
g9 i h
v

w

Remark A.1. We use the symbol ® to denote the image of any ordered pair (u,v) under the
tensor map, i.e. u ® v = f(u,v) for any u € U and v € V. Not all members of U @ p V' are of
this form. In general, if {u; : i € I} is a basis for U and {v; : ¢ € J} is a basis for V, then any
vector w € U ®p V has a unique expression as a sum

w=Y ¥ riglui ©vy)
i€l jed
where only a finite number of the coefficients r; ; are non-zero.

Proposition A.1. For finite dimensional vector spaces U and V over a field F
dimF(U Xp V) = dlmF(U) dlmF(V)

Proposition A.2 (Bilinearity on U x V equals linearity on U ®p V). Let U, V and W be vector
spaces over a field F'. Let Homp (U, V; W) be the set of all bilinear maps from U x V to W, and
Homp(U @ V; W) be the set of all linear maps from U @ V' to W. Then the mediating map

¢ : Homp(U,V; W) — Homp(U @p V; W)
g—h

where h is the unique linear map satisfying g = ho f for the tensor map f: U XV - U Qp V,
18 an isomorphism.

Proposition A.3 (Linear functionals on tensor product). Let U and V be finite dimensional
vector spaces over a field F'. Then the linear transformation

Q,ZJZU*@FV*—)(U@FV)*
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defined by Y(f ® g)(u ® v) = f(u)g(v), is an isomorphism. Thus, the tensor product of linear
functionals is a linear functional on tensor products.

Corollary A.1. For a finite dimensional vector spaces U and V over a field F', we have
U*@p V* =2 Homp(U,V; F)

Proof. From Proposition A.3 we know that U* @p V* = (U @r V)*. Note that (U ®p V)*
Homp(U®p V; F), hence we can use Proposition A.2 to conclude that U*@p V* = (UpV)*
Homp(U,V; F)

el

Theorem A.1 (Extending the base field). Let V' be vector space over a field F and K be a
finite extension of F'. Then W =V ®p K is a vector space over K such dimg (W) = dimp(V).
Moreover, if Wg is the vector space obtained by restricting the the scalar multiplication for W
to scalars from F, then W contains an isomorphic copy of V.

Proof. Since K is a vector space over F', we can form the tensor product
Wr=VerK

where all relevant maps are F-bilinear and F-linear. By definition of tensor product Wp is a
vector space over F. However, since V is not a K-space, we can’t have a K-tensor product. We
just need to show that Wr can be made into a vector space over K.
Claim: For a € K, the scalar multiplication operation a(v ® ) = v ® () is well defined.
To prove the claim, we need to check that

vRB=wRy = v (af)=w (ay)
Note that for a fixed o, the map
g: VXK —=>VerK
(v, ) = v® (af)

is F-bilinear. Now the definition of tensor product implies that there exists a unique F-linear
map

h:VrK -V rK
VR B v (af)

since the following diagram commutes

VxK —1 s VerKk

We define this map h to be scalar multiplication by «, under which W =V @ K is a vector
space over the field K. Note that Wr and W are identical as sets and as abelian groups, only
the scalar multiplication operation is different. Moreover, we recover Wr from W simply by
restricting scalar multiplication to scalars from F.

If K is a degree d field extension of F', then using Proposition A.1 we get

dlmF(WF) = dimF(V RF K) = dlmF(V) -d
Hence, if {v; : i € I'} is a basis for V, then {v; ® 1} is a basis for W, that is,
dlmK(W) = dlmF(V)

The map p: V — Wp defined by p(v) = v ® 1 is an injective F-linear map, so Wr contains
an isomorphic copy of V. O
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Remark A.2. We can also think of p as mapping of V' into W, in which case p is called the
K-extension map of V.

Theorem A.2 (Extending the linear map). Let U and V' be two vector spaces over the field F,
with K-extension maps uy and py, respectively. Then for any F-linear map 7 : U — V| the
map TR 1 : URp K — V ®p K is the unique K-linear map that makes the following diagram
commute

U T y V

Tk
U®r K ——— Vr K
Thus, T ® 1 is the extension of the F-linear map 7 to a K-linear map.

Definition A.2 (Complexification of a real vector space). To each real vector space V', we can
associate a complex vector space Vg = V Qg C called the complezification of V.

Proposition A.4. Let V be a real vector space, and V=VaVba complex vector space with
multiplication law (a+1ib) (v1,v2) = (avy — bvg,bvy + avz). Then there is a unique isomorphism
¢V — Ve of C-vector spaces which makes the diagram

174
SN
V—° W

commute. Explicitly,
P, v2) =1 @1+ v ®1

Proof. Firstly we will verify that ¢ is C-linear
¢ ((a+ib)(v1,v2)) = ¢ (avy — bug, buy + avs)
= (av1 —bv2) @ 1+ (bvy + ave) ® i
=a(v1®1) = blva®1) + b(vy ®1) + a(ve ®7)
=a(vy ® 1) +ib(va ®1) +ib(v1 ® 1) + a(vy @ 1)
=a(1®14+v20i) +ib(va®i+v1®1)
= (a+ib) ¢(v1,v2)
To show that ¢ is an isomorphism, we will write down the inverse map:
v Ve — 1%
v® a— alv,0)

which is extended by linearity. Using the definition of scalar multiplication for V¢ we verify that
1 is C-linear. Let 8 € C then

P(Bv@a)) =y(ve pa)
= 505(1})0)
=B YR a)

Finally, we show that ¢ and 1 are inverse of each other:
Y (¢ (v1,02)) =9 (1 @ L+ v2®1) = (v1,0) + i (v2,0) = (v1,0) + (0, v2) = (v1,v2)
P(Y(v®a)) =¢(a(v,0)) = ag(v,0) =a(v®l) =v@a

Note that it suffices to verify ¢ o1 = 1y, for elementary tensors. O
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Proposition A.5. The complezification of the dual space V* of a real vector space V' is naturally
isomorphic to the space of all R-linear maps from V to C. That is, (V*)c = V* @r C =
Hompg(V,C).

Proof. The isomorphism is given by
P : (V*)C — HOmR(Vv, C)
P11+ Qi 1 +ip2
where ¢ and 2 are elements of V* = Homg(V,R). O

Corollary A.2. The complexification of the dual space V* of a real vector space V' is naturally
isomorphic to the dual of the dual space of Ve. That is, (V*)c = (Vo)*.

Proof. Given a R-linear map ¢ : V' — C, we can extend by linearity to obtain a C-linear map
Q: Ve —»C
v a— ap(v)

This extension gives an isomorphism from Hompg(V,C) to Homg(Vg, C). The latter is just the
complex dual space to V¢, hence giving the isomorphism (V*)¢c = Homg(V,C) = (Vo)*. O

Remark A.3. More generally, given real vector spaces V and W there is a natural isomorphism
Homg (V, W)c = Home (Ve, We)

Proposition A.6. Complexification commutes with the operations of taking tensor products.
That is, if V. and W are real vector spaces then there is a natural isomorphism (V @gr W)c =
Ve ®c W, where the left-hand tensor product is taken over R while the right-hand one is taken
over C.

A.2 Linear complex structure

In this section some definitions and facts from [24, §1.3| and [10, §1.2] will be stated.

Definition A.3 (Complex structure). Let V be a real vector space and suppose that J is an
R-linear endomorphism J : V' — V such that J?> = —1y.. Then J is called a complex structure
on V.

Lemma A.1. If J is a complex structure on a real vector space V', then V' admits in a natural
way the structure of a complex vector space.

Proof. We can equip V with the structure of a complex vector space in the following manner:
(a+if)v:=av+BJ(v), ofcRi=v-1

Thus scalar multiplication on V' by complex numbers is well defined, and V' becomes a complex
vector space. O

Lemma A.2. IfV is a complex vector space, then we can define a complex structure J on V
when it is considered as a real vector space.

Proof. Since V is a complex vector space and R C C, it can also be considered as a vector space
over R, and the operation of multiplication by i = v/—1 is an R-linear endomorphism of V' onto
itself, which we can call J,

J: V-V
V> U

This is a complex structure. O
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Remark A.4. Moreover, if {v;,...,v,} is a basis for V over C, then

{vi,.. . on, J(v1), ..., J(vn)}

will be a basis for V over R, i.e. dimg(V) = 2dimc(V). Hence a complex structure can only
exist on an even dimensional real vector space.

Definition A.4 (Standard complex structure on R??). Let C" be the usual Euclidean space of
n-tuples of complex numbers, {(z1,...,2,)}, and let z; = x; +dy;, j = 1,...,n, where z;,y;
are the real and imaginary parts. Then C" can be identified with R?" = {(z1,y1,...,%n,yn)}-
Scalar multiplication by i in C" induces a mapping .J : R?" — R?" given by

J(:Ela Y1, .- a'xnayn) - (7y17x17 ey 7yna$n)
and, with J2 = —1. This is the standard complex structure on R>™.
Remark A.5. Given a basis {ej,eg,...,e,} for the complex space C", this set, together with
these vectors multiplied by i namely {iej,ies, ..., ie,}, form a basis for the real space R?".

There are two natural ways to order this basis:

1. If one orders the basis as {e1,ie1,e2,i€2,...,ep,ie,}, then the matrix for the standard
complex structure J on R?” takes the block diagonal form:
0 —1 ;
1 0
0 -1
1 0
J =
-1
L 1 0 4 2nx2n
2. On the other hand, if one orders the basis as {e1,ea,...,en,i€1,i€,...,ie,}, then the
matrix for the standard complex structure J on R?" takes the block-antidiagonal form:
=]
n 2nx2n

Remark A.6. If J is a complex structure on V, then J € GL(V') where GL(V') is the general
linear group' of V. Moreover, the coset space’ GL(2n,R)/GL(n,C) determines all complex

structures on R?" by the mapping [A] +— A~'JA, where [A] is the equivalence class of A €
GL(2n,R).

Proposition A.7. Let V be a real vector space with a complex structure J. Then we have
Ve=V"evo
where
VI ={weVe: (Jole)(w) =i-w}y and VO ={weVe: (J@1lc)(w) = —i-w}

Moreover, the complex conjugation on Vg, defined as v@a = v @ a forv € V and a € C,
induces R-linear isomorphism V10 =2 /0.1,

'Tf V is a vector space over the field F, GL(V) or Aut(V) is the group of all automorphisms of V', i.e. the set
of all bijective linear transformations from V onto V', together with functional composition as group operation.
If V has finite dimension n, then GL(V') and GL(n, F') are isomorphic.

2GL(n,C), is a complex Lie group of complex dimension n?. As a real Lie group (through realification) it
has dimension 2n?. In fact, we have GL(n,R) < GL(n,C) < GL(2n,R), which have real dimensions n?, 2n? and
(2n)? = 4n?. See, John Lee’s Introduction to Smooth Manifolds (2nd Edition), Example 7.18(d), p. 158.
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Proof. Note that J = J ® 1¢ is the C-linear extension of the R-linear map .J, which still has
the property that J? = —1y.. It follows that J has two eigenvalues {i, —i}. Also, V10 is
the eigenspace corresponding to the eigenvalue i and V%! is the eigenspace corresponding to
—i. Since the minimal polynomial p(t) = t> 4 1 of J is product of distinct linear factors, J is
diagonalizable [17, Theorem 8.11|. Hence V¢ is the direct sum of eigenspaces corresponding to
the distinct eigenvalues [17, Theorem 8.10].

In particular, every vector w of V¢ can be written as :

~w—iJ(w) n w +iJ (w)
B 2 2

where (w — i.J(w))/2 is an eigenvector with eigenvalue i while (w + i.J(w))/2 is an eigenvector
with eigenvalue —i. Note that

<w - ij(w)> _ @+ iJ(w)
2 2

Hence, complex conjugation interchanges the two factors, and induces R-linear isomorphism
VI,O o~ VO,I' O

Remark A.7. Note that the complex vector space obtained from V' by means of the complex
structure J, denoted by Vj, is C-linear isomorphic to V10, Hence we can identify V; with V1.0,

Proposition A.8. Let V be a real vector space endowed with a complex structure J. Then the
dual space V* = Homg(V,R) has a natural complex structure given by J(f)(v) = f(J(v)) for
all f € V* and v € V. The induced decomposition on (V*)c = Homg(V,C) = (Vo)* is given by

(V)e = (V)08 (V)
where
(V)M = {f € Homg(V,C) | f(J(v)) =if(v)} = (V)"
(V)™ = {f € Homg(V,C) | f(J(v)) }

I
|
~.
Ry
—~
<
~—

A.3 Multilinear algebra

By replacing bilinearity with multilinearity in Definition A.1, we can extend the definition of
tensor product to more than two vector spaces. In this section some facts about tensor spaces
will be stated from [17, Chapter 14| and [10, §1.2]. Unlike the rest of the report, here the letter
T denote “tensor” space instead of “tangent” space.

Definition A.5 ((p,q)-tensor). Let V be a finite dimensional vector space over a field F. For
non-negative integers p and ¢, the tensor product

Téu(v):V®F"'®FV®FV*®F---®FV*:V®p®(v*)®q

p factors q factors

where V®F is k-fold tensor product of V with itself, is called the space of tensors of type (p, q),
where p is the contravariant type and q is the covariant type. If p=q =0, then T} (V) = F.

Remark A.8. For a finite dimensional vector space V over a field F', we have V = V** hence
we can generalize Corollary A.1 to get:

TP(V) =V @p (V)21 = (V)P @p VE)* = Homp ((V*) P x VX9, F)

where V> is k-fold cartesian product of V with itself. Therefore, the k-tensor defined in the
previous report [12, Definition 1.6, 1.7] is in fact a (0, k)-tensor, i.e. a vector belonging to (V*)®1.
In other words, TP (V) = T§(V*) = £*¥(V) [12, Remark 1.4].
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Proposition A.9. Let V be a finite dimensional vector space over a field F'. Then
1. dimp (T3 (V)) = (dimp(V))P+?
2. TY(V)RTIH(V) 2TV (V)
Definition A.6 (Tensor algebra). The external direct sum
o
-Pnwv
p=0

is a graded algebra, where T3'(V') are the elements of grade p. This graded algebra T'(V) is
called the tensor algebra over V.

Remark A.9. Since
TY(V) = (V)% =T (V*)

there is no need to look separately at TS(V).

Definition A.7 (Antisymmetric tensor). Let V be a finite dimensional vector space and 7 €
TY (V). For each o € Sy, we have the isomorphism on T} (V) defined as

A T (V) = Tg (V)
T1 Q@ Tp = To(1) @ -+ & To(p)

which we extend by linearity. A tensor 7 € T¢'(V) is said to be antisymmetric (p,0)-tensor if
Ao (T) = (sgno)7 for all permutations o € S,.

Remark A.10. The set of all antisymmetric (p, 0)-tensors

/\p(V) ={1 €TF(V) | X\o(7) = (sgno)7 for all o € S}
is a subspace of Té’ (V), called the antisymmetric tensor space or exterior product space of degree
(p,0) over V.

Remark A.11. Note that if char(F) # 2 then alternating and skew symmetric tensors are
the same [17, pp. 391, 398|. Since we have F' = R or C, the alternating k-tensor defined in
the previous report [12, Definition 1.9] is in fact an antisymmetric (0, k)-tensor, i.e. a vector
belonging to A¥(V*). In other words, A*(V*) = A¥(V) [12, Remark 1.5, Definition 1.37]. Hence
the definition and properties of wedge product (or exterior product) stated in the previous report
[12, p. 6], like dimp(A'(V)) = (Z) and AP(V) = 0 for p > n where n = dimp(V), hold here
also.

Definition A.8 (Antisymmetric tensor algebra). The graded algebra
AP
AV =NV
p=0

where dimp (V') = n, is called antisymmetric tensor algebra or exterior algebra of V.

Proposition A.10. The exterior algebra of a direct sum is isomorphic to the tensor product of
the exterior algebras. That is, if V. and W are vector spaces over a field F', then

AVow)= A\V)er AW)

This is a graded isomorphism; i.e.,

Nvewyz @ Nvyer Nw

pt+q=k

93



Proposition A.11. Complezification commutes with the operations of taking exterior powers.
That is, if V is a real vector space there is a natural isomorphism (/\% V)(c >~ AL (Ve), where
the left-hand exterior power is taken over R while the right-hand one is taken over C.

Remark A.12. If V is endowed with a complex structure J, then we introduce the notation

NVi=Nee N

where Vo = V19 @ V0! as shown in Proposition A.7. Hence we have

Nre= @ N7

p+q=k

Definition A.9 (Natural projection). With respect to the direct sum decomposition of A V¢ =
Di_ /\k Ve one defines the natural projections

Hk:/\V(C—>/\kV(c and IP9: A\ ve » N7V

Remark A.13. The operator ITI¥ does not depend on the complex structure .J, but the operator
IIP9 certainly do.
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Appendix B

Analysis

B.1 Several variable holomorphic functions

In this section some definitions and facts from |9, §I.A], [10, §1.1] and [13, §1.2] will be stated.

Definition B.1 (Open polydisc). An open polydisc or open polycylinder in C™ is a subset
A(z;r) C C™ of the form

Azyr) = A(z1, .., 20371, ., mn) = {w € C" twy — 2] <y, 1 < j <n}

Definition B.2 (Closed polydisc). The closure of A(z;r) is called the closed polydisc with
center z and polyradius r, and is denoted by A(z;7).

Remark B.1. The open polydiscs form a basis for the product topology on C". Considered
only as a topological space (or as a real vector space), C" is the same as R?", the ordinary
Euclidean space of 2n dimensions.

Definition B.3 (Several variable holomorphic function). A complex-valued function f defined
on an open subset U C C" is called holomorphic in U if each point w = (wy,...,w,) € U has
an open neighborhood W, w € W C U, such that the function f has a power series expansion

o0

f(2)=flz1,.0020) = Z Ajy g (21 — wi)t - (2 = wy )"

J1yee05Jn=0
which converges for all z € W.
Remark B.2. The set of all complex-valued functions holomorphic in U is denoted by O(U).

Clearly, if f is holomorphic in U C C", then f is smooth in U, i.e. f € O(U) implies that
fec>=U).

Proposition B.1. If a complex-valued function f is holomorphic in an open subset U C C",
then it is continuous in U and is holomorphic in each variable separately.

Proof. The function f has a power series expansion of the form

o

f(z) = f(Zla e ,Zn) = Z CLj1...jn(zl - wl)jl t (zn - wn)jn

Jise-sJn=0

which is absolutely uniformly convergent in all suitably small open polydiscs A(w;r) |3, The-
orem III.1.3]. Therefore, the function f is continuous in such polydiscs A(w;r), and hence
any function holomorphic in U is also continuous in U. Moreover, the power series can be
rearranged arbitrarily and will still represent the function f. In particular, if the coordinates
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Zly.v3Zj—1,%j41,- -+, 2n are given any fixed values a1,...,a;-1,a;41,...,a,, then this power
series can be rearranged as a convergent power series in the variable z; alone, for z; sufficiently
close to w; and each a;, sufficiently close to z; for K = 1,...,5 — 1,5 +1,...,n. Therefore,
the function f is holomorphic in each variable separately throughout the domain in which it is
analytic. O

Definition B.4 (Complex partial differential operators). As in Definition 1.4, we define the
following two first-order linear partial differential operators

O 0 0N e Lo
(9Zj T 2 8afj 8yj o

for zj = z; +iy; and j=1,...,n.

Remark B.3. The previous result implies that the operation 0/0z; is well-defined for each
complex-valued holomorphic function. Therefore, when applied to holomorphic functions, the
operator 0/0z; coincides with the ordinary complex derivative with respect to one of the variables
zj. For example,

P R

3,2]' 7 2 8xj 8yj J y]
_1 i(:l?—l—z )n—zi(x—l—z )n
o 2 8.7}j J yj 8:1/]’ J yj

1 C e . . Nm—1-

=3 (n(z; + iy;) L —ion(x) + iyy) 11)
=n(z; + z'yj)"_l
= nzn_l

)

Proposition B.2 (Cauchy formula for polydisc). Let w € C” and f be a complez-valued

holomorphic function in an open neighborhood of a closed polydisc A(w;r). Then, for any
z € A(w;r), it holds that

B F(Q)dG -+ -dg

|Cn*wn‘:7‘n |C17w1|=7'1

Proof. From the previous result we know that f is holomorphic in each variable in an open
neighborhood of A(w;r). By repeated application of Cauchy integral formula for functions of
one variable leads to the formula

f(Z):i / f(zlv"'yznflvgn)dcn

27i Cn — 2n
|Cn_wn|:7’n

. [

Cn = 2n Cn—1— Zn—1
|Cn_wn|:7"n |Cn71_wn71|:7"n71

:: L / o / PGl Go) g

G-
[Cn—wn |=Tn [¢1—w1|=r1
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for all z € A(w;r). For any fixed point z = (z1,..., z,), from the the previous result, it follows
that this integrand is continuous on the compact domain of integration. Hence the iterated
integral can be replaced by a single multiple integral

B FOdr -+ s

[Cn—wn|=rn [¢1—wi|=r1

completing the proof. O

Theorem B.1 (Osgood’s lemma). If a complez-valued function f is continuous in an open set
U C C" and is holomorphic in each variable separately, then it is holomporphic in U.

Proof. Select any point w € U and any closed polydisc A(w;r) C U. Since f is holomorphic in
each variable separately in an open neighborhood of A(wj;r), a repeated application of Cauchy
integral formula leads to the formula

1 d¢y g
f(z) = @ri) / ...... / n f(Q)
i) C1— 21 Cn — #n
[C1—wi]=r1 [Cn—wn |=Tn
for all z € A(w;r). For any fixed point z = (21,...,2y,), this integrand is continuous on the
compact domain of integration. Hence the iterated integral can be replaced by a single multiple
integral
1 d¢i---d
(27”)n (Cl —21) - (Cn — 2n)
|lew1|:7‘1 ‘Cn*wn|:7'n
Note that |z; —w;| < |(; —wj| for all j =1,...,n. Therefore, we have
9] k
Z(ZJ wj) - Zj—Wj :gj. wj. ijl,...,n
k=0 Cj_wj 1—W CJ_ZJ

Hence for a fixed z € A(w;r), we have the following absolutely uniformly convergent series
expansion for all points ¢ on the domain of integration

o0

kl . kn

"(Zn_wn)

1 _ (21 —w1)
(Cl - Zl) e (C’n - zn) B Z (Cl - wl)k1+1 T (Cn — wn)kn+1

K1, ,kn=0

(B.2)

Using (B.2) in (B.1), and interchanging the orders of summation and integration, we get the
power series expansion of f

_ 1 = (z1 —w)™ - (20 — wy)™
f(z) = (2mi)n / / FOdCy---dGn Y (Gl — W) B (G — wy )t
[Gi—wil=r1  |[Cn—wn|=rn KLseeesfon =0
= Z Ay .. ky (Zl - wl)kl ce (Zn - wn)kn
K1 ,yeeskin =0
where a _ ! / e / F(QdGr - - dGy
[Gi—wil=r1  |[Cp—wnl|=rn
Therefore, f is a holomorphic function in U. O

Remark B.4. The hypothesis that the function f be continuous in U is not required, i.e.
Goursat’s theorem [3, §IV.8| can be generalized to several variables. However, this stronger
result, called Hartogs’s theorem, is much more difficult to prove [13, Theorem 1.2.5].
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Corollary B.1. The power series expansion of a holomorphic function f: U — C at w € U C
C™ is uniquely determined by that function and it converges within the polydisc A(w;r) contained
in U.

Proof. By differentiating (B.1) it follows that
PRtk £(2) ek / / f(Q)dc - - - ¢

- (G —z1)ktl (G — 2 )Pn T

oz ok (2mi)n
|417w1‘:7‘1 |Cn*wn|:7'n

Comparing this with the final statement of the above theorem, we get

1 o1tk £ (1)

1 k! Ow’fl---awnn

Ay . ky = Lk

Therefore, all the power series expansion convergent within any fixed compact subset of A(w;r)
must coincide. ]

Theorem B.2 (Cauchy-Riemann criterion). A complez-valued smooth' function f defined in
an open subset U C C" is holomorphic in U if and only if it satisfies the system of partial
differential equations

0

aig]f(Z):O, VJ:1,777,

Proof. At any point in U, we consider f(z) to be a function of the single variable z;, holding
the other variables constant. Next, we decompose f into its real and imaginary parts by writing
f(2) = u(z) +iv(z), and observe that

if()_l i+i (()4_-())_1 Ou v +£ @4_@
85]' ‘ 2 8.%'j Zayj wle iz 2 8.%‘]' 8yj 2 8yj (3.%]'

Therefore, 0f(2)/0Z; = 0, for all j = 1,...,n is equivalent to the classical Cauchy-Riemann
equations for each variable separately. This is equivalent to the function f being holomorphic in
each variable separately. The desired result follows from Proposition B.1 and Theorem B.1. [

Remark B.5. The transition from the real partial differentials to the complex partial differen-
tials can be illustrated for the simplest case. For some open set U C C = R?, consider the differ-
entiable map f : U — R? such that f(z,y) = (u(z,y),v(x,y)). Then the total derivative’ D f(w)
at point w = (r,s) € U is a R-linear map between tangent spaces Df(w) : TuR? — T, R2.
With respect to the standard basis we get the real Jacobian matrix

ou ou
x|, yl,
Dfw) =14, az
drly Ayl

Next, we extend D f(w) to a C-linear map D f(w) : TuR? @g C — Ty, R? @r C. If we consider
f=wu+1iv and z = x + iy, then with respect to the new basis we get the complexified Jacobian

of|  of of of
— & % azw aEw

Df(w) = gw ﬁw = of of
0z, 07|y %w éw

!That is, continuously differentiable in the underlying real coordinates of C". In other words, f € C°°(U).
2This was called pushforward of a vector in the previous report [12, Definition 1.5].

matrix
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Therefore, if f is holomorphic, then the differential in the new base system is given by the
diagonal matrix

0
2 B
0z |y
oF
o U
0Z |y

Proposition B.3. Let U be an open set in C". Then:
1. O(U) is a ring under the operations (f + g)(z) = f(z) + g(z) and (fg)(z) = f(2)g(z).
2. If f € O(U) and is nowhere vanishing, then 1/f € O(U)

3. If f € O(U) and is real-valued or has constant modulus, then f is constant.

Theorem B.3 (Identity theorem). Let U be a connected open set in C" and f,g € O(U). If
f(z) = g(z) for all points z in an open subset V- C U, then f(z) = g(z) for all points z € U.

Proof. This is a straight-forward generalization of the single-variable identity theorem, see [9,
Theorem 1.A.6] for the proof. O

Theorem B.4 (Hartogs’s extension theorem). Let U C C" for n > 1 be a bounded open set and
K be a compact subset U with the property that U \ K is connected. If f is a complez-valued
holomorphic function on U \ K, then there is a unique complex-valued holomorphic function F
on U such that Fly\gx = f.

Proof. The proof involves a typical 0-argument as seen in the proof of 9-Poincaré lemma, see
[13, Theorem 1.2.6] and [19, §2.2]. O

Remark B.6. This extension does not hold when n = 1. For example, consider the function
f(z) = 1/z, which is clearly holomorphic in C\ {0}, but cannot be continued as a holomorphic
function on the whole C.

This extension also does not hold when U \ K is not connected. For example, consider the
open ball U = {(z1,29) € C? : |z1|> + |22/? < 1} and the compact set K = {(z1,22) € C? :
|21% + |22|?> = 1/2}. Then U \ K = U; U U where

Up = {(21,22) € C?: |z1]* + |20)> < 1/2}
Uy = {(Zl,ZQ) eC?: 1/2 < ‘2’1’2 + ’22‘2 < 1}
such that Uy N Uz = (). Now consider the holomorphic function f defined on U \ K as

0 ifzeU
f)=1. '
1 ifzeUs

But this clearly can’t be extended to a holomorphic function on U.

B.2 Algebraic properties of O,
In this section some definitions and facts from [13, §6.4], |9, §II.A, II.B] and [10, §1.1] will be
stated.
Definition B.5 (Ring of germs of holomorphic functions). For w € C", consider the set
Ow :={(U, f)lwe U c C'open , f € O(U)}/ ~
where (U, f) ~ (V,g) if 3W open, w € W such that W € V NU and flw = glw. The

representative function of an equivalence class is called a germ of holomorhic functions at w and
O, is called the ring of germs of holomorphic functions at w € C™ with the following operations:

(U, N +1(Vig)] == [(UNV, f+g)]and [(U, )] - [(V,9)] := [(UNV, fg)].
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Remark B.7. The ring O, is a commutative ring with an identity element. The zero of this
ring is the germ of the function which vanishes identically, and the identity of the ring is the
germ of the function which is identically one.

Lemma B.1. O, is an integral domain.

Proof. Consider two arbitrary germs [(U, f)] and [(V, g)] such that
(U N]-1[(V,g)] = [(UNV, fg)] = [(W,0)]

for some open neighborhood W of w. Hence f(2z)g(z) = 0 in some connected open neighborhood
W' CcWnVNU of w. If f(29) # 0 for a single point zg € W', then by continuity f(z) # 0 in an
open neighborhood of zp and therefore g(z) = 0 in that open neighborhood. By Theorem B.3,
therefore, it follows that g(z) = 0 in W’, hence that (V,g) ~ (W’,0). O

Lemma B.2. A germ [(U, f)] € Oy is a unit if and only if f(w) # 0.

Proof. We need to show that the multiplicative inverse of [(U, f)] exists if and only if f does
not vanish at w. Suppose that [(U, f)] € O, such f(w) # 0. By continuity, f(z) # 0 in an open
neighborhood V' C U of w; and hence 1/f(z) is continuous in V' and is holomorphic in each
variable separately in V. An application of Proposition B.3(2) shows that 1/f(z) is holomorphic
in V, hence [(V,1/f)] € Oy. O

Lemma B.3. O, is a local ring.

Proof. Since a germ [(U, f)] is a unit if and only if f(w) # 0, any proper ideal a of O,, consists
only of germs which vanish at w. So the unique maximal ideal in O,, is

m = {{(U, f)] € Oul[f(w) = 0}
Therefore, O,, is a local ring. O
Definition B.6 (Order of a holomorphic function). Let f be a holomorphic function in a

neighborhood of w in C™ such that

o0

fz)=f(z1,...,2n) = Z ajy (21 — w1 )t (2 — wy )

jlv"':jn:O

Then the order of f is defined to be the least value of j; + ...+ j, for which aj, ;, # 0, i.e.

ord(f) := min{j1 + ... + jnlaj,.j, # 0}

Remark B.8. If ord(f) = k, then there exists a non-singular linear change of coordinates so
that in the new coordinates, the coefficient of z¥ is 1. When f is of this form it is said to be
normalized (with respect to the variable z,) of order k.

Definition B.7 (Weierstrass polynomial). A function W, holomorphic in a neighborhood of
w € C" is called a Weierstrass polynomial of degree m, if we have

Wzt zn) = W(Z 20) = 2™ + am-1(2)2™ 1+ ...+ a1 () 20 + ao(2)

where 2/ = (z1,...,2,-1) and a; are holomorphic functions in a neighborhood of
/

w' = (w1,...,wy—1) € C" ! and a;(0) =0 for j =0,...,m — 1.

Remark B.9. If we denote the ring of germs of holomorphic functions in the variables

21y, 2n—1 by Oy, then® the Weierstrass polynomial W € O,y [z,] such that the coefficients
are non-unit elements of O,y. Note that Oy C Oy[zn] C Oy.

3From now onwards we will abuse the notation for germs, i.e. instead of writing [(U, f)] € Q. we will simply
write f € O, such that f is an holomorphic function in an open neighborhood of w.
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Theorem B.5 (Weierstrass preparation theorem). Let f be a normalized holomorphic function
of order k in a meighborhood of w € C™. Then in a small neighborhood of w, f can be written
uniquely as

f(z2) = u(z) - W(z)

where u € Oy is a unit and W € Oyy|2y] is a Weierstrass polynomial of degree k.

Proof. To prove this we will need Hartogs’s extension theorem [13, Theorem 6.4.5] or Riemann
extension theorem [9, Theorem I1.B.2]. O

Theorem B.6 (Weierstrass division theorem). Let W € O,y [zy,] be a Weierstrass polynomial in
zn of degree k. Then any f € Oy, can be written in a unique manner in the form f=g-W +r,
for some g € Oy and r € Oy (zy] a polynomial of degree less than k. Moreover, if f € Oy|zy]
then necessarily g € Oy [2zn).

Proof. For a proof, see |9, Theorem II.B.3|. O

Lemma B.4. A Weierstrass polynomial W € Oyy|zn] is reducible over O, if and only if it
is reducible over Oylzn]. Moreover, if W is reducible, then all of its non-unit factors are
Weierstrass polynomials of Oyr[zy].

Proof. (=) Suppose that W is reducible over O, and write W = f; f, for some non-units
f1, fo € Oy. Since W is a Weierstrass polynomial, it is normalized and hence both f; and fs
are also normalized. Applying Theorem B.5, we get fi = u1Wp and fo = usWs for some units
ui,u; € Oy and Weierstrass polynomials Wy, Wy € Oy(z,]. Thus W = (uqugz)(W1W3). But
since W1 W5 is also a Weierstrass polynomial, the uniqueness part of the Theorem B.5 implies
that® wju; = 1 and W, Wy = W. Therefore W is reducible in the ring of polynomials O, (2]
as well, and its factors are Weierstrass polynomials.

(<) Suppose that W is reducible over O,|z,], and write W = g1g2 for some non-units
91,92 € Oyr|zn]. If g1 was a unit in O, then W/g; = g2 and by the application of Theorem B.6
it would follow that 1/g; € O,[2,]. This is impossible, since g; is a non-unit element of O, [zy].
Therefore g; is a non-unit element of O,. Similarly, go is non-unit element of O,,. Therefore,
W is reducible in O,, as well. ]

Theorem B.7. The local ring Oy is a unique factorization domain.

Proof. Note that for any fixed point w € C" the linear change of variable (; = z; — w; induces a
canonical isomorphism between the rings O,, and Oy. Hence, for the local theory, it is sufficient
to consider only the ring Qg for 0 € C". We will proceed by induction on n.

For n = 1, the theorem is trivial: if f € Qg has order k then f(z) = z¥g(z) where ¢(0) # 0,
so that ¢ is a unit in Oy.

Let (9371 denote the ring of germs of holomorphic functions at 0 € C*~!. We will continue
the abuse of notations by writing g € O3~ instead of [(U,g)] € Op~'. Now assume that the
result is true for n — 1, i.e. (96”1 is a unique factorization domain. Let f € Op. Without loss
of generality, we can assume that f is normalized of order k. Then by Theorem B.5 we have
f=u-W, where W € O} ![z,]. From Gauss Lemma® it follows that Of '[z,] is a unique
factorization domain, and W = Wj - - W,,, where W; € Oy~ ![z,] are irreducible elements. By
Lemma B.4, it follows that the W;’s are Weierstrass polynomials. Therefore, f = u- Wy --- W,
If f could also be written as f = V; - - - Vp, then we apply Theorem B.5 to each V; € Of to obtain
Vj = u; : WJ{, that is, f =« - W7 --- W/, where ¢/ is a unit and W]’ € Og_l[zn] are Weierstrass

“Here again we are abusing notations. Actually, the constant function 1 and uius will represent the same
equivalence class in Oy, and W1 W5 and W will represent same equivalence class in O,[z,]. That is, in some
small enough neighborhood of w, all these equalities, like W = f; f2, will hold.

®Tt implies that R is a unique factorization domain if and only if R[z] is a unique factorization domain. For
proof, see Theorem 9.3.7 on p. 304 of Dummit and Foote’s book “Abstract Algebra”.
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polynomials. Since there is only one way to write f as a unit times a Weierstrass polynomial,
we conclude that

Wy Wy, = Wi W,
By induction hypothesis Ogil[zn] is a unique factorization domain, and hence {W1,..., Wy} =

(Wi,... . Wi} O

B.3 Several variable holomorphic mappings

In this section some definitions and facts from |9, §I.A, I.B], [10, §1.1] and [6, §1.7] will be stated.

Definition B.8 (Several varaible holomorphic mapping). Let U C C" be an open set, and
g : U — C™ be any mapping such that

g(z) = g(zh e 7271) = (91(2)7 s 7gm(z))

where g; : U — C for all j = 1,...,m. The mapping g is called a holomorphic mapping if the
m complex-valued functions g1, ..., gn are holomorphic in U.

Proposition B.4 (Chain rule). Let U C C" and V. C C™ be open subsets. If g: U — V is a
holomorphic mapping and f : V — C is a holomorphic function, then

o(f o) of og . Of 03, " (0f b9 0F 05
0z kz Owy, 323 * 0w, owy, 0z and 8z] Z owy, 3,23 8@k 07

=1

where wi = gg(21,...,2n) fork=1,...,m
Proof. We have the following composite maps

f

U J 1% C
(21, oy 2n) —— (w1, ..., wy) —— f(w)
where wy = gr(z1,...,2n) for k = 1,...,m. We can separate each gj into real and imaginary

parts by writing gx(2) = ux(2) +ivk(z). Since all the functions involved are differentiable in the
underlying real coordinates, the usual chain rule for differentiation can be applied as follows:

O(fog) - Of Ougp | Of Ovy
0z - ; ouy, 8z] * on oy, 8zj
RSN NTAY T S R TAY
B z:: 2 <8uk avk> 0z +; 2 <6uk —H@vk) 0z;
_i(%@kaﬂm>
P Oowy, aZ] owy, aZj
Similarly we can prove for 0/0z. O

Corollary B.2. Let U C C" and V C C™ be open subsets. If g : U — V is a holomorphic
mapping and f :V — C is a holomorphic function, then the composition fog e O(U).

Definition B.9 (Several complex variables biholomorphic mapping). Let U,V C C™ be two
open sets. A holomorphic mapping f : U — V is called biholomorphic if it is bijective and its
inverse f~1 : V — U is also holomorphic.
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Definition B.10 (Jacobian matrix of a holomorphic mapping). Let g : U — C™ be a holomor-
phic mapping, where U is an open subset of C". The Jacobian matrix of the mapping g at a
point w € U is defined to be the matrix

99;

Jac(g)(w) = [ -

w] 1<j<m
1<k<n
Remark B.10. This Jacobian matrix is also related to the complexified Jacobian matrix for

total derivative discussed in Remark B.5. For some open set U C C" = R?", consider the
differentiable map f : U — C™ = R?™ such that

g(z) - g(zlu e 7271) - g(§7 Q) - (Ul(&ﬂ)a s 7Um(£7y)a Ul<§7 y)fum(E:y))

where = (21,...,2,),y = (y1,...,Yn). Then the total derivative Dg(z) at point w = (r,s) € U

is a R-linear map between tangent spaces Dg(w) : T,R** — Tf(w)RQm. With respect to the
standard basis we get the real Jacobian matrix

lauj ] [au] ]
61’k w | ; ayk w | .
D = 3k 3k
g(w 8’[)]' avj
) YR L P

—_—

Next, we extend Dg(w) to a C-linear map Dg(w) : T,,R** @z C — Tf(w)]RQm QrC. If we consider
g; = u;j +iv; for all j = 1,...,m and 2, = x} + iy, for k = 1,...,n, then with respect to the
new basis we get the complexified Jacobian matrix

o~ 02k |w ! 0z
Dglw) = | p. " "2k L
w jik 8Ek w ik

Therefore, if g is holomorphic, then the differential in the new base system is given by the

diagonal matrix
[Jac(g) (w) 0 ]
0 Jac(g)(w)

In particular, for a holomorphic function g we have

99;
0z,

det (Dg(w)) = det (Jac(g)(w)) det (Jac(g) (w) ) = |det (Jac(g) (w))[* = 0

Proposition B.5. Let g : U — V be a bijective holomorphic map between two open subsets U
and V' of C". Then Jac(g)(w) # 0 for allw € U. In particular, g is biholomorphic.

Proof. The proof involves the use of Implicit Function Theorem®. For complete proof, see [10,
Proposition 1.1.13]. ]

Remark B.11. Recall that the product topology on C* = R?" is equivalent to the metric
topology, i.e. topology generated by open polydiscs is same as the one generated by open balls.
Next, observe that the unit open ball B(0,1) and unit open polydisc A(0; 1) are diffeomorphic:

SFor the exact statement and proof, see [9, Theorem I.B.5|, [10, Proposition 1.1.11] and [6, Theorem 1.7.6].
The proof of the implicit function theorem is a special case of the Weierstrass preparation theorem, discussed in
the previous section.
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1. B(0,1) is diffeomorphic to R?” and the diffeomorphism is given by the map

¢: B(0,1) = R*™

T

T ——
i

2. If g: (—1,1) — R is any diffeomorphism, then

¥ A0;1) = R*"
(1, 22n) = (g(21), -+, g(220))

is a smooth map with smooth inverse. Hence A(0; 1) is also diffeomorphic to R?".

However, they are not biholomorphic for n > 1 [13, §0.3.2].
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Appendix C

Topology

In this appendix, for the sake of completeness, the proofs of a few simple standard results' for
C™ have been discussed.

Lemma C.1. If U is an open set in C, then there exists a sequence {K,} of compact subsets
of U such that

1. K,, C int(Kp4+1) for each n;

2. U int(K,)=U; and
neN

3. each bounded component of the complement of K, contains a point of the complement of
U.

Proof. For each n € N, define the open set,

where A(z;1) = {w € C: [z —w| < 1}, and A(oo,n) = {w € C : |w| > n} is the “disk at 00",
Then we define
K,:=C\V,

which is a closed and bounded (hence compact?) subset of U for all n. Now we will verify the
three desired properties:

1. If ze K, and r = % — %H’ then A(z;7) C Ky41. The interior of K41 is, by definition,

the largest open subset of K, 41. Therefore, Ky, C U ek, A(z;7) Cint(Kpy1).
2. Asn — oo we get V;, — C\ U. Therefore, |J K, = U. Now since K,, C int(K,11), we

neN
have |J int(K,)="U.
neN

3. We need to show that every bounded connected component C of V;, meets C\ U. To prove
this, pick a w € C. Note that w, being an element of V,,, must be contained in A(z; %)
for some z € C\ U or in A(oo;n). Since C is bounded, we have® w € A(z; ) for some
z € C\ U. Observe that C U A(z; %) is a connected subset of V},, since it is the union
of two connected open subsets of V,, with non-empty intersection. Since C is a connected
component of V,,, we know that C is a maximal connected set of V,,. Therefore, A(z, %)
must be contained in C. Hence C contains z, which is in C\ U.

!These results are also true for R™.
2Note that K, can be empty also.
3If C\ U # () then there is no bounded component of V;, to begin with.
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Remark C.1. We can’t guarantee that the third property will hold for an unbounded compo-
nent, unless we replace C by the Riemann sphere* C U {oc}. For example, if U = {z € C : |z| >
1/2} then for n = 1 the unbounded connected component C = A(oo;1) doesn’t intersect with
C\U.

Lemma C.2. Let K be a compact subset of an open set U C C™. Then there exists a real-valued
smooth function F(z) in C" such that

1. 0< F(z) <1 forall z € C";
2. F(z)=1 forz € K; and
3. F(2) =0 forze C"\U.

Proof. Consider the following smooth® function defined on R:

-1 —1
e@e-R forr<ax <R
h(z) = {

0 otherwise

Consequently the function defined as®

is a smooth function such that
1. 0 <g(x) <1 forall z € R;
2. g(x) =1 for x < r; and
3. g(x) =0 for z > R.

Next, consider the special case in which K is a closed ball of radius r centered at origin, and U
is an open ball of radius R > r, i.e.

K={zeC":|z2|<r} and U={z€C":|z] <R}

Then for z = (21,...,2,) € C", the function

1) = g(l120) = g (VI P+ + Tz PP)
satisfies the required conditions
1. 0< f(z) <1 forall z € C"
2. f(z) =1for ||z|| < r; and

3. f(z) =0 for ||z|| > R.

4The same construction works for the case of Riemann sphere. In fact we can prove a stronger statement: for
each n € N, every connected component of CU {oco} \ K, contains a connected component of CU {co} \ U. For
details, see [3, Proposition VII.1.2], there this theorem is used to prove Runge’s theorem.

®This is a standard exercise in real analysis, for example, see Problem 1.2 of Loring Tu’s book “An Introduction
to Manifolds.”

5The same construction can be used for bump functions on smooth manifolds, see Lemma 2.1.8 of Amiya
Mukherjee’s book “Differential Topology.”
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Now for the general case, select a finite number of pairs of concentric balls K; C U; such that
K CcUKj and U; C U. Let fj(z) be the functions satisfying the desired conditions on these
pairs of balls, as constructed for the special case. Then the function

Fz)=1-]]@ - fi(2)

J

is the desired function, hence completing the proof. ]

Theorem C.1. Let {Uy}aca be an open cover of an open subset U C C™, then there is a
smooth partition of unity {1V }72, with every vy, having compact support such that for each k,
supp(¢x) C Uy for some o € A.

Proof. Since any open subset U C C" is paracompact, every open covering {U,} has a locally
finite refinement {Vj}. Then the smooth partition of unity {1} of U subordinate to {V}} will
have compact support. For details, see [9, Appendix A]. O

Remark C.2. This result was also used in the previous report [12, Theorem XIII|. However,
there we didn’t require the support to be compact.

67



Bibliography

[1] Bott, R. and Tu, L. W. (1982). Differential Forms in Algebraic Topology, volume 82 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1 st edition.

[2] Chorlay, R. (2009). “From Problems to Structures: the Cousin Problems and the Emergence
of the Sheaf Concept”. Archive for History of Exact Sciences, 64(1):1-73. https://doi.org/
10.1007/s00407-009-0052-3.

[3] Conway, J. B. (1978). Functions of One Complex Variable I, volume 11 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 2 nd edition.

[4] Dolbeault, P. (2011). Introduction to d-cohomology. Lecture slides used during the conference
“(Hyper)Complex Function Theory, Dolbeault Cohomology, Fractals, and Physics” held from
23 to 30 July 2011 at Bedlewo (organized by Banach Center and University of £.6dz). http:
//pierre.dolbeault.free.fr/Conferences/bedlewo0711-slides.pdf. Last visited on 09
April 2019.

[5] Folland, G. B. (1999). Real Analysis. John Wiley & Sons, New York, 2 nd edition.

[6] Fritzsche, K. and Grauert, H. (2002). From Holomorphic Functions to Complex Manifolds,
volume 213 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1 st edition.

[7] Fre, P. G. (2018). A Conceptual History of Space and Symmetry. Springer Nature, Switzer-
land, 1 st edition.

[8] Griffiths, P. and Harris, J. (1994). Principles of Algebraic Geometry. John Wiley & Souns,

New York, wiley classics library edition.

[9] Gunning, R. C. and Rossi, H. (1965). Analytic Functions of Several Complex Variables,
volume 368 of AMS Chelsea Publishing. American Mathematical Society, Providence, 1 st
edition.

[10] Huybrechts, D. (2005). Complex Geometry. Universitext. Springer-Verlag, Berlin Heidel-
berg, 1 st edition.

[11] Kaup, L. and Kaup, B. (1983). Holomorphic Functions of Several Variables, volume 3 of
De Gruyter studies in mathematics. Walter de Gruyter, Berlin, 1 st edition.

[12] Korpal, G. (2018). Sheaf-theoretic de Rham isomorphism. Course M598 Dissertation, Na-
tional Institute of Science Education and Research, Bhubaneswar. https://gaurish4math.
files.wordpress.com/2018/11/de-rham-isomorphsim_gaurish.pdf.

[13] Krantz, S. G. (1992). Function Theory of Several Complex Variables, volume 340 of AMS
Chelsea Publishing. American Mathematical Society, Providence, 2 nd edition.

[14] Krantz, S. G. (2006). Geometric Function Theory. Cornerstones. Birkhauser, Boston, 1 st
edition.

68


https://doi.org/10.1007/s00407-009-0052-3
https://doi.org/10.1007/s00407-009-0052-3
http://pierre.dolbeault.free.fr/Conferences/bedlewo0711-slides.pdf
http://pierre.dolbeault.free.fr/Conferences/bedlewo0711-slides.pdf
https://gaurish4math.files.wordpress.com/2018/11/de-rham-isomorphsim_gaurish.pdf
https://gaurish4math.files.wordpress.com/2018/11/de-rham-isomorphsim_gaurish.pdf

[15] Maurin, K. (1997). The Riemann Legacy, volume 417 of Mathematics and Its Applications.
Springer, Netherlands, 1 st edition.

[16] Ramanan, S. (2005). Global Calculus, volume 65 of Graduate Studies in Mathematics.
American Mathematical Society, Providence.

[17] Roman, S. (2008). Advanced Linear Algebra, volume 135 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 3 rd edition.

[18] Schapira, P. (2011). Algebra and Topology. Lecture notes for a course taught at Paris VI
University in 2007/2008. https://webusers.imj-prg.fr/ pierre.schapira/lectnotes/
AlTo.pdf. Last visited on 09 April 2019.

[19] Taylor, J. L. (2002). Several Complex Variables with Connections to Algebraic Geometry
and Lie Groups, volume 46 of Graduate Studies in Mathematics. American Mathematical
Society, Providence.

[20] Tuner, L. E. (2007). The Mittag-Leffler theorem: The origin, evolution, and reception of
a mathematical result, 1876-1884. M.Sc. Thesis, Simon Fraser University. http://summit.
sfu.ca/item/8209.

[21] Voisin, C. (2002). Hodge Theory and Complex Algebraic Geometry, I, volume 76 of Cam-
bridge studies in advanced mathematics. Cambridge University Press, Cambridge, 1 st edition.

[22] Warner, F. W. (1983). Foundations of Differentiable Manifolds and Lie Groups, volume 94
of Graduate Texts in Mathematics. Springer-Verlag, New York, 1 st edition.

[23] Wedhorn, T. (2016). Manifolds, Sheaves, and Cohomology. Springer Studium Mathematik
- Master. Springer Spektrum, Wiesbaden, 1 st edition.

[24] Wells, R. O. (2008). Differential Analysis on Complex Manifolds, volume 65 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 3 rd edition.

[25] Zinger, A. (2015). Notes on Smooth Manifolds and Vector Bundles. Course notes inspired
by Warner’s book. http://www.math.stonybrook.edu/~azinger/research/WarnerDG.pdf.
Last visited on 09 April 2019.

69


https://webusers.imj-prg.fr/~pierre.schapira/lectnotes/AlTo.pdf
https://webusers.imj-prg.fr/~pierre.schapira/lectnotes/AlTo.pdf
http://summit.sfu.ca/item/8209
http://summit.sfu.ca/item/8209
http://www.math.stonybrook.edu/~azinger/research/WarnerDG.pdf

	Abstract
	Introduction
	Dolbeault cohomology
	Differential forms on Cn
	Tangent space
	Cotangent space
	Differential forms
	Exterior derivative

	delbar-closed and exact forms on Cn
	Cauchy integral formula
	delbar-Poincaré lemma

	Differential forms on complex manifolds
	Complex differential forms
	Holomorphic differential forms

	delbar-closed and exact forms on complex manifolds
	Dolbeault cohomology
	delbar-Poincaré lemma for complex manifolds


	Cousin problems
	Cousin problems for C
	Mittag-Leffler theorem
	Weierstrass theorem

	Cousin problems for Cn
	Cousin I
	Cousin II

	Cousin problem for analytic hypersurface in Cn
	Analytic subvariety of a complex manifold
	Sheaf theory and Čech cohomology
	Dolbeault isomorphism
	Solution of the problem


	Future work
	Algebra
	Complexification of vector space
	Linear complex structure
	Multilinear algebra

	Analysis
	Several variable holomorphic functions
	Algebraic properties of the ring of germs of holomorphic functions
	Several variable holomorphic mappings

	Topology
	Bibliography

